On the Vanishing of the v-Functions.

(By Mr. B. Riemann in Gottingen.)

The second Division of my theory of Abelian functions, published in the 54"
volume of this Journal, contains the proof of a theorem on the vanishing of the
¥-functions, which I shall immediately restate, assuming the notations employed
in that memoir to be known to the reader. Everything that still follows in the
memoir contains brief indications concerning the application of this theorem,
which, under our methodbased upon the determination of functions by their
discontinuities and their becoming infinitemust, as is readily seen, form the
foundation of the theory of Abelian functions. In the theorem itself and its
proof, however, the circumstance was not properly taken into account that the
J-function can vanish identically, i.e. for every value of this variable, through
the substitution of the integrals of algebraic functions of a single variable. To
remedy this deficiency is the purpose of the following short memoir.

In the presentation of investigations on ¥-functions with an indeterminate
number of variables, the need for an abbreviated notation for a sequence, such
as

V1, Vg, ey Um

makes itself felt as soon as the expression of v, in terms of v is complicated. One
could form this symbol in complete analogy with the summation and product
signs; such a notation would, however, take up too much space and within the
functional symbols be inconvenient for printing; I therefore prefer to denote

vy, V2, ..., Uy by (?(’U,,))
and thus
I(v1,v2,...,0p) by ¢ (f?(vy)) .
1.
If in the function 9(vq,vs,...,v,) one substitutes for the p variables v the p
integrals u; — ey, us — ea, ..., up — €, of algebraic functions of z branched like

the surface T', one obtains a function of z which varies continuously throughout
the surface T except across the lines b, but upon passing from the negative to
the positive side of the line b, acquires the factor e~ —us +260  Ag was proved
in §. 22, this function, if it does not vanish for all values of z, becomes infinitely
small of the first order for only p points of the surface 7. These points were
denoted by 71, 12, ..., 1p, and the value of the function u, at the point 7,

by a,(,” ). There then resulted, with respect to the 2p systems of moduli of the

Y-function, the congruence

p p p
(615627"'7617) = (Zagu) +Kla Zaéﬂ) +K27 RN} ZO[I()'U') +Kp> ) ((1>)
1 1 1



wherein the quantities K depended on the hitherto still arbitrary additive con-
stants in the functions u, but were independent of the quantities e and the
points 7.

If one carries out the calculation indicated there, one finds

1 - ' H=p
2K, :ZE/(ujﬂ—uy)dul/ _Eyﬂ—l_zgila’ﬂ,l/' ((2))

p=1

In this expression the integral /(u:r + u, ) du, is to be extended positively

along b,/, and in the sum all numbers from 1 to p except v are to be taken for
v'; €, = £1, according as the end of [, lies on the positive or negative side of
a,, and €/, = £1, according as the same lies on the positive or negative side of
b,. The determination of the signs is, moreover, only necessary if the quantities
e are to be completely determined from the discontinuities of log ¥ according to
the equations given in §. 22; the above congruence (1.) remains valid whatever
signs one may choose.

We retain for the present the simplifying assumption made there, that the
additive constants in the functions u are determined so that the quantities K
are all equal to zero. In order to free the results thus obtained ultimately from
this restrictive assumption, one obviously needs only to add —K;, — Ko, ...,
—K, to the arguments everywhere in the ¥-functions.

If therefore the function ¥(uy1 — e1,us — ea,...,u, — €,) vanishes for the p
points 71, 12, ..., Np and does not vanish identically for every value of z, then

p

P P
(e1,€2,...,6p) = (Zagﬂ), Zagﬂ), e Zaé’”).
1 1

1

This theorem holds for entirely arbitrary values of the quantities e, and from
this, by letting the point (s, z) coincide with the point 7,, we concluded that

p—1 p—1 p—1
y (‘Zagw, Sag _Zago) o,

1 1 1
or, since the ¥-function is even,

p—1 p—1 p—1

9 <Zagﬂ>,zag~>,...,za;~>> —0,
1 1 1

whatever the points 71, 72, ..., 7p—1 may be.

