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I published in the Annales scientifiques de l’École Normale Supérieure a
Memoir bearing the same title; I should like to return here to several points
which in that Memoir could not be treated with sufficient detail.

1. — Critical Values.
Let F (x, y, z, t) = 0 be an algebraic surface of order n whose equation is ex-
pressed in homogeneous coordinates; this is the surface S; we shall cut it by the
variable plane y

t = const., which will cut it along the curve Ky. The straight
line y = t = 0 will cut the surface S in n points A1, A2, . . . , An, which will
belong to all the curves Ky. Let p be the genus of the curve Ky; we can form p
abelian integrals of the first kind relative to this curve

ui =

∫
Pi dx

QF ′
z

(i = 1, 2, . . . , p),

where F ′
z is the partial derivative of F with respect to z, where Q is a homoge-

neous polynomial of degree ν in y and t (the same for all the integrals ui), and
finally where the Pi are entire polynomials, homogeneous of degree n + ν − 2
in x, y, z, t, non-homogeneous and of degree n− 3 in x and z. The polynomial
Pi must vanish at all the double points of the curve Ky, except at the supple-
mentary double points that this curve might acquire for certain values of y for
which its genus would decrease. In other words, the surface Pi = 0 must pass
through the double curve of the surface S.

The integral is to be taken by varying x and z in such a way that F = 0
and that y and t are constants; the lower limit is the point A1; the upper limit
is a variable point M of the curve Ky. The integral ui is then a function of the
coordinates x, y, z, t of a variable point M of the surface S, and this function
is determined up to a period. We shall reserve the right, whenever this can be
done without inconvenience, to abandon homogeneous coordinates by setting
t = 1.

We shall call critical values of the second kind the values of y
(
or of y

t

)
that

vanish the denominator Q. Critical values of the first kind are those for which
one can find p coefficients α1, α2, . . . , αp such that

α1P1 + α2P2 + . . .+ αpPp

vanishes identically whatever x and z may be.
I shall call singular values of y those for which the genus of the curve Ky

decreases; they correspond to the planes y
t = const. that are tangent to S or

that pass through a conical point of this surface.
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For a value of y
(
or of y

t

)
that is neither singular nor critical of the second

kind, the function ui (as well as the periods of the integral ui) is always finite.
If the value is singular, but not critical, the integral ui will become infinite only
if the path of integration passes through the new double point. If the value is
critical of the second kind, it is in general infinite for all points M of the curve
Ky.

Suppose that a value of y is critical of the first kind, without being singular
or critical of the second kind; the combination

α1u1 + α2u2 + . . .+ αpup

will then vanish for this value of y, and that for all points M of the curve Ky.
It is easy to see what happens if a value is at once critical of the first and of

the second kind. Let y0 be such a value; then, for y = y0t, the denominator Q,
as well as

∑
αiPi, vanishes identically; it evidently follows that the integrals

ui become in general infinite, but that the combination
∑

αiui remains finite.
Let us now examine the case of a singular value that is not critical. It

subdivides; we shall speak only of the following special cases :
1◦ The plane y

t = const. corresponding to the singular value is an ordinary
tangent plane. Let then ω1i, ω2i, ω3i, . . . be the periods of the integral ui; we
may suppose that these periods have been chosen in such a way that all of them,
with the exception of ω1i, are holomorphic functions of y in the neighborhood
of the singular value y0 under consideration, not vanishing moreover for y = y0
(I set t = 1 to abbreviate the notation). As for ω1i, it can be put in the form

ω1i = φ(y)− ω2i

2π
√
−1

L(y − y0)

φ(y) being holomorphic for y = y0. One of the determinations of ui, which I shall
call u∗i , remains holomorphic for y = y0, and the most general determination is
written

ui = u∗i +
∑

mkωki = ψ(y)− m1ω2i

2π
√
−1

L(y − y0),

the m are integers; ψ(y) is holomorphic for y = y0. Thus this most general
determination becomes logarithmically infinite at the point y = y0. It changes
into ui +m1ω2i when y turns around the singular value y0.

2◦ The plane y
t = const. passes through a conical point of S, and this conical

point admits a tangent cone of the second order, without any other singularity.
The result is still the same; one only has

ω1i = φ(y)− 2ω2i

2π
√
−1

L(y − y0),

ui = ψ(y)− 2m1ω2i

2π
√
−1

L(y − y0),

so that ω1i and ui change into ω1i + 2ω2i and ui + 2m1ω2i, and no longer into
ω1i + ω2i and ui +m1ω2i when y turns around y0.
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Consider the points of contact of the curve Ky with tangents parallel to a
given direction; in the two cases we have just examined, two of these points, A
and B, coincide in a single point for y = y0; but, in the first case, A and B
interchange with each other when y turns around y0; in the second case, A and
B return to their initial positions, but after having turned around each other.

3◦ The plane y
t = const. passes through a conical point of S, and this conical

point admits a tangent cone of the third order without any other singularity.
Then six of the points of contact of which we have just spoken coincide in

a single point for y = y0; four of the periods ωki (namely those obtained by
integrating along paths deviating very little from these six points of contact)
remain single-valued functions of y in the neighborhood of y = y0; but they can
become infinite of the first order for y = y0; the other periods may cease to be
single-valued functions.

We shall distinguish three kinds of periods; those of which we have just
spoken and whose paths deviate very little from our six points of contact; those
whose paths always remain very far from these six points; those whose paths
pass very close to these six points and between these points and then deviate
greatly from them.

Similarly, we shall distinguish three kinds of integrals; those where Pi van-
ishes at the conical point; those where Pi is independent of x and of z; those
which satisfy neither of these two conditions. If the surface S presents no other
singularity than the conical point, the integrals of the third kind are merely
combinations of those of the first two.

This being established, the periods of the second kind behave regularly;
we have just seen that those of the first kind behave like 1

y−y0
; this is what

occurs for the integrals of the second or of the third kind; for the integrals of
the first kind, these periods remain holomorphic functions of y.

As regards the periods of the third kind, we see that they behave like 1
y−y0

for the integrals of the second kind; that they become logarithmically infinite
for those of the first kind; for those of the third kind, their two singularities are
combined, that is to say the expansion contains terms 1

y−y0
, (y−y0)m, L(y−y0),

(y − y0)
mL(y − y0).

How do the integrals ui themselves now behave? That depends on whether
the point M coincides with the conical point or not; in the second case, one
of the determinations, which I call u∗i , behaves regularly; the most general
determination

ui = u∗i +
∑

mkωki

behaves like the periods; when y turns around y0, ui increases by a period.
What happens now if, as y tends to y0, the point M approaches indefinitely

close to the conical point? The integrals of the first kind will become logarith-
mically infinite; those of the second kind will behave like 1

y−y0
; those of the

third kind will present the combination of the two singularities.
Let us return again to the first two cases, in order to explain how ui behaves

when the point M tends toward the new double point.
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Let, for example, x = y = z = 0 be the new double point that the curve Ky

acquires when y vanishes. In the first case (ordinary tangent plane), we shall
suppose that the point M approaches the new double point in such a way that
x√
y ,

z√
y tend toward finite limits. Then ui will be of the form

ψ(y) + µ
ω2i

2π
√
−1

L(y − y0) (here y0 = 0),

ψ being holomorphic and µ being half of an odd integer. In the second case
(conical point of the second order), we shall suppose that x

y and z
y tend toward

finite limits, and ui will still have the same form, µ designating this time an odd
integer.

What we have just said concerning singular values will help us understand
what concerns apparent critical values.

Let
ui =

∫
Pi dx

QF ′
z

.

I suppose that Pi is divisible by y, in such a way that y is a critical value
of the first kind; I suppose that the point x = y = z = 0 is a conical point of
the third order of the surface S, so that y = 0 is at the same time a singular
value corresponding to the third case considered above. Furthermore, Pi is
independent of x and of z, so that our integral will be of the second kind.
Finally, Q does not vanish for y = 0. Under these conditions, the integral tui

y
remains finite for y = 0 if the point M does not coincide with the conical point,
and it becomes infinite like 1

y in the contrary case. Therefore the integral ui will
vanish for y = 0 if the point M does not come to the conical point, but it will
remain finite in the contrary case. The value y = 0 is therefore only an apparent
critical value, since the integral ui is not constrained to vanish for y = 0.

This difficulty is not to be feared in the two other cases examined above,
which are those of the ordinary tangent plane and of the conical point of the
second order. Indeed, tui

y becomes infinite only logarithmically, from which it
follows that ui is zero.

