
On the number of arbitrary constants in algebraic
functions.
(By Mr. G. Roch in Halle.)

If s is an algebraic function of z defined by the equation F (s, z) = 0, then,
according to Riemann (see his memoir on Abelian functions, vol. 54. of this
Journal), every algebraic function s′ of z branched like s can be expressed ra-
tionally through s and z. If the function s′ becomes infinite of the first order
at m points of the surface T , which gives the mode of branching, then by §. 5.
of the memoir mentioned it contains m − p + 1 arbitrary constants. Already
the condition, investigated loc. cit., for the existence of functions that become
infinite at fewer than p+ 1 points shows that the number of constants actually
present can be a greater one. But this can also take place when m is greater
than p. If, for example, s′ is the quotient of two functions φ, then s′ becomes
infinite at the 2p−2 points at which the denominator is equal to zero (see §. 10.
of the memoir cited), and contains as many arbitrary constants as the function
forming the numerator, namely p, while the number m− p+1 is in the present
case equal to p− 1. If on the other hand φ1, φ2, ψ1, ψ2 are such functions φ as
become infinitely small of the second order at p− 1 points, whose square roots
Riemann calls Abelian functions, then there is a certain number of expressions√
φ1ψ1

φ2ψ2
which are rational functions of s and z; these contain in fact p − 1

constants in linear fashion, a theorem which originates with Riemann and for
which a proof is contained in the following exact determination of the number
of constants.

The most general expression for an integral of the second kind which becomes
infinite of the first order at m points ε is

v = β1t1 + · · ·+ βmtm + α1w1 + · · ·+ αpwp + const.

(Cf. §. 5. of Riemann’s memoir.) Here by t1 . . . tm are to be understood
particular integrals of the second kind which become infinite respectively at the
points ε1 . . . εm like 1

σ1
· · · 1

σm
, when σk denotes a quantity

that is called infinitely small of the first order at εk. In order that v pass over
into an algebraic function s′, all the moduli of periodicity of v must vanish. From
this there result 2p linear equations of condition between the m+ p constants β
and α, so that m− p+1 arbitrary constants remain. Only if these 2p equations
are dependent on one another does s′ contain more than m− p+ 1 constants.

In order to investigate this dependence, we take for the integrals w1 . . . wp

that remain finite the particular ones

u1 =

∫
φ1(s, z) dz

∂F

∂s

, . . . up =

∫
φp(s, z) dz

∂F

∂s

,

which Riemann introduces as arguments of the ϑ-function. The integral uµ
has at the crosscut (aµ) the modulus of periodicity πi, at the remaining p − 1
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crosscuts (a) the moduli of periodicity zero, and at the crosscut (bν) the modulus
of periodicity aµ,ν . In the neighbourhood of the points ε the expansion holds

uµ = uµ(εk) + a(k)µ σk + b(k)µ σ2
k + · · · . (a.)

In general, i. e. when ε1 . . . εm neither lie at infinity nor are branch points,

a(k)µ =
φµ(sk, zk)

∂F (sk, zk)

∂sk

.

We may think of the integrals of the second kind t1 . . . tm as so chosen that
their moduli of periodicity vanish at the p crosscuts (a). For suppose tk had at
the crosscuts (a1), . . . (ap) the moduli of periodicity τk,1, . . . τk,p; then one has
only to introduce tk = t′k +

1

πi
(τk,1u1 + · · · + τk,pup) in order that t′k possess

the stated property. Then the conditions for the moduli of periodicity of the
expression

s′ = β1t1 + · · ·+ βmtm + α1u1 + · · ·+ αpup + const.

to vanish at the crosscuts (a) reduce to the equations

α1πi = 0, α2πi = 0, . . . αpπi = 0.

The constants β that remain over are subject only to the p equations of condition
for the vanishing of the moduli of periodicity at the crosscuts (b), which are to
be developed in what follows.