2.

The proof of this theorem requires, however, a completion because of the cir-
cumstance that the function ¥(u;s —e1,us—es, ..., u, —e,) can vanish identically



(which indeed occurs for certain values of the quantities e in every system of
equally branched algebraic functions).

Because of this circumstance one must be content, first, to show that the
theorem remains valid while the points 77 change their positions independently
of one another within finite limits. From this the general validity of the theorem
then follows according to the principle that a function of a complex quantity
cannot be equal to zero within a finite domain without being equal to zero
everywhere.

If z is given, the quantities e, ez, ..., e, can always be chosen so that
Y(ur — e1,ug — eg,...,up — €p) does not vanish; for otherwise the function
¥(v1,v2,...,vp) would have to vanish for all values of the quantities v, and
consequently in its expansion in integral powers of €2V, €22, ..., €%V all coef-
ficients would have to be equal to zero, which is not the case. The quantities e
can then vary independently of one another within finite domains of quantities
without the function ¥(u; — e1,u2 — e2,...,up — €p) vanishing for this value
of z. Or in other words: one can always specify a domain of quantities E of
2p dimensions within which the system of quantities e can move without the
function ¥(u; —e1, uz —ea, ..., up —e,) vanishing for this value of z. It therefore
becomes infinitely small of the first order for only p positions of (s, z), and if
one denotes these points by 11, 12, ..., 7y, then

P P P
(e1,€2,...,6p) = (Zagu),Zaé”),...,Za;“)> . (1))
1 1 1

To every mode of determination of the system of quantities e within F, or
to every point of E, there then corresponds a mode of determination of the
points 7, the totality of which forms a domain of quantities H corresponding
to the domain of quantities E. In consequence of equation (1.), however, to
each point of H there also corresponds only one point of F; if then H had only
2p — 1, or fewer dimensions, E could not have 2p dimensions. Consequently H
has 2p dimensions. The inferences on which our theorem rests therefore remain
applicable for arbitrary positions of the points 1 within finite domains, and the

equation
p—1 p—1 p—1
9 (—Zagﬂ), —Zagﬂ), ey —Zaé‘”) =0
1 1

1

holds for arbitrary positions of the points 71, 72, ..., p—1 within finite domains,
and consequently in general.

3.

From this it follows that the system of quantities (e1, e, ..., ep,) can always and

P
only in one way be set congruent to an expression of the form (? (Z aff”))
1



when (f?(uy — el,)) does not vanish for every value of z; for if the points 7,

72, ..., Np could be determined in more than one way so that the congruence

=12

were satisfied, then according to the theorem just proved the function (?(uy — el,))

would vanish for more than p points without being identically equal to zero,
which is impossible.

If ¢ (f?(uu — el,)> vanishes identically, one must, in order to put @(ey)) into
the above form, consider ¥ (?(uy +af —uf) - el,))7 and if this function van-

2 2
ishes identically for every value of z, s1, 21, the function ¢ (? (uy + Z a’(jﬂ) — Z u}(/ﬂ) _ e,,) ) ]
1 1
We assume that

9 (? (Zvln al(/p+2—u) _ 2717%1 u,(,p_“) -~ e,,))

vanishes identically, ((1.))
e po )

but does not vanish identically.

This latter function, regarded as a function of (41, then vanishes for €,_1, e,_2,
..., Ep—m, and therefore in addition for p — m points; and if one denotes these

by n1, 12, ..., Np—m, then

(£ )-((5)

and these points 71, 72, ..., 7p—m can be determined in only one way such
that this congruence is satisfied, because otherwise the function would vanish
for more than p points. The same function, regarded as a function of z,_1,
vanishes, besides for 7,11, 1p, - .., Tp—m+1, also for p—m — 1 points, and if one
denotes these by €1, €2, ..., ep—m—1, then