Mr. Picard has proved that, by a birational transformation, one can change
any surface into a surface S having no other singularity than a double curve
and certain triple points with separate tangent planes that are triple points of
this double curve. We can therefore always suppose that the surface S has no
conical point; on the other hand, the choice of axes being arbitrary, we can
always suppose that the straight line y = t = 0 does not touch the surface and
lies on no singular tangent plane to this surface, nor on the planes that touch
this surface in two or more points. The only singular values that we shall have
to consider will therefore correspond to ordinary tangent planes. This being
established, we may still choose the integrals ui in a rather arbitrary manner.
If, indeed, we set

Xk =

i=p∑
i=1

ρik
Pi

Q
(k = 1, 2, . . . , p), (2)
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the ρik being p2 homogeneous rational functions of degree zero in y and t, we
shall have Xk =

P ′
k

Q′ , Q′ being a homogeneous polynomial of degree ν′ in y and
t, P ′

k a homogeneous polynomial of degree n + ν′ − 2 in x, y, z, t, containing x
and z at most to degree n− 3. In other words, the integrals

u′k =

∫
P ′
k dx

Q′F ′
z

=
∑

ρikui

will be able to play the same role as the integrals ui.
What simplifications can we obtain by the use of transformation (2)? In the

first place, we can take ρik = Q
Q′ , Q′ being a polynomial of the same form and

the same degree as Q; then the ν critical values of the second kind that were
given by Q = 0 will be given by Q′ = 0; the polynomial Q′ being arbitrary, the
ν critical values of the second kind may be chosen arbitrarily; we may therefore
always suppose that they coincide neither with the critical values of the third
kind, nor with the singular values, and that they are moreover all distinct and
correspond to simple poles.

In the second place, we may suppose that the critical values of the first kind
also do not coincide with the singular values. Let indeed y = y0t be a singular
value and suppose that it is also a critical value of the first kind. This may be a
critical value of higher order. If, for example, among the combinations

∑
αiPi,

there are µ3 that are divisible by (y−y0t)3, µ2 divisible by (y−y0t)2, and finally
µ1 divisible by y − y0t, it will be a critical value of order 3µ3 + 2µ2 + µ1. It
will suffice to take a particular case; let us suppose then, to fix ideas, that the
only combination divisible by (y − y0t)

2 is
∑

βiPi, that
∑

γiPi is divisible
by y − y0t, and that every combination divisible by y − y0t is of the form
B
∑

βiPi − C
∑

γiPi. We shall then set, by a first transformation,

P ′
1 =

∑
βiPi, P ′

2 =
∑

γiPi, P ′
3 =

∑
δiPi, . . . , P ′

p =
∑

θiPi

in such a way that the determinant of the constant coefficients β, γ, δ, . . . , θ is
not zero. Then P ′

1 will be divisible by (y − y0t)
2 and P ′

2 by y − y0t. We shall
next make a second transformation by setting

P ′′
1 =

(y − y1t)(y − y2t)

(y − y0t)2
P ′
1, P ′′

2 =
y − y3t

y − y0t
P ′
2, P ′′

k = P ′
k (k > 2).

For the polynomials P ′′, the triple critical value y0 has disappeared to be re-
placed by the three simple critical values y1, y2, y3, chosen arbitrarily. We may
therefore always suppose that all the critical values are simple, distinct from
one another, and distinct from the singular values.

We can also take advantage of transformation (2) to eliminate all the critical
values of the second kind; but this is a point that we shall only be able to prove
completely later on, and which requires some explanations.

Let
y = y1t, y = y2t, . . . , y = yht
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be the various critical values of the first kind. Let∑
α1
iPi,

∑
α2
iPi, . . . ,

∑
αh
i Pi (3)

be the linear combinations of the Pi that vanish at these various critical values.
The combinations (3) can be expressed linearly by means of h among them, h
being at most equal to p. If h = p, our theorem is easy to prove; let indeed
y = y0t be one of the critical values of the second kind; we shall set first,
assuming that the first p combinations (3) are linearly independent,

P ′
1 =

∑
α1
iPi, P ′

2 =
∑

α2
iPi, . . . , P ′

p =
∑

αp
iPi.

Then P ′
k being divisible by y − ykt, we shall set

P ′′
k =

y − y0t

y − ykt
P ′
k

the critical value y = y0t will have disappeared, and we shall thus be able to
eliminate them all, one after the other.

If h < p, among our polynomials Pk there will be some that are not linear
combinations of the combinations (3). When this is so, we shall sometimes say
to abbreviate that the corresponding integrals uk have no critical value of the
first kind. We shall show later that this circumstance cannot present itself so
long as there exist critical values of

the second kind; we shall thus have finished establishing the possibility of
eliminating all critical values of the second kind.

2. — The Functions vi.
Let C be an algebraic curve traced on the surface S; the plane y

t = const. will
cut this curve in m moving points, M1,M2, . . . ,Mm; let u1i , u2i , . . . , umi be the
corresponding values of the integral ui; I shall set

vi = u1i + u2i + . . .+ umi ; (1)

it will be remarked that this notation is not quite the same as the one I had
employed in the cited Memoir of the Annales de l’École Normale; I had set

mvi = u1i + u2i + . . .+ umi ;

the new notation is more convenient. We shall then see :
1◦ That for an ordinary value of y, vi is a holomorphic function of y; it is a

holomorphic function of 1
y for y = ∞;

2◦ That the functions vi can become infinite of the first order for the critical
values of the second kind (assumed to be all simple);

3◦ That for a critical value of the first kind, for which
∑

αiPi vanishes, one
must have

∑
αivi = 0;
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4◦ That for a singular value, the vi can become logarithmically infinite; when
y turns around a singular value, vi increases by a period. I make this precise;
suppose that u∗i is the determination of ui that remains a holomorphic function
of y and that one considers the determination

ui = u∗i +
∑

mkωki

one will have (cf. the preceding section)

ui = ψ(y) +
m1ω2i

2π
√
−1

L(y − y0) (2)

and ui will change into ui+m1ω2i, and, in general, vi into vi+
∑

m1ω2i,
∑

m1

being the sum of the values of m1 relative to the various integrals u1i , u2i , . . . , umi .
One sees then that v1, for example, increases by a period, while v2, v3, . . . , vp
increase by the corresponding period. It is interesting to distinguish several
cases. Suppose first that the curve C does not pass through the point of contact;
then all the functions uki will be of the form (2) and one will have

vi = ψ(y)−
∑

m1
ω2i

2π
√
−1

L(y − y0),

ψ(y) being holomorphic and
∑

m1 being an integer.
Suppose now that the curve C passes through the point of contact; it will

then touch the plane y
t = const. there, so that two of the points Mk (for example

M1 and M2) will coincide with the point of contact. Then all the integrals uki
will be of the form (2), with the exception of the integrals u1i and u2i , for which
one will have

u1i or u2i = ψ(y) + µ
ω2i

2π
√
−1

L(y − y0),

µ being half of an odd integer. One will still have

vi = ψ(y) +K
ω2i

2π
√
−1

L(y − y0),

K being an integer.
It may happen also that the curve Ky decomposes for the singular value of

y; the preceding results will still hold.
It will be observed that to each singular value is attached a period that

plays a particular role; all the periods are functions of y that increase by a
multiple of this particular period when y turns around this singular value. It
is this particular period that we designated above by ω2i. One can then make
condition 4◦ precise by saying that when y turns around a singular value, all
the functions vi increase by a multiple of the particular period attached to it.

Every system of functions vi satisfying conditions 1◦, 2◦, 3◦, 4◦ will be called
a system of normal functions. To every curve C corresponds a system of normal
functions; but one can find other systems of normal functions :
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1◦ The periods form a system of normal functions;
2◦ Let A1, A2, . . . , An be the points of intersection of S with the straight

line y = t = 0; these points belong to all the curves Ky; if aki is the value of
the integral ui at the point Ak, the aki form a system of normal functions. In
particular, the a1i are zero, since A1 serves as the lower limit of integration.

3. — Formation of Normal Functions.
The periods ωki satisfy linear differential equations with rational coefficients.

We shall have
∆i(ω) = 0, (1)

∆ is a differential expression that is the same for

ω1i, ω2i, . . . , ω2p,i,

but which depends on the index i. This expression is of order 2p, that is to say
it contains derivatives of ω up to order 2p inclusively. The coefficients are entire
polynomials in y; the coefficient of the highest-order term can vanish only for
singular values; moreover, since only one of the periods ceases to be holomorphic
at each singular value (namely that which we designated by ω1, § 1), each of
these values is a simple root, so that the coefficient of d2pω

dy2p will be written :

(y − a1)(y − a2) . . . (y − ah),

a1, a2, . . . , ah being the different singular values. It is therefore a polynomial
of degree h, h being the number of singular values. Furthermore, since the
integrals of equation (1) must behave regularly for y = ∞, the degrees of the
coefficients of this equation must decrease, in such a way that the coefficient of
dkω
dyk is of degree h− 2p+ k and the coefficient of ω of degree h− 2p− 1 (and not
h− 2p).

