On Curves Traced on Algebraic Surfaces,

By H. Poincaré.

I. — Introduction.

The importance for the theory of algebraic surfaces of a theorem recently proved
by Messrs. Enriques, Castelnuovo, and Severi is well known. According to this
theorem, the number of integrals of total differentials of the first kind depends
on the irregularity of the surface, that is to say, on the continuous algebraic,
non-linear systems of algebraic curves that can be traced on this surface.

I have proposed to find a new proof of this theorem by placing myself at a
purely transcendental point of view. What makes this demonstration of interest
is that it shows the dependence between the number of these integrals of total
differentials of the first kind, and the number and distribution of certain values
of y that I call critical and which play a large role in the analysis that follows.
The number of these integrals of the first kind depends equally on the difference
between the genus p of the plane sections of the surface and the number of
surfaces of order n — 3 that pass through the double curve of the surface.

The same considerations lead also to a classification of the algebraic curves
traced on a surface.

Although for the most part I do nothing more than recover results that are
already known, I thought it not useless to approach them by a new path and
consequently under a new aspect.

II. — Definition of the Functions v;.

Let f(x,y,z) = 0 be the equation of an algebraic surface; let us cut this surface
by a variable plane y = const. and let

d
U= / R4 (1)
daf
(#)
be an abelian integral of the first or second kind relative to the intersection
curve
f=0, y=const. (2)
We suppose that R is a rational function of x,y, and z; all integrals of the
form (1) can be put into the following form:

U = pruy + paua + ... + p2pugy + I1, (3)
where p is the genus of the curve (2); u1, ug, . . ., ugp, are 2p particular integrals of
the form (1); p1, p2, ..., p2p are rational functions of y; II is a rational function

of x,y, z. We shall set

d
u; = /Ri((g),



which I shall also write

d
Uy :/Rii,c,
z

to define the 2p particular abelian integrals wq,us,...,us,. But to complete
their definition, one must give the limits of integration. The simplest hypothesis
is that the two limits of integration are two fixed values of x, independent of
y, which we shall call zy and x1, and we shall suppose first that the path
of integration between zg and x; is likewise independent of y. Under these

conditions, the integral (1) is a function of y, and differentiation under the /

dU  [[d (R\df d (R\df]dx
dy—/[dy(ﬂ)dz‘dz(ﬁ)dyh- @)

This expression is again an integral of the first or second kind of the form
(1) and can, consequently, be put into the form (3); but as we now have to
deal no longer with indefinite integrals, but with definite integrals, we must, in
expression (3), replace IT by II; — Iy, Iy and II; representing the results of

sign gives us

s
substituting zo and x; in place of = in II. To obtain —, it suffices to replace

dy
R by R; in equation (4); we shall thus obtain
du, . . : _ .
dyZ = piur + paus + ... + pyyuzy + 17 — Ig; (5)

pi being the value of py and II* that of II corresponding to the case R = R;.
I shall write this equation in the form

Au; =115 — 119, (5 a)
setting, for brevity,

= dy

Auy; — Zplu = % —pjug — ... — pgpugp.

The same equation will subsist if, the points x¢ and z; remaining fixed, the
integration path oz, instead of remaining invariable, deforms in a continuous
manner as y varies; indeed, this changes nothing in the integral u;. Suppose now
that x¢ coincides with x; and that the path of integration reduces to a closed
contour; then u; represents one of the periods of the corresponding integral; and

we have II; = Il and

This is the equation of which Mr. Picard has made such frequent use in his
researches on algebraic surfaces.
Suppose now that the upper limit x;, instead of being independent of y,

varies with y in such a way that the point x1,y, 21 describes a certain algebraic
dui

curve C situated on the surface. Let be the derivative of the integral wu;



calculated on the assumption that the point z1,y, 21 remains on the curve C;

aui
d let
and le )

Y
shall have

be the derivative calculated assuming that x; remains constant; we

dui - 3uz 3uz dIl .

dy Oy Oz, dy’

Ous
Y will be given to us by equation (5), that is to say, we shall have
ou; . , .
=Y T -
On the other hand,
aui o R
or  f!

s
is a rational function of z,y, z and, to have a—ul, it suffices to replace z and z
T
by z1 and z; in it; if
o(z,y) =0
is the equation of the projection of the curve C' onto the xy-plane, we shall have
Or1  Py(x1,y)

dy o (x1,y)
which is again a rational function of z; and y, so that
8ui 8561 P i
— = M'(x1,y,21) = M}
92, 0y (z1,9,21) 1

is a rational function of x1,y, z1. Our equation can therefore be written
Au; = M} 4118 — 1) (5 ¢)