(5 ((5)

and the points 1, €9, . .., €p—m—1 are completely determined by this congruence.
Under the assumption made in (1.), therefore, in order to satisfy the con-

gruences
(f) = (320 (@)
1

3



and

(b(-en)) = ( (Zu”» ((3)

m of the points 17 and m —1 of the points e can be chosen arbitrarily, but thereby
the remainder are determined. Evidently these theorems also hold conversely,
i.e. the function vanishes if one of these conditions is fulfilled. If therefore
congruence (2.) is solvable in more than one way, then congruence (3.) is also
solvable, and if of the points 1, m but no more can be chosen arbitrarily, then
of the points €, m — 1 can be chosen arbitrarily and thereby the remainder are
determined, and conversely.
In an entirely similar way it follows that if

o(f) =1

the congruences

() = ( (Z agu>>> , ((4)

1

(b-r) = ( (Zu“)) ((5.))

1

are always solvable; and indeed, of the points 1 as well as of the points €, m can
be chosen arbitrarily, and thereby the remaining p — 1 — m are determined, if

5 (1) _ (1)
19(11) (21:% 21:041, +r,,>>
is identically equal to zero, but
P S~ (1) SR (1)
m) _ Iz
(S En))

is not identically equal to zero, where the case m = 0 is not excluded. This
theorem can also be reversed. If therefore of the points 7, m and no more can
be chosen arbitrarily, its premise is satisfied; and consequently of the points &
also, m and no more can be chosen arbitrarily.

If we denote the derivative of
¥(v1,v2,...,0p)

with respect to v, by 1/, the second derivative with respect to v, and v, by ¥, ,, et

v,

((1))

b



then, if ¢ @(u,(,l) — 04,(,1) + rl,)) vanishes identically for every value of z; and (1,
all functions 19’ ({i)(r,,)) are equal to zero. In fact, the equation
o () et +r0) =0,

when s; and z; differ infinitely little from o7 and (7, passes over into the equation

iﬁ’u (1?(7‘,,)) datl) = 0.
1

If we assume that

ou(s, z)0z

Sor
Os

du, =

S
aF(Uh Cl)
60’1

then after omitting the factor this equation transforms into

i% (?(m)) pu(o1,G) = 0;

1

and since between the functions ¢ no linear equation with constant coefficients
subsists, it follows from this that all first derivatives of ¥(v1,va,...,v,) must
vanish for 1?(1)1, =r,).

To prove the converse theorem, we assume that ?(v,, =r,) and 1?(1}1, =t,)
are two systems of values for which the function ¢ vanishes without vanishing
identically for ?(vy = uf,l) — oz,(,l) +7,) and ?(vy = ul(,l) - al(,l) +1t,), and form

the expression
Y (?(u(ul) —al) + n,)) v @(af}) —ul) 4 ru))

Y (?(u,(,l) — oz,(,l) + t,,)) ) (’?(a,(,l) — ul(/l) + tu)) '

((2)

If we consider this expression as a function of z1, it follows that it is an algebraic
function of z1, and indeed a rational function of s; and z1, since denominator and
numerator are continuous in 7" and acquire the same factors at the crosscuts.
For z; = (1 and s; = 07 denominator and numerator become infinitely small
of the second order, so that the function remains finite; but the other values
for which denominator or numerator vanish are, as proved above, completely
determined by the values of the quantities r and of the quantities ¢, and thus
entirely independent of (;. Since now an algebraic function is determined up
to a constant factor by the values for which it becomes zero and infinite, the
expression is equal to a rational function of s and z; independent of (1, x(s1, 21),



multiplied by a constant, i.e. a quantity independent of z;. Since the expression
is symmetrical with respect to the systems of quantities (s1, 21) and (o7, (1), this
constant is equal to x (o1, (1), multiplied by a quantity A that is also independent
of ¢;. If one now sets v/A - x(s,z) = o(s, ), one obtains for our expression (2.)
the value

o(s1,21) (01, G1) ((3.)

where o(s, z) is a rational function of s and z.
In order to determine this, one needs only to let (; = 21 and o7 = s1; there

then results )

0, (b)) dufl
5t (b6 ) dul?