We have p equations (1) since the index i can take p different values; but
these equations are closely related; one will pass for example from the equation
∆1(ω) = 0 to the equation ∆i(ω) = 0 by a simple transformation; if one sets

ω∗ = R0ω +R1
dω

dy
+R2

d2ω

dy2
+ . . .+R2p−1

d2p−1ω

dy2p−1
,

the R being suitably chosen rational functions of y, and if ω satisfies ∆1(ω) = 0,
ω∗ will satisfy ∆i(ω

∗) = 0. Equation (1) is what is called Picard’s equation.
This being established, let us consider in the y-plane the various singular

values ak; let us join them to infinity by cuts Qk that do not cross one another.
To each of these values will be attached a period playing a particular role (the
one that had been designated by ω2i, § 1). This period will be respectively
designated for the integrals u1, u2, . . . , up by ϖk1, ϖk2, . . . , ϖkp.

It is a matter of constructing a system of normal functions vi; I must there-
fore suppose that the functions vi remain single-valued as long as one does not
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cross the cuts, and that when one crosses the cut Qk in the direct sense, vi
changes into

vi + λkϖki

λk being an integer that depends on k, but not on i. Let then b1, b2, . . . , bν be
the critical values of the second kind. We shall satisfy the conditions by setting

vi =
∑ λk

2π
√
−1

∫
Qk

ϖ′
ki dY

Y − y
+
∑ Aji

y − bj
+ Ci. (2)

Y is the variable with respect to which one integrates; ϖ′
ki is what ϖki becomes

when y is replaced in it by Y ; the A and C are arbitrary coefficients. We see
that the expression (2) satisfies the stated conditions; since ϖ′

ki is a holomorphic
function of Y for Y = ak, that is to say at the endpoint of the cut Qk (let us
recall, indeed, what we said of ω2i, § 1), vi will become logarithmically infinite
for y = ak; it will be infinite of the first order at the critical values of the second
kind and will behave regularly for all other values.

It remains to see what happens for y = ∞. Let us remark that the integers
λ cannot be chosen arbitrarily; it is necessary that, when one describes a circle
of very large radius by crossing all the cuts, vi returns to its initial value. If the
periods of ui are ω1i, ω2i, . . . , ω2p,i, we shall have

ϖki =
∑

µkjωji,

the µkj being integers. Moreover, ωji will change into ωji + νkjϖkj when one
crosses the cut Qk in the direct sense, the νkj being integers. When one crosses
successively in the direct sense the cuts Q1, Q2, . . . , Qh, these cuts succeeding
one another in the order in which a circle of very large radius encounters them,
vi will change into

vi +
∑

ρhjωji

the ρ being integers that are to be studied; in the first place, one will have

ρ1j = λ1µ1j .

One will have next

ρkj − ρk−1,j = µkj

(
λk +

∑
ρk−1,lνkl

)
;

by these equations, the ρ depend on the indeterminate integers λ and on the
determinate integers µ and ν; they are linear and homogeneous functions of the
integers λ. But since vi must return to its initial value when the h cuts have
been crossed, one must have

ρh1 = ρh2 = . . . = ρh,2p = 0. (3)

These are 2p linear equations that the λ must satisfy.
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If this condition is fulfilled, vi is a single-valued function of y in the neighbor-
hood of y = ∞; moreover, this function remains finite; indeed, each of the terms
of (2) remains finite except the integrals, and these integrals can become only
logarithmically infinite, since ϖ′

ki remains finite for Y = ∞. The logarithmic
terms, which alone could become infinite, must cancel each other out, since vi
is single-valued; therefore vi is finite.

The conditions (3) are not the only ones that we must impose upon ourselves.
Let c1, c2, . . . , cµ be the critical values of the first kind and suppose that for
y = ck one has

∑
αikPi = 0, the αik being constant coefficients; one must have

for y = ck ∑
αikvi = 0. (4)

Suppose that the λ are integers satisfying conditions (3); the relations (4) will
be relations between the A and C.

If the number of critical values of the first kind is less than p(ν + 1), the
number of distinct relations (4) will be a fortiori less than p(ν + 1) [I say a
fortiori because the relations (4) may not all be distinct]. One can then satisfy
these conditions in an infinity of ways, since the indeterminates A and C are
p(ν + 1) in number. One will then obtain a continuous infinity of systems of
normal functions, corresponding, as we shall soon see, to a continuous infinity
of algebraic curves not constituting a linear system. If, in particular, we set all
the λ equal to zero, the vi will be single-valued functions of y, able to become
infinite only of the first order at the critical values of the second kind; they will
therefore be rational; we thus have an infinity of systems of rational normal
functions.

If the number of critical values of the first kind is equal to p(ν + 1), the
relations (4) will, in general, be distinct; the number of indeterminates is then
equal to that of the conditions; and we shall have for each system of values of
the λ satisfying conditions (3) a single system of normal functions. As we can
vary the λ, we shall have an infinity of systems of normal functions, but this
infinity will be discrete. In particular, if all the λ are zero, all the vi will be
zero.

It may then happen that, the number of relations (4) being equal to p(ν+1),
these relations are not all distinct. Let us examine, in particular, the case where
there is no critical value of the second kind, a case to which we shall see later
that all the others reduce. If the relations (4) are not all distinct, there exists
for every system of values of the λ an infinity of systems of normal functions;
taking the difference of any two of these systems, one will obtain systems of
normal functions for which all the λ will be zero; one will then have

vi =
∑ Aji

y − bj
+ Ci;

since there is no critical value of the second kind, one will simply have vi = Ci,
that is to say that our normal functions will reduce to constants. The relations
(4) will then be written

∑
αikCi = 0, and they will, by hypothesis, be p in
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number, since ν = 0. If they were all distinct, all the Ci would be zero; if they
are not all distinct, some of the Ci can be chosen arbitrarily; among the Ci,
there then exist some that are not linear combinations of the left-hand sides
of the relations (4); the corresponding integrals ui, to use the terminology of
the end of Section 1, have no critical values of the first kind. There also exist
integrals that have no critical values of the first kind if the number of relations
(4) is less than p(ν+1). The existence of a system of rational normal functions
is thus connected to the existence of integrals devoid of critical values of the first
kind, in the sense of the end of Section 1.

If finally the number of critical values of the first kind is greater than p(ν+1),
it will in general be impossible to satisfy the relations (4). The normal functions
corresponding to given values of the integers λ will not exist in general, and one
will be able to form them only for certain particular surfaces satisfying, so to
speak, arithmetic conditions.

Let us now consider the expressions ∆i(vi); I say that they are single-valued
functions of y. Indeed, when y describes any closed contour, vi changes into
vi + Ωi, Ωi being a period of ui; ∆i(vi) changes into ∆i(vi) + ∆i(Ωi). But, by
virtue of equation (1), ∆i(Ωi) = 0; therefore ∆i(vi) does not change. q. e. d.

∆i(vi) remains finite for ordinary values of y as well as for critical values of
the first kind. In the neighborhood of a singular value, we have

vi = v∗i +
∑

mkωki,

v∗i being holomorphic and the mk being integers. Then ∆i(v
∗
i ) is holomorphic;

∆i(ωki) is zero by virtue of equations (1); therefore ∆i(vi) is holomorphic.
At a critical value of the second kind, vi becomes infinite of order 1; its

derivative of order q becomes infinite of order q+1 and ∆i(vi) becomes infinite
of order 2p+ 1.

For y = ∞, vi remains finite, its derivative of order q becomes zero of order
q+1; on the other hand, in ∆i(vi) the coefficient of vi becomes infinite of order
h − 2p − 1, that of its qth derivative becomes infinite of order h − 2p + q; we
conclude that ∆i(vi) becomes infinite of order h− 2p− 1.

In summary, ∆i(vi) is a rational function of y and one can write

∆i(vi) =
Ni

Q2p+1
, (5)

where
Q = (y − b1)(y − b2) . . . (y − bν)

and where Ni is an entire polynomial in y of degree h+ (2p+ 1)(ν − 1).
Such is the differential equation satisfied by the normal functions vi.