In the second member, we have therefore the difference of a rational function
of 1,9y, z1 and of a rational function of xg,y, 2o-

The curve C' cuts the plane y = const. in a certain number of variable points
(m points, for example). Let x1,vy, 21; 2,9, 22; - . - ; Tm, Y, Zm be these m points.
We may consider m values of the integral, by taking it from the fixed lower limit
2o up to one of these m points as upper limit. Let

2 m
u;, ..., Uy

be these m values; we shall consider their arithmetic mean

1
vi = —(uf +u? 4 ... Ful).
m

It is clear that we shall have

AU,‘ZHi— 6, (5 d)



where H; designates the arithmetic mean of the m expressions

Mi(xlvyvzl) + Hi(xlvyvzl)a
Mi(x%vaQ) + Hi(x%vaQ)a

Mi(wmy’ Zm) + Hi(xmvlh Zm)-

We shall observe that H' is a rational function of v.

We shall now treat the lower limit of integration as we treated the upper
limit. We shall suppose that the point x¢,y, zo which serves as lower limit,
instead of being such that zy = const., describes an algebraic curve Cy; we shall
then have

Au; = Mj + 108 — ME — T,

M¢ being formed with the curve Cp and the point zg,y, zo just as M} with the
curve C and the point z1,y, 21.

If the curve Cy cuts the plane y = const. in mg variable points, we shall
denote by v; the arithmetic mean of the mm integrals u; calculated by taking
as lower limit one of the mg points of intersection of the plane y = const. with
the curve Cy and as upper limit one of the m points of intersection of this same
plane with the curve C; we shall have, moreover,

1

/
Ui:Ui_Ui,

where v} denotes the arithmetic mean of the m integrals where the upper limit
is one of the m points of C' and the lower limit a fixed value X, and where v
denotes the arithmetic mean of the myq integrals where the upper limit is one of
the mg points of Cy and the lower limit the same fixed value X.

We see in this way that we have

1 ) ) 1 ) .
Avp = — Y (M} +115) — — > (M +11),
vi = (M7 +113) e (M + 1Ig)

where Z(M{ +1I%) is the sum of the m analogous functions relative to the m

points of C' and where Z(Mé +11) is the sum of the mg analogous functions
relative to the mg points of Cy. But

1 . . 1 _ _
— M+ 1% = H;,, — Mi+118) = H?
- Z( 1 +11) p— Z( o +115) i

are rational functions of y; we arrive therefore at the linear equation
A’l}i:]:.[i—]:.[?7 (56)

where the second member is a rational function of y.
We may replace the curve Cy by one or more fixed points in the following
manner:



Let us return to homogeneous coordinates, and let

fla,y,2,t) =0
be the equation of the surface in homogeneous coordinates. That of the plane
y = const. will become % = const.; that being set, the straight line y =¢ =10

will belong at once to all the planes v _ const.; it will cut the surface in

a certain number of points, equal to the degree of the surface, and we may,
without essentially restricting the generality, suppose that all these points are
distinct. Let us take one of these points as lower limit; this point will be a point
at infinity of the curve (2), characterized by infinite values of z¢ and zp and

z
by a finite value of the ratio —0; the variable y remaining finite, but varying
To

when the plane % = const. turns about the straight line y =t = 0. The lower

limit thus corresponds to a fixed value of zg and HY reduces to a single term
M + I, which itself reduces to IIj), because M{ = 0; if indeed one gives to zg
and z( infinite values whose ratio is finite and given, II;(zo, y, z0) is evidently a
rational function of y.

We may further take the arithmetic mean of my integrals whose lower limit
is one of the intersection points of the surface with y = ¢ = 0. Suppose, for
example, that the surface is of degree 5, and that A, B, C, D, E are the five
points of intersection with y = ¢ = 0. We may take, for example, my = 10,
assuming that four of the lower limits coincide with A, 3 with B, 2 with C, 1
with D, or make any other analogous hypothesis. We shall then have

1 ) )
HY = — > TIj;  Mj=0.
A mo 0’ 0

We shall most often take m = myg, which is always possible, by taking, for
example, for the curve Cy, m times one of the intersection points of the surface
with the straight line y =¢ = 0.