(9(51,21))2 =

le
OF(s1,21)’
651

or, after extracting the square root and canceling the factor

9(51721) =

3, 9 (B()) pulsr, 1)
+ .
5,05 (B8)) uls1, )

One therefore has from (3.) and (4.) the equation

v (1( & —al) + ry)) v (1113(049) - u(ul) + ry))
0 (?(u(ul) — ozl(,l) )) ] (?(a V)>
St (o) eutsr ) ( ) eulon, )
5 (b)) pulsrz) 5,0 () o

Pu Ulucl

From this equation it follows that ¢ ( (uy S 7"1,)) must be equal to zero
for every value of z; and (; if the first derivatives of the function ¥(v1,ve, ..., vp)

all vanish for ?(vy =r,).

5.

VY (%1’3 (iafj‘) —iuff‘) +ry>> ((1.))

vanishes identically, i.e. for all values of ﬂ(ou,@) and ﬂ(smzu), then by the
1 1

route indicated above one finds, first, by letting (,,, = 2, 0 = Sm, that the first



m—1 m—1
derivatives of the function ¥(vi, v, . .., vp) all vanish for v (vl, = Z o,/ Z ul(,“) + r,,) ;

then, by letting (;n—1 — Zm—1, Om—1 — Sm—1 become infinitely small that for
m—2

P - (1) _ (1) ivati ‘s
v <UV = Z ot Xl: u ) + T,,) the second derivatives also all vanish; and

evidently it follows in general that the derivatives of the n*® order all vanish for
m—n m—n

vlov, = Z 045“) — Z u(u“) + rl,>, whatever values the quantities z and the

1 1
quantities ¢ may have.

It follows from this that under the present assumption (1.), for ?(vy =r,)

the first through m'" derivatives of the function ¥(vy,v2,...,v,) are all equal
to zero.
To show that this theorem also holds conversely, we first prove that if

m— m—1
P (1) _ (1) . . . . (m) (p )
) <? (; oy 21: Uy’ + Tu> ) vanishes identically and the quantities ¢ 7{(7«1,)

() _ i
are all equal to zero, then 9 <11) <Za Zu + r,,)) must also vanish

identically, and for this purpose we generalize the equation (§. 4, (5.)).

m—1
We assume that ( (Z U,/ Z oz(u“) + 7’,)) vanishes identically, but
1

p (H) _ (N) . . . . . _
¥ <11) Zuy Zau + does not vanish identically, retain with re

1
spect to the quantities ¢ the earlier assumption, and consider the expression
9 (1? ( T ul — > ad) —&—7“,,)) ( (21 al” -0 ult —l—r,,)) [I,n? (?(u,ﬁ’ —ug —l—t,j)) 9 (?(aﬁ —a? A

(1’1%)2 9 (?(ue —af + m) 9 (?(aﬁ —uf + tl,))
((2.)

In this expression, under the product signs all values from 1 to m are to be
taken for p as well as for ¢’, but in the numerator the cases where o = ¢’ would
occur are to be omitted.

If we consider this expression as a function of z1, it follows that it acquires
the factor 1 at the crosscuts and is consequently an algebraic function of z;. For
z1 = (, and s; = 0, denominator and numerator become infinitely small of the
second order, the fraction therefore remains finite; but the other values for which
numerator and denominator vanish are, as proved above (§. 3), completely de-

termined by the quantities 71,1(5“, z,,), the quantities r, and the quantities ¢, and
2

consequently entirely independent of the quantities (. Since the expression is
now a symmetrical function of the quantities z, the same holds for any arbitrary
zy: it is an algebraic function of z,, and the values of this quantity for which



it becomes infinitely large or infinitely small are independent of the quantities
C. Tt is therefore equal to an algebraic function of the quantities z independent
of the quantities ¢, x(z1, 22, - - - , 2m ), multiplied by a factor independent of the
quantities z. But since it remains unchanged when one interchanges the quan-
tities z with the quantities ¢, this factor is equal to x(¢1, (2, - - ., (m), multiplied
by a constant A independent of the quantities z and the quantities {; and we

can therefore, if we set VA - x (21, 22, .. .,zm) = w(zl,ZQ, ..y Zm), give to our
expression (2.) the form