4. — Introduction of Abelian Functions.
To make clearly understood the nature of the problem that I now wish to ad-
dress, I shall first restrict myself to a particular case, that where p = 1 and

11



where, consequently, the abelian functions we shall have to consider reduce to
elliptic functions. We then have only a single integral u, and a “system” of
normal functions reduces to a single function which I shall call v, omitting the
index that has become unnecessary. We shall have only two periods ω1 and ω2,
which will be functions of y defined by Picard’s equation

∆(ω) = 0 (1)

[equation (1) of the preceding section], while the normal function v will satisfy

∆(v) =
N

Q2p+1
(2)

[equation (5) of the preceding section].
This being established, let us consider Weierstrass’s function p(u); it depends

not only on the argument u, but on the two periods ω1 and ω2; if we replace
in it the argument by the normal function v defined by equation (2) and the
periods 2ω1 and 2ω2 defined as functions of y by equation (1), the Weierstrass
function will become a function of y

p(v, ω1, ω2) = G(y)

and it is this function that is to be studied.
When y turns around a singular value, the periods change into other periods

and v increases by a period. Under these conditions, the Weierstrass function
does not change. Therefore G is a single-valued function of y.

For an ordinary point and if v is not equal to a period, G is evidently holo-
morphic, and, similarly, it is a holomorphic function of 1

y in the neighborhood
of y = ∞.

If y = b is a critical value of the second kind, we see that v, ω1, and ω2

become infinite, but v(y− b), ω1(y− b), ω2(y− b) remain holomorphic; therefore

p(v, ω1, ω2) = (y − b)2p
[
v(y − b), ω1(y − b), ω2(y − b)

]
is holomorphic for y = b and even vanishes; let us recall, indeed, that the
Weierstrass function is homogeneous of degree −2 in v, ω1, ω2.

If y = c is a critical value of the first kind, it happens that v, ω1, and ω2

vanish for y = c, but v
y−c , ω1

y−c , ω2

y−c remain finite, and since one has

p(v, ω1, ω2) =
1

(y − c)2
p

(
v

y − c
,
ω1

y − c
,
ω2

y − c

)
,

G remains a meromorphic function of y.
If v were equal to a period, the Weierstrass function would no longer be a

holomorphic function of v, ω1, and ω2, but a meromorphic function, becoming
infinite of order 2.

Therefore G will still remain a meromorphic function of y, whether the value
considered be moreover ordinary or critical.

12



It remains for us to investigate what happens at singular values. The Weier-
strass function not depending on the choice of periods, we may suppose that 2ω1

and 2ω2 are precisely the periods which in the neighborhood of the considered
singular value y − y0 are of the form

θ1(y) +
θ(y)

2π
√
−1

L(y − y0), θ(y),

θ1(y) and θ(y) remaining holomorphic [without θ(y) vanishing]; on the other
hand, v will be of the form

v∗ − λ
θ(y)

2π
√
−1

L(y − y0),

v∗ remaining holomorphic and λ being an integer. If we set, with Weierstrass
(cf. Formules et propositions pour l’emploi des fonctions elliptiques) :

h = eπ
√
−1

ω1
ω2 , z = e

π
√

−1v
2ω2 ,

we see that h(y − y0)
− 1

2 , z(y − y0)
−λ

2 remain holomorphic and do not vanish
for y = y0. We see, on the other hand (loc. cit., French edition, p. 41), that

σ(v) = e2η2ω2w
2

KS(v), S(v) =
1√
−1

∑
(−1)mh

(2m+1)2

4 z2m+1,

K being a constant factor, whence

p(v) =
σ′2 − σσ′′

σ2
= − η2

ω2
+

S′2 −SS′′

S2

(I write v instead of u, to preserve the notation adopted up to now, and I
designate by w the v of Weierstrass, that is to say v

2ω2
). Moreover, one has

2ω2

π
√
−1

S′(v) =
1

π
√
−1

∑
(−1)m(2m+ 1)h

(2m+1)2

4 z2m+1,(
2ω2

π
√
−1

)2

S′′(v) =
1√
−1

∑
(−1)m(2m+ 1)2h

(2m+1)2

4 z2m+1.

I say that
S(v) = (y − y0)

1
8−

λ
2 H(y),

H being holomorphic, or at least meromorphic. Indeed, one has

h
(2m+1)2

4 z2m+1 = (y − y0)
(2m+1)2

8 −λ
2 (2m+1)M(y),

M being holomorphic; the exponent of y− y0 is equal to 1
8 −

λ
2 +

[
m2+m

2 −λm
]
;

the expression in brackets is an integer; and, whatever the sign and value of
λ may be, this integer is positive, provided m is sufficiently large in absolute
value.

13



If therefore we set aside the factor (y− y0)
1
8−

λ
2 , we see that all the terms of

the series S(v) are holomorphic, except a finite number that are meromorphic.
Therefore H(y) is meromorphic. One would prove similarly that

2ω2

π
√
−1

S′(v),

(
2ω2

π
√
−1

)2

S′′(v)

are of the form
(y − y0)

1
8−

λ
2 H(y),

H being meromorphic; as 2ω2 = θ(y) is holomorphic and does not vanish, the
expression S′2−SS′′

S2 is meromorphic. On the other hand, η2ω2 according to
Weierstrass [loc. cit., § 6, p. 8, form. (10)] is a holomorphic function of h2 (for
h = 0) and, consequently, of y for y = y0. We must therefore conclude that for
this value, p(v) is a meromorphic function of y.

Thus G remains a meromorphic function of y, even for singular values. It
is therefore meromorphic in the entire plane and even at infinity; it is therefore
a rational function of y. The partial derivative dp

dv is also a doubly periodic
function of v which does not change when the system of periods is replaced by
an equivalent system. One would prove in the same manner that it is a rational
function of y.

Let us now consider the three partial derivatives

dp

dv
,

dp

dω1
,

dp

dω2
.

When v increases by a period, or when one replaces the system of periods by an
equivalent system, these three derivatives will undergo a linear transformation,
and that in such a way that

v
dp

dv
+ ω1

dp

dω1
+ ω2

dp

dω2
,

dv

dy

dp

dv
+
dω1

dy

dp

dω1
+
dω2

dy

dp

dω2
,

d2v

dy2
dp

dv
+
d2ω1

dy2
dp

dω1
+
d2ω2

dy2
dp

dω2
,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(3)

remain invariant (1). One concludes (by reasoning entirely similar to the pre-
ceding) that all these expressions are rational functions of y. For the second of
them, this is moreover evident, since it is the total derivative of p with respect
to y and since p is a rational function of y.

Combining these expressions, one finds that

∆v
dp

dv
+∆ω1

dp

dω1
+∆ω2

dp

dω2

is a rational function of y. But ∆ω1 and ∆ω2 are zero; by virtue of equation
(1), this expression therefore reduces to ∆v dp

dv .
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We already knew that the two factors ∆v [by virtue of equation (2)] and dp
dv

are rational functions of y.
Let us pass now to the general case where the genus p of the curves Ky is

greater than 1.
(1) To establish this, one will use the double series expansion of p(v), an

expansion that converges uniformly in any bounded region of the v-plane and for
R
(

ω2

iω1

)
> 0, as well as the expansions of its partial derivatives, calculated term

by term, with respect to v, to ω1 and to ω2; one will use, in addition, the absolute
convergence of the expansions. The first of the three invariance relations results
moreover from the homogeneity formula. We shall make use of the properties
of intermediate functions (Frobenius functions) and we shall use, in particular,
some of those that I proved in the American Journal of Mathematics (Vol. 8,
1886, p. 289). Let ωki be the kth period of the ith integral. There will exist
between the periods of any two integrals a bilinear relation

Φ(ωki, ωkj) = 0 (4)

such that the first member Φ, linear and homogeneous both with respect to

ω1i, ω2i, . . . , ω2p,i

and with respect to
ω1j , ω2j , . . . , ω2p,j ,

changes sign when one interchanges ωki with ωkj . If one takes, in particular,
the normal periods, this function Φ takes a particularly simple form. We shall
have

Φ =

k=p∑
k=1

(ωkiωk+p,j − ωkjωk+p,i) = 0. (4 bis)

Let us then consider an intermediate function; it is an entire function H of
v1, v2, . . . , vp which is multiplied by an exponential when the variables increase
by a period, so that

H(vi + ωki) = ePkH(vi); Pk =
∑

αkivi + γk.

We shall set, on the other hand,

δk = γk − 1

2

∑
αkiωki.

The quantities γk and δk are evidently determined only up to a multiple of
2π

√
−1. We shall next consider the combinations

Φ(αki, ωkj) = Φij .