The whole integral
∫
uµ dv, extended through the boundary of the surface

T ′ (that is, the surface T made simply connected by the crosscuts (a) and (b)),
is equal to

∫
(uµ
+

− uµ
−
) dv, where by uµ

+

and uµ
−

are understood the values

of uµ on the positive and on the negative sides of the crosscuts, and the latter
integral is extended positively only through the positive sides of all the crosscuts.
This gives as the value of the integral, analogously as in §. 20. of Riemann’s
memoir:

πiBµ −
∑

ν=1...p

Aνaµ,ν ,

where A and B denote the moduli of periodicity of v at the crosscuts (a) and (b).
— On the other hand the integral

∫
uµ dv is equal to the sum of the integrals

extended around the points ε, where, if one of the points is an (n − 1)fold
branch point, the curve around which one integrates about this point must
make n complete circuits in order to be closed. In this way one arrives at the
equation

πiBµ −
∑

ν=1...p

Aνaµ,ν = −2πi
∑

k=1...m

βka
(k)
µ , (1.)
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which, since µ can take the values 1, 2, . . . p, represents p equations and contains
the dependence of the moduli of periodicity A and B on the position of the
points ε.

In what follows let it be assumed, for the sake of simplicity, that all the
points ε lie in the finite region and are not branch points. Then equation (1.)
passes over into

πiBµ −
∑

ν=1...p

Aνaµ,ν = −2πi
∑

k=1...m

βkφµ(sk, zk)

∂F (sk, zk)

∂sk

. (2.)

By means of this formula the p equations mentioned above, B1 = 0, B2 = 0,
. . . Bp = 0, transform, since the moduli of periodicity A are in the present case
equal to zero, into ∑

k=1...m

βkφµ(sk, zk)

∂F (sk, zk)

∂sk

= 0 for µ = 1, 2 . . . p.

Of these p equations one becomes a consequence of the rest always and
only when p coefficients c1, . . . cp in φ = c1φ1(s, z) + · · · + cpφp(s, z) can be

so determined that φ(sk, zk)

∂F (sk, zk)

∂sk

is equal to zero for each of the m values of k,

or when the m points ε are such that at them, besides the r coincident and
mutually cancelling branch points, a function φ can vanish.

Likewise two or more of the p equations can follow from the rest, and one
can state the general result in the following way:

If a function s′ becomes infinitely great of the first order at m points, and if at
these m points q functions φ(s, z)

∂F

∂s

can vanish, between which no linear equation

with constant coefficients subsists, then s′ contains the number m− p+1+ q of
arbitrary constants.

Let, for example, F (s, z) = 0 be the equation of a curve of the fifth order.
Then in general, i. e. when the curve possesses no double point, p = 6; the
integrals remaining finite are:∫

as2 + bsz + cz2 + ds+ ez + f

∂F

∂s

dz,

thus every integral function of the second degree is a function φ. The function

s′ =
as+ bz + c

a1s+ b1z + c1

becomes infinite at the 5 points at which the straight line a1s+b1z+c1 = 0 cuts
the given curve. At these 5 points 3 mutually linearly independent functions φ
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vanish, namely: a1s+ b1z+ c1, (a1s+ b1z+ c1)s and (a1s+ b1z+ c1)z. Hence s′
contains the number 5− 6+ 1+ 3 = 3 of arbitrary constants, in fact the a, b, c.

If the given curve of the fifth degree has a double point, then p = 5. Then,
if g = 0, h = 0 denote two straight lines passing through the double point, only
(a1s + b1z + c1)g and (a1s + b1z + c1)h are functions φ that are zero at the 5
points at which s′ is infinite, and s′ again contains 5− 5 + 1 + 2 = 3 constants.

If the points ε lie partly at infinity, then one must ask after the number of
functions φ that are of lower than the highest possible degree and vanish at
those points ε which lie in the finite region.

For a quite general position of the points ε the rule about the number of
constants can only be framed thus: if c1 . . . cp are constants to be determined,
and if the integrals remaining finite are represented by the series (a), then
an algebraic function which is infinite of the first order at m points contains
m − p + 1 + q arbitrary constants, when there are q functions not linearly
dependent on one another

c1a1 + · · ·+ cpap, aν =
duν(s, z)

dσ

which vanish at the points ε.
For the determination of the functions that become infinite of higher order

at individual points, one may either let points ε in the foregoing fall together,
or carry out the considerations independently by using the coefficients of higher
powers of σ in the series (a).

The equations (1.) contain results for the
:::::
whole integrals of the second kind

which had already been given earlier by Weierstrass for hyperelliptic integrals.
Halle, 1864.
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