1/](217227~-~7Zm)1/)(C17C27"'aCﬂ"L> ((3>)
where (21, 22, . . ., Zm) is an algebraic function of the quantities z independent

of the quantities ¢, which in consequence of its mode of branching must be
expressible rationally in Tﬁ(su,zu). If now one lets the points 1 coincide with
1

the points ¢, so that the quantities (,, — 2, and the quantities o, — s, all become
infinitely small, there results, if one denotes the derivatives of ¥(v1,ve,...,vp)
as above (§. 4, (1.)),

P m
(G R (R P
1
+ ((4.))

¢(217223"'7an): n=mv=p 5
H H s < > du(“)
p=1 v=1
! where the summations in the numerator refer to vy, vy, ..., vp,. It is hardly

necessary to remark that the choice of sign is indifferent, since it has no influ-
ence upon the value of ¥(z1, 22, .. ., 2m) ¥((1, (2, - - ., G ), and that instead of the
quantities dug” ), dué”)7 , du;g“ ) one can also introduce, simultaneously in nu-
merator and denominator, the quantities v1(su, 2u), ©2(5us 24), -+ ©p(Sp, 2u)
proportional to them.

From the equation contained in (2.), (3.), and (4.), which is proved for the

case where .
95 E (1) _ (1)
<11) < 1 U,/ a +r >>

ﬁ@ (i zaww))

is different from zero, it follows that

o)

L Editorial note: The second product sign in the denominator is printed as IT; from the
context, a summation over v is required. Reproduced here as printed.

is equal to zero and




cannot be different from zero if the functions 9(") @(TU)) are all equal to zero.

If therefore the functions ¢¥("+1) (?(rl,)) are all equal to zero, then from the

validity of the equation

s (B) _ (1) -
o(B(Sut - Satn) ) <o
1 1
for n = m follows its validity for n = m + 1. If therefore the equation holds for

n =20, or ¢ (?(rﬂ) = 0, and the first through m'® derivatives of the function

9 (?(vy)) all vanish for 1?(1)1, =7,), but the (m + 1)*" do not all vanish, then

the equation also holds for all greater values of m up to n = m, but not for

m—+1 m—+1
= : P (,Ll.) — (/U') e ] -
n =m+ 1; for from ¥ <111 (21: U,/ 21: ot 4 T,,)) 0 it would follow, as

we had already found previously, that the quantities 9(™+1) (?(r,,)) would all

have to vanish.

6.

If we combine what has just been proved with what went before, we obtain the
following result:

IfY9(ry,72,...,7p) =0, then (p—1) points 71, 12, - . ., Np—1 can be determined
such that

p—1 p—1 p—1
(ri,re,...,1p) = (Zagu)vzaéu)’.“’Zaz()u)> :
1 1 1

and conversely.

If, besides the function ¥(vq, vz, ..., v,), its first through m'" derivatives are
also all equal to zero for vi = 71, va = rg, ..., v, = rp, but the (m + )™ are
not all equal to zero, then m of these points 7 can be chosen arbitrarily without
changing the quantities r, and thereby the remaining p — 1 — m are completely
determined.

And conversely:

If m and no more of the points 1 can be chosen arbitrarily without changing
the quantities r, then, besides the function ¥(vi,v,...,vp), its first through
mt derivatives are also all equal to zero for vi = 71, vos =79, ..., Up = Tp, but
the (m + 1) are not all equal to zero.

The complete investigation of all special cases that can occur in the vanishing
of a ¥-function was less necessary on account of the particular systems of equally
branched algebraic functions for which these cases arise, than rather because
without this investigation gaps would arise in the proof of the theorems founded
upon our theorem on the vanishing of a ¥-function.

Gottingen, in October 1865.

10