We shall suppose

Φii = 2mπ
√
−1, Φij = 0 (i ≷ j); (5)
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the intermediate function will then be said to be of order m; an intermediate
function of the first order is determined up to a constant factor when its multi-
pliers ePk are known. An intermediate function of the first order is even or odd
when all the δk are equal to 0 or to π

√
−1. For given values of the coefficients

αki, there are therefore 22p even or odd intermediate functions of the first order.
If we multiply the intermediate function H by an exponential eQ, where Q is

a homogeneous polynomial of the second degree with respect to the vi, we shall
have a new intermediate function H′ for which the Φij and the δk will be the
same. One can dispose of the polynomial Q in such a way that the αki vanish
for all periods of the first series, that is to say for k ≤ p. The function H′ is then
a Θ-function, but we shall restrict ourselves to even or odd functions, which are
22p in number. Among these Θ-functions, there is one that is the Θ-function
properly so called, and which we shall designate by Θ0 to distinguish it from
the others; it is the one for which all the δk are zero.

We shall now consider the functions Π which are the third-order partial
derivatives (with respect to the v) of the logarithm of one of the even or odd
Θ-functions of the first order. These functions Π are therefore p(p+1)(p+2)

6 22p

in number, since there are 22p functions LΘ and each of them has p(p+1)(p+2)
6

third-order derivatives.
1◦ A third-order partial derivative of the logarithm of an even or odd inter-

mediate function of the first order H is equal to one of the functions Π. One
has, indeed,

logΘ = logH−Q,

Q being a polynomial of the second degree and every third derivative of Q being
zero.

2◦ When one increases the v by a period, the Π do not change; for logΘ
increases by Pk, whose third derivatives are zero.

3◦ What happens now when one replaces the periods by an equivalent system
of normal periods? First, the Φij do not change (loc. cit., p. 323); moreover, if
the intermediate function was even or odd, it will retain this character; if the
old δk were all equal to zero or to π

√
−1, the same will hold for the new δk;

but there is no necessity that each new δk be equal to the corresponding old
δk. We conclude from this that the different functions Π simply interchange
among themselves, a third-order derivative of the logarithm of Θ changing into
the corresponding partial derivative of the logarithm of another Θ.

4◦ If we subject the vi to a linear substitution, and at the same time the
periods ωki to the corresponding linear substitution, and the αki to the contra-
gredient substitution, in such a way that

∑
αkivi does not change, the inter-

mediate function H defined by the v, the ω, the α, and the δ will not change; the
same will hold for its logarithm; the partial derivatives of this logarithm (and,
in particular, the corresponding Π) will undergo a linear transformation (con-
tragredient to that undergone by products of three factors equal to vi, distinct
or not).

If, for example, vi is multiplied by c, the ωki multiplied by c, the αki divided
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by c, the functions Π represented by

d3

dv31
logΘ,

d3

dv21 dv2
logΘ,

d3

dv1 dv22
logΘ,

d3

dv32
logΘ, . . .

will be respectively multiplied by

1

c3
,

1

c3
,

1

c3
,

1

c3
, . . .

This being established, I suppose that one replaces the ωki by their values
as functions of y and the vi by a system of normal functions of y; a function Π
will become a function G(y) that is to be studied.

1◦ When y describes a closed contour, the v increase by a period; the system
of periods is replaced by an equivalent system. Under these conditions, the
functions G can only interchange among themselves. I make this precise; let
us agree, to abbreviate the language, to say that two functions G = Π belong
to the same system when they are derived from several different logΘ by the
same mode of differentiation; and that they belong to the same group when they
are the various partial derivatives of the same logΘ. Then the functions G of
the same system will interchange among themselves. Therefore every symmetric
function of the various functions G of the same system is a single-valued function
of y.

For an ordinary value of y, the G are meromorphic functions of y. For a
critical value of the second kind y = b, the products vi(y− b), ωki(y− b) remain
holomorphic; therefore

Π(vi, ωki) = (y − b)3Π
[
vi(y − b), ωki(y − b)

]
remains meromorphic.

For a critical value of the first kind y = c, such that
∑

αivi = 0, one will
make a linear change of variables, in such a way that v′1 =

∑
αivi and that

the other v′i are arbitrary linear functions of the v. We shall make, of course,
the same change of variables on the ωki; in such a way that, for example,
ω′
k1 =

∑
αiωki.

Then the Π(v′i, ω
′
ki) will be linear functions of the Π(vi, ωki) and conversely.

I shall bring v′1 and ω′
k into evidence by writing

Π(v′1, v
′
i; ω

′
k1, ω

′
ki),

the index i taking the values 2, 3, . . . , p; in this case, v′1 and ω′
k vanish for y = c,

but v′
1

y−c and ω′
k1

y−c remain finite. Then :

Π(v′1, v
′
i; ω

′
k1, ω

′
ki) =

1

(y − c)λ
Π

(
v′1
y − c

, v′i;
ω′
k1

y − c
, ω′

ki

)
(λ = 0, 1, 2, 3, according to the system of functions Π under consideration) still
remains meromorphic. The same therefore holds for the Π.

17



It remains for us to examine the case of singular values. Let y = y0 be one
of these values; in the neighborhood of this value, one has

vi = ψi(y) +
λϖi

2π
√
−1

L(y − y0), ωki = ψki(y) +
λkϖi

2π
√
−1

L(y − y0),

the ψ being holomorphic, ϖi being the period attached to the singular value in
the sense of Section 2 and being a holomorphic function of y, the λ and the λk
being integers. As we have seen that our functions G of the same system simply
permute among themselves when the periods are replaced by an equivalent
system of normal periods, we may adopt any one of these equivalent systems,
and it will always be possible to choose it in such a way that ϖi = ω1i; under
these conditions, all the λk are zero, with the exception of λp+1 which is equal
to 1. Indeed, the form ∑

k

(ωkiωk+p,j − ωk+p,iωkj)

must not be altered when ωki changes into ωki+λkω1i and ωkj into ωkj+λkω1j ,
which happens when y turns around y0; and that requires that all the λk be
zero with the exception of λp+1. We see next that, when the singular value y0
corresponds to an ordinary tangent plane, which we assume, there always exists
a period (linear combination of the ωki) which increases by ϖi, which requires
λp+1 = ±1. Finally, we shall suppose λp+1 = 1, for if λp+1 were negative, it
would suffice to change ϖi into −ϖi.

We shall now effect a linear change of variables by setting

v′i =
∑

αijvj , ω′
ki =

∑
αijωkj . (6)

Under these conditions, the Π′ = Π(v′i, ω
′
ki) will be linear functions of the

Π(vi, ωki) and the coefficients of these linear functions will be meromorphic
functions of y, if the coefficients αij are themselves meromorphic functions of y.

This being established, we can choose the change of variables (6) in such a
way that

ω′
k1 = 0 (k ≤ p, k ≷ 1), ω′

11 = 2π
√
−1 (k ≤ p);

the coefficients αij will be meromorphic functions of y, since all the ωk1 where
k ≤ p, and indeed generally all the ωki, except ωp+1,i, are holomorphic functions
of y. We shall then write :

Θ =
∑

eP1+P2+P3 ,

where

P1 =
∑

miv
′
i, P2 =

∑
mizi, P3 =

1

2

∑
mimkaik

and where :
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1◦ 2m1, 2m2, . . . , 2mp are integers: 2mk being either always even or always
odd, according to the value of the δk, that is to say according to which of the
22p functions Θ is considered; 2◦ The εi are equal to 0 or to π

√
−1 according

to which of the 22p functions Θ is considered.
3◦ One has

aik = aki = ω′
k,p+i = ω′

i+p,k.

All the ω′
ki are holomorphic functions of y except perhaps the ω′

p+1,i; moreover,
ω′
p+1,i is equal to a holomorphic function of y, plus

ω′
1i

2π
√
−1

L(y − y0).

But ω′
1i = 0 for i ≷ 1; therefore all the aik are holomorphic functions of y,

except a11; but ea11 is a holomorphic function of y that vanishes for y = y0.
Similarly,

v′i − ψ′
i(y) +

λω′
1i

2π
√
−1

L(y − y0)

is holomorphic in y if i ≷ 1; and the exponential ev′
1 is holomorphic or mero-

morphic in y, divisible by (y − y0)
λ. Each of the terms of Θ is therefore equal

to the product of a holomorphic function of y, not vanishing for y = y0, by the
factor

(y − y0)
m1λ+

1
2m

2
1 .

The exponent m1λ+ 1
2m

2
1 can be negative only for a finite number of values of

m1; moreover, if one changes m1 into m1 + 1, it increases by λ+m1 +
1
2 .

If therefore 2m1 is even, it increases by an integer plus 1
2 ; if 2m1 is odd,

it increases by an integer. If 2m1 is odd, all the terms are therefore equal to
a holomorphic or meromorphic function multiplied by (y − y0)

λ
2 + 1

8 . If 2m1 is
even, they are equal to a holomorphic or meromorphic function multiplied by
(y − y0)

1
2 or (y − y0)

0. Therefore, when y turns around y0, in the first case the
function Θ is simply multiplied by a constant factor; in the second case, two
of the functions Θ interchange between themselves, namely those that differ
from one another by the change of value of ε1. They are in any case algebroid
functions.

The same reasonings would apply to the partial derivatives of the different
orders of the functions Θ taken with respect to the v′i; each term is deduced,
indeed, from the corresponding term of the function Θ by multiplying it by
a constant factor depending only on the integers m. It results from this that
the Π′ are algebroid functions of y for y = y0 and that, when y turns around
y0, the functions of the same system simply interchange among themselves.
This is therefore still true for the Π, which are linear functions of the Π′ with
meromorphic coefficients. In summary, we see that, for any value of y, the Π
are algebroid functions of y, liable only to interchange among functions of the
same system. Every symmetric function of the functions Π = G of the same
system is therefore a meromorphic function for all finite or infinite values of y.
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It is therefore a rational function of y. Any one of the functions G is therefore
an algebraic function of y.

We can extend this result to the case where one replaces vi, no longer by a
normal function of y, but by half of a normal function. There will, indeed, be
nothing changed in the preceding analysis, except that λ, instead of being an
integer, may be half of an integer. If then m1 changes into m1+1, the exponent
m1λ+

1
2m

2
1 increases by λ+m1+

1
2 ; if then λ is half of an odd number, it is when

2m1 is even that our exponent increases by an integer and that the function Θ
reproduces itself up to a constant factor; and it is when 2m1 is odd that this
exponent increases by an integer plus 1

2 and that the function Θ interchanges
with another.

It may happen that a function G is not only algebraic, but rational in y; this
is what occurs, for example, if vi is half of a normal function for which all the
λ are odd and if G is derived from a function Θ for which all the 2mi are even.

It will be observed that the fact that the system of normal functions vi
satisfies the condition

∑
αivi = 0 for a critical value of the first kind plays an

essential role. The theorem would no longer be true if one were to replace in
the Π the vi by a system of functions satisfying the same conditions as a system
of normal functions, that one excepted.

5. — Classification of Curves.
Let us consider a system of normal functions vi, formed by the procedures
of Section 3. Will there always correspond to this system algebraic curves?
There will always exist on each curve Ky a group of p points and only one :
M1,M2, . . . ,Mp, such that one has

vi = u1i + u2i + . . .+ upi ,

vi being the normal function under consideration and uki the value of the integral
ui at the point Mk. When one varies y, the set of these points will generate a
curve C; let us take again the points A1,A2, . . . ,An of intersection of S with the
straight line y = t = 0, and let aki be the value of ui at the point Ak. Let us
recall that, according to our conventions, a1i is zero.

I propose to investigate how many times the curve C passes through Ak,
that is to say for how many values of y one of the points Mk arrives at Ak. To
this end, I recall Riemann’s theorem; according to this theorem, one has

Θ0(u
1
i + u2i + . . .+ up−1

i − hi) = 0, (1)

Θ0 being the function Θ all of whose δ are zero, the uki being the values of ui
at p− 1 arbitrary points of Ky and the hi being constants (able to depend only
on y). Moreover, one has

u1i + u2i + . . .+ u2p−2
i = 2hi, (2)
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the uki representing this time the values of ui at the 2p−2 points of intersection
of Ky with an arbitrary adjoint of order n−3, the double points being left aside.

At each of the double points, one has two values of ui, corresponding to the
two branches of Ky that intersect at the double point. I shall designate by di
the sum of all these values of ui, whose number is double that of the double
points. We shall observe that the di form a system of normal functions. Indeed,
we saw in Section 2 that to every algebraic curve traced on the surface there
corresponds a system of normal functions; it suffices to apply this result to the
double curve of the surface S.

By virtue of Abel’s theorem, the sum of the uki is a constant for the points
of intersection of Ky with an arbitrary curve of order m. Let us apply this to
two curves of order n− 3, namely an adjoint on the one hand, and on the other
hand n− 3 times the straight line y = t = 0. This will give us

u1i + u2i + . . .+ u2p−2
i + di = (n− 3)(a1i + a2i + . . .+ ani ),

the uki being those that appear in the first member of (2); one will therefore
have

2hi = (n− 3)
∑

aki − di.

Since the aki and the di are normal functions, the same will hold for the 2hi. In
order that the point Mp, for example, arrive at Ak, it is necessary that

vi − aki = u1i + u2i + . . .+ up−1
i ,

whence
Θ0(vi − aki − hi) = 0.

Now vi−aki −hi is half of a normal function. But the function Θ0 cannot vanish
without its logarithm becoming infinite, nor, consequently, without at least one
of the third-order partial derivatives of this logarithm becoming infinite. It is
therefore necessary that one of the functions G become infinite; now the G are
algebraic functions of y; they will therefore be able to become infinite only a
finite number of times. The curve C will therefore be able to pass through Ak

only a finite number of times, say qk times. It will then be an algebraic curve
of degree

p+ q1 + q2 + . . .+ qn.

The algebraic curve C always exists; it may in certain cases reduce to a certain
number of times the points Ak, or else to periods. I refer to the cited Memoir
of the Annales de l’École Normale for the study of the exceptional case where
the curve C meets the plane y

t = const. only in p − 1 moving points (loc. cit.,
p. 83).

The curve C as we have just defined it is entirely determined; but to the
same system of normal functions there correspond an infinity of algebraic curves
meeting the plane y

t = const. in more than p moving points (whereas C met
this plane in p moving points only).

We shall say that all these curves belong to the same family.
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But this classification into families is not a natural classification. Suppose,
indeed, that one changes coordinate axes in such a way that the straight line
y = t = 0 is replaced by another straight line D. The function vi is the sum
of the ui for all the moving points of intersection of the curve C with a plane
passing through y = t = 0. The fixed points of intersection, that is to say the
points Ak, do not enter into account. But if one replaces the line y = t = 0,
which met the curve C a certain number of times qk at Ak, by an arbitrary line
D, this line will not meet C in general. Let then vi be the normal functions
corresponding to C and to the line y = t = 0; let v′i be the normal functions
corresponding to C and to the line D. When D is infinitely close to y = t = 0,
v′i will not be infinitely close to vi, but indeed to vi +

∑
qja

j
i .

On the other hand vi is determined only up to a period, so that the two
systems of normal functions vi and vi + ωji correspond to the same curve C.
This leads us to substitute for the classification into families a classification into
classes, which will this time be a natural classification.

A system of normal functions is characterized by the set of integers λk which
correspond, according to Section 3, to the different singular values y = yk;
among normal functions, we shall distinguish the periods ωji and the functions
aji which correspond to the points Aj ; let then µjk and µ′

jk be the integers λk
relative respectively to ωji and to aji . Let two systems of normal functions be
characterized respectively by the integers λk and by the integers λ′k. The two
systems and the two corresponding curves C will belong to the same family if
one has

λk = λ′k;

they will belong to the same class if

λk = λ′k +
∑

mjµjk +
∑

m′
jµ

′
jk,

the m and the m′ being integers. For other details on the classification of
algebraic curves, the number of primitive curves, and the manner of deducing
all curves from primitive curves, I shall refer to the cited Memoir.

One may ask what happens when one varies the line D in a continuous
manner. Singular values correspond to tangent planes drawn from D to S. Two
of these values interchange when D turns around a position where it is tangent
to the surface S. At the same time, two of the points Aj and, consequently, two
of the functions aji interchange as well.

What happens then? The integer λk which according to Section 3 is attached
to each of the singular values yk depends on two things : 1◦ on that of the
determinations of vi which is considered; 2◦ on the shape or rather on the
relative arrangement of the cuts Qk which in Section 3 we drew from yk to
infinity in the y-plane. When the line D moves in a continuous manner, the
number λk will remain constant; but at the same time our cuts will deform
and their relative arrangement may change. Suppose, for example, that in the
initial situation the cuts Qk are rectilinear, and directed along the extension of
the radius vector going from the origin to yk; in a subsequent position, the cuts
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Qk will have ceased to be rectilinear, and if one replaces them by new rectilinear
cuts Q′

k going from the new singular values to infinity along the extension of
the radius vector coming from the origin, it may happen that the new cuts Q′

k

are not equivalent to the old cuts Qk and that the integers λ′k relative to the
Q′

k are not equal to the λk.
Let D0 be a singular position of the line D, that is to say a position such that

D0 touches S; we shall suppose that D turns around D0 while deviating very
little from it; then two singular values y1 and y2 will remain very little different
from each other and will interchange between themselves. The cuts Q1 and Q2,
initially rectilinear, will deform in a continuous manner and will be replaced
by curvilinear cuts terminating, the first at y2, the second at y1, since these
two singular values have interchanged. Examination of this deformation would
show that the integers λ1 and λ2 have interchanged, and as the curve C must
not have changed, one must conclude that λ1 = λ2. As, in general, by varying
D in a continuous manner so as to bring this line back to its initial position,
one can pass from one singular value to any other singular value, one might be
tempted to conclude that all the λk are equal to one another. That would be an
error; the integers λ relative to two rectilinear cuts terminating at two singular
values on the point of interchanging are equal; but in varying D, it happens
that one of these values, y2 for example, is on the point of interchanging with
a third singular value y3; the cuts Qk will not have remained rectilinear, and if
we replace them by new rectilinear cuts Q′

k, the values of the integers λ will be
modified. If then λ2 and λ3 are the integers relative to Q2 and to Q3, and λ′2
and λ′3 the integers relative to Q′

2 and to Q′
3, one will have, not λ2 = λ3, but

λ′2 = λ′3. A more detailed study of the variations of these integers might present
some interest.

6. — Equations of Curves C.
To form the equation of the curve C which corresponds to a given system vi of
normal functions and which cuts Ky in p variable points, one can employ the
following procedure.

Let P = 0, Q = 0 be the equations of two arbitrary planes; let M1,
M2, . . . ,Mp be the p moving points of intersection of C and Ky; let Pi and
Qi be the results of substituting the coordinates of Mi into P and into Q; we
shall consider the following product :

P1P2 . . .Pp

Q1Q2 . . .Qp
= H(y, C).

It is a symmetric function of the coordinates of M1,M2, . . . ,Mp, and as the
coefficients of the two polynomials P and Q are arbitrary, all the other symmetric
functions can be deduced from it. This product H(y, C) is evidently a function
of y, and it depends also on the curve C.

Let B1,B2, . . . ,Bn be the points of intersection of P = 0 with Ky; let
C1,C2, . . . ,Cn be those of Q = 0 with Ky. Let bki and cki be the values of
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the integral ui at the point Bk and at the point Ck; one will have by virtue of
Abel’s theorem ∑

bki =
∑

cki =
∑

aki . (3)

Let us consider the expression∏
Θ0(vi − bki − hi)∏
Θ0(vi − cki − hi)

= G(y, C).

One has, of course, vi = u1i + u2i + . . . + upi and the product indicated by the
sign Π must be extended to all the bki for the numerator, and to all the cki for
the denominator. If one considers for a moment y as given, and varies the curve
C, that is to say the points M1,M2, . . . ,Mp on the curve Ky, one sees what the
condition is for G to vanish or become infinite; it will vanish when :

vi − bki = u1i + u2i + . . .+ up−1
i ,

that is to say when the point Mp comes to Bk, that is to say when one of the
points M coincides with one of the points B, that is to say when one of the
Pi vanishes. Similarly, G will become infinite when one of the Qi vanishes.
Therefore G and H become zero or infinite at the same time; therefore they
differ only by a constant factor. One has therefore

H(y, C)

G(y, C)
=

H(y, C0)

G(y, C0)
,

C0 being another curve; we shall take a curve reducing to p times the point A1,
so that one will have for C0

vi = pa1i = 0,

G(y, C0) =

∏
Θ0(−bki − hi)∏
Θ0(−cki − hi)

, H(y, C0) =

(
P0

Q0

)p

,

P0 and Q0 being the results of substituting the coordinates of A1 into P and Q.
I propose to show that if the vi are normal functions, the ratio

H(y, C)

H(y, C0)
=

G(y, C)

G(y, C0)

is a rational function of y; I say first that it is a single-valued function of y; this
is what one sees immediately, on recalling that it is equal to

P1P2 . . .Pp

Q1Q2 . . .Qp

(
Q0

P0

)p

.

It is moreover an algebroid function of y : indeed, it is equal to∏
Θ0(vi − bki − hi)Θ0(−cki − hi)∏
Θ0(vi − cki − hi)Θ0(−bki − hi)

.
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For ordinary values of y, as well as for critical values of both kinds, one would
see as in Section 3 that it is a meromorphic function; one must also consider
separately the values for which two of the bki (or of the cki ) interchange with
each other; for these values, the bki are algebroid functions of y, and since our
expression is symmetric with respect to the bki , it remains meromorphic in y.

There remain singular values; we have seen that the ωki, the vi, the bki , the
hi become logarithmically infinite for a singular value, and it was concluded in
Section 3 that the Θ0 remain algebroid. When y turns around a singular value,
the arguments of the Θ0 may increase by a half-period, and at the same time
the periods may be replaced by an equivalent system.

Each of the Θ0 changes into ePΘ, P being a polynomial of the first degree,
and Θ one of the 22p functions Θ; the exponentials cancel and our product
becomes ∏

Θ(vi − bki − hi)Θ(−cki − hi)∏
Θ(vi − cki − hi)Θ(−bki − hi)

.

As it must be a single-valued function of y, the function Θ must not differ from
Θ0. We saw at the end of Section 4 the condition for this to be so. This proves
therefore that 2hi is a normal function for which all the integers λ are odd.

In summary, our ratio is a function of y that is single-valued and algebroid.
It is therefore meromorphic for all finite values of y. It is therefore rational.

These procedures may well show that the curve C is algebraic, but not make
its degree known; I think it necessary therefore also to indicate another analysis,
similar to that of Section II of the cited Memoir. Let

ui =

∫
Pidx

QF′
z

which is an integral of the first kind; we shall set

Ui =
∂ui
∂y

=

∫ [
∂

∂y

(
Pi

QF′
z

)
F′
z −

∂

∂z

(
Pi

QF′
z

)
F′
y

]
dx

F′
z

.

I write ∂ui

∂y with round ∂ to express that I have differentiated with respect to y,
x being assumed constant and z connected to y and x by the equation of the
surface (one assumes moreover t = 1). One sees that Ui is an abelian integral
of the second kind. Similarly, the partial derivative ∂Ui

∂y is an abelian integral
of the second kind; now any abelian integral of the second or first kind can be
expressed by a linear function of 2p among them, plus a rational function; we
shall therefore have

∂Ui

∂y
=

∑
ρikuk +

∑
ρ′ikUk +H,

H being a rational function of x, y, z and the ρ and ρ′ rational functions of y.
Suppose now that the point (x, y, z), the upper limit of our integral, instead of
moving in such a way that x = const., moves on the curve C; we shall have

dui
dy

=
∂ui
∂y

+
∂ui
∂x

dx

dy
,

dUi

dy
=
∂Ui

∂y
+
∂Ui

∂x

dx

dy
.
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It will be remarked that ∂ui

∂x and ∂Ui

∂x are rational functions of x, y, z; they are

the quantities under the sign
∫

of the abelian integrals ui and Ui. We find,
similarly,

d2ui
dy2

=
∂2ui
∂y2

+ 2
∂2ui
∂x∂y

dx

dy
+
∂2ui
∂x2

(
dx

dy

)2

+
∂ui
∂x

d2x

dy2
.

The partial derivatives ∂2ui

∂x2 , ∂2ui

∂x∂y are likewise rational functions of x, y, z. From
this one deduces
d2ui
dy2

−
∑

ρikuk−
∑

ρ′ik
duk
dy

=
dx

dy

[
2
∂2ui
∂x∂y

−
∑

ρ′ik
∂uk
∂x

]
+
∂2ui
∂x2

(
dx

dy

)2

+
∂ui
∂x

d2x

dy2
+H.

(4)
The first member of (4) may be called ∆i(ui), the symbol ∆i having thus a
meaning different from that which we have attributed to it up to here. As for
the second member, which we shall write Φi

(
x, y, z, dx

dy ,
d2x
dy2

)
, it is a rational

function of the arguments on which it depends; z is moreover connected to x
and y by the equation of the surface.

One will then have for our curve C

∆i(vi) = Φ1
i +Φ2

i + . . .+Φp
i ,

where Φk
i is the result of substituting in Φ the coordinates of the point Mk in

place of x, y, z, as well as the corresponding values of the derivatives dx
dy and

d2x
dy2 .

One has, moreover,
∆i(ωki) = 0

and this is one form of the differential equations that define the periods. When y
describes a closed contour, vi increases by a period, say ωki; then ∆i(vi) changes
into ∆i(vi) + ∆i(ωki), that is to say it does not change. Therefore ∆i(vi) is a
single-valued function of y; we would see as in Section 3 that it is a rational
function of y of bounded degree; let Ri(y) be this rational function; we shall
then have ∑

Φk
i = Ri(y). (5)

These are differential equations that define the x as functions of y, that is to say
which define the equation of the curve C. These equations are p in number, since
the index i can take p values; and the same holds for the unknowns x1, x2, . . . , xp.

Knowing that these differential equations have an algebraic integral, it would
not be difficult to determine its degree.

7. — Elimination of Critical Values of the Second
Kind.
The existence of rational normal functions entails, on the one hand, the existence
of an algebraic and non-linear system of algebraic curves, and on the other hand,
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that of abelian integrals of total differentials of the first kind. This is the theorem
of Castelnuovo, Enriques, and Severi. I do not have to reproduce here the proof
that I gave of it in the cited Memoir. I confine myself to recalling the result. In
this case, the curve Ky possesses q reducible abelian integrals of the first kind,
that is to say possessing only 2q distinct periods. Let u1, u2, . . . , uq be these
integrals; it is known that if a curve of genus p admits q reducible integrals, it
will admit p − q others, possessing only 2p − 2q distinct periods. I call these
p − q integrals : uq+1, uq+2, . . . , up. This corresponds to a particular choice of
the integrals ui; I assume another choice of these integrals, without subjecting
myself to any condition, and I then call u′1, u′2, . . . , u′p my p integrals of the first
kind; if there exists a q-fold infinite system of rational normal functions, v′i, we
shall have between them p− q linear relations of the form∑

αkiv
′
i = 0 (k = q + 1, q + 2, . . . , p),

the αki being rational functions of y. Then the integrals

uk =
∑

αkiu
′
i (k = q + 1, q + 2, . . . , p),

will be p − q reducible integrals. This entails the existence of an algebraic q-
fold infinite system of algebraic curves corresponding to our system of rational
normal functions and, on the other hand, the existence of q other reducible
integrals uk =

∑
αkiu

′
i (k = 1, 2, . . . , q), the αki being still rational functions

of y. We can choose these new functions αki in such a way that the normal
functions

∑
αkiv

′
i reduce to constants. In this case the integrals uk are integrals

of total differentials of the first kind.
There is another point to which I should like to return in greater detail.

I stated at the end of Section 1, and I should now like to prove, a theorem
according to which it is impossible that there exist integrals devoid of critical
values of the first kind, in the sense of the end of Section 1, so long as there
exist critical values of the second kind. Let indeed y1, y2, . . . , yν be the critical
values of the second kind and

Q = (y − y1)(y − y2) . . . (y − yν).

Let u1, u2, . . . , uq be q integrals devoid of critical values of the first kind, in the
sense of the end of Section 1, so that for any critical value of the first kind one
has a linear relation

αq+1vq+1 + αq+2vq+2 + . . .+ αpvp = 0,

where there appear only the functions v of index greater than q. The functions
v of index less than or equal to q are therefore subject to no condition relating
to critical values of the first kind. We shall therefore obtain a system of normal
functions by writing

vq+1 = vq+2 = . . . = vp = 0, vi =
Xi

Q
(i = 1, 2, . . . , q),
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Xi being an arbitrary polynomial of degree ν in y; I shall call γ the coefficients
of these polynomials X. These coefficients are q(ν + 1) in number; our system
of normal functions is therefore q(ν + 1)-fold infinite.

Let now a1, a2, . . . , aν+1 be ν + 1 values of y, ordinary, but otherwise arbi-
trary. Let C be the curve corresponding to determinate values of the coefficients
γ; let Mk1, Mk2, . . . , Mkp be the p moving points of intersection of C with the
plane y = ak. Let ξ1ki, ξ2ki, ξ3ki be the three coordinates of the points Mki. The
ξ are 3p(ν + 1) in number. If we consider them as the coordinates of a point N
in 3p(ν + 1)-dimensional space and if we vary the γ, this point will remain on
an algebraic variety V of q(ν + 1) dimensions.

Instead of the ξ we may consider a system of symmetric functions of

ξhk1, ξhk2, . . . , ξhkp.

Let η be these symmetric functions, which I shall take to be 3p(ν+1) in number;
if we consider the η as the coordinates of a point N′ in 3p(ν + 1)-dimensional
space, when the η vary, this point will describe an algebraic variety V′ of q(ν+1)
dimensions. To every point of V′ there will correspond a system of values of the
η, and conversely. When the point N′ describes a closed curve on V′, the γ will
reproduce themselves up to a period; I make this precise :

If the point N′ is given, the points Mki are determined : this determines up
to a period the values of the vi for

y = a1, y = a2, . . . , y = aν+1;

when the vi are known, one has linear equations, whose determinant is not
zero, and which completely determine the coefficients γ. When the point N′

describes a closed contour, the values of the vi for y = aj , for example, increase
by a quantity Ωji which is equal to a period of the abelian integral ui for y = aj .
The γ increase by ε and the normal functions Xi

Q change into Xi

Q +
X′

i

Q , where
the polynomial X′

i differs from the polynomial Xi by the substitution of the
coefficients ε for the coefficients γ; the coefficients ε will then be determined by
the equations

X′
i

Q
= Ωji for y = aj .

These ε are the periods of the γ, since they are the quantities by which the
γ increase when N′ describes a closed contour.

I say now that X′
i

Q is, whatever y may be, a period of ui. Indeed, the system
of curves C, defined by our rational normal functions, is an algebraic system.
Therefore, either a point N′ defines a finite number of curves C, or else a contin-
uous infinity of curves C; this latter hypothesis must be rejected; we have seen,
indeed, that the point N′ defines the v up to a period; it defines therefore a
discrete infinity of systems of values of the γ and, consequently, a discrete mul-
tiplicity, finite or infinite, of curves C. Now, one can change Xi

Q into Xi

Q − λ
X′

i

Q ,
λ being any integer; we must find in this way only a finite number of curves
C; that is possible only if, whatever y may be moreover, the expression X′

i

Q is
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equal to a submultiple of a period, say h
h′ϖki, h and h′ being integers. When

one varies y in a continuous manner, the integers h and h′, which could vary
only by abrupt jumps, will remain constant. But for y = aj , h

h′ is an integer;
therefore this is true for every value of y; therefore X′

i

Q is a period, whatever the
value of y may be. q. e. d.

For i = q + 1, q + 2, . . . , p, one can still set vi = Xi

Q , but this time all the
coefficients of Xi will be constrained to be zero. Therefore the corresponding ε
will be zero as well. Therefore to each period of the γ corresponds a period of
the ui, which is a rational function of y for i ≤ q, and which is zero for i > q.

If now we are given the γ, the η will be manifestly determined; they are
therefore single-valued functions of the γ. On the other hand, the vi and,
consequently, the γ are always finite.

If we represent the real and imaginary parts of the q(ν + 1) coefficients γ in
2q(ν + 1)-dimensional space, we can construct the prismatoid of periods. This
prismatoid must be bounded, since the γ cannot become infinite; therefore there
are 2q(ν + 1) distinct periods.

There would therefore be 2q(ν+1) periods of the p abelian integrals ui that
would be zero for p− q of these integrals (those where i > q).

Let us form the determinant of the real and imaginary parts of the 2p periods
of our p integrals. In the last 2p− 2q rows of this determinant, the elements of
the last 2q(ν + 1) columns will be zero. The determinant will therefore be zero
if

(2p− 2q) + 2q(ν + 1) > 2p

that is to say if ν is not zero. Now we know that such a determinant cannot
vanish for a non-degenerate curve of genus p; it is therefore necessary that ν = 0,
that is to say that there be no critical value of the second kind. This is what
we wished to establish.

Applying the reasoning of Section 1, we see therefore that it will always be
possible to eliminate the critical values of the second kind.

This is what we can express by saying that one can always make pass through
the double curve p distinct surfaces of order n − 2, not considering as distinct
the surfaces f1 = 0, f2 = 0, . . . , fp = 0 if there is between the left-hand sides an
identical linear relation whose coefficients are homogeneous entire polynomials
in y and t.
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