III. — Properties of the Functions v;.

Let us return to the functions v; defined in the preceding section; the curve C'
will be an algebraic curve meeting the planes y = const. in m variable points;
the curve Cy will be replaced by one of the intersection points of the surface
with the straight line y = i = 0! taken m times; this point I shall call O. The
expressions
Uy, Uz, ey Up

will be integrals of the first kind; we shall leave aside the integrals of the second
kind wp41,Upt2,...,u2p and the corresponding functions vpi1,vp42,...,V2p.

The functions
Ri, Rs, ..., R,

L Editorial note: Printed y = ¢ = 0; an apparent misprint for y = ¢t = 0 as established on
page 60 and in the preceding paragraph.



will be polynomials, entire in x and z, of degree n — 3 if n is the degree of the
surface; they will be rational functions of y; they will vanish on the double curve
of the surface.

If one eliminates vp41,Vpy2,. .., V2p between the equations (5 e) of the pre-
ceding section, one will obtain a system of p linear equations of the second order,
with rational coefficients and with rational second members. Let us examine
more closely the properties of these functions vy, va, ..., vp.

When y describes a closed contour, these functions change into

1 1 1
v+ —Q, ve+—Q, .., v+ —Q,
m m m

Q) being one of the periods of the integral uy, and ; the corresponding period
of the integral u;. If the p equations of the second order deduced from equations
(5 e) by the elimination of vpt1, ..., vy, are written

D(Ui) = Si, (1)

where D(v;) is a linear expression (with rational coefficients in y) with respect
to the v; and their derivatives of the first two orders, and where .S; is rational
in y, the ; will satisfy the equations without second member

D(€;) = 0. (2)

What will be the values of y that will serve as branch points? Among the
planes y = const. there will be some that are tangent to the surface; let y = yg
be one of these planes; it will cut the surface along a curve that will have one
double point more than the intersection of this same surface with the plane
y = yo + € and which will consequently be of genus only p — 1. It is the values
1o that will be the branch points in question.

But it is appropriate to examine a little more closely the nature of the various
singularities that can present themselves. Let us consider our p abelian integrals
u; and the 2p normal periods of the first and second series. Let i, ++/—1al;
be the k'™ normal period of the first series of u; and let B;x + /=1 3/, be the
k™ normal period of the second series of u;. Let us consider, on the other hand,
the expressions

ar = Z(Nz‘aik + piog); by = Z(Mzﬂik + 1iBi)s
cp = Z(Viaik +viagy);  di = Z(Vzﬂik +ViBir);

the function
Z(akdk - bkck) = F(/’La /.L/, v, V/)

is a bilinear form with respect to u, ' and to v, v’ which vanishes:
1° When one has u; = v;, u; = vj;

2° When one has p, = /—1pu;, v] = v/—1v;; for then ay, by, ¢k, di, are the

K3
normal periods of the two abelian integrals

Z i Us, Z Vill.



3° Let us now set
Wi =V, V= —pu,
so that
Fp, —v,v,n) = @(p,v)

becomes a quadratic form in g and in v. It is easy to see that in this case
ar +vV—1ck, brp+vV—-1d

are the normal periods of the integral
U=> (mi+V-T1vi)u,.

Hence, in virtue of a known theorem, our form & is equal to the double

integral
//
dx

extended over the entire Riemann surface (do representing the product of the
real part by the imaginary part of dz).

That being set, we may have a singularity:

1° If one of the periods vanishes simultaneously for all the integrals u;, or
more generally if one can find integers my, mj}, such that

’Z m (i +V—=Tag) + > mi(Bi +vV=15})

2
do, (3)

becomes smaller than any given quantity, and that simultaneously for all the
integrals w;. This condition can be stated otherwise; it signifies that the deter-
minant of 2p rows and 2p columns formed with the o and the o/, the 8 and the
B’ becomes zero. Now, the discriminant of the form ® is equal to the square of
this determinant. This discriminant must therefore vanish. There exist there-
fore real values of u and of v, distinct from zero, for which the form & is zero, for
which consequently the integral U is such that the double integral (3) vanishes,
and since all its elements are positive, such that % is identically zero. Hence,
the necessary and sufficient condition for the circumstance in question to occur
is that there exist numbers A = u ++/—1v such that one has identically

1
T()\IRl + XoRo+ ...+ )\pRp) =0.
(#)
The values of y for which this will be so will be called critical values, and
we shall say to be precise that this critical value belongs to the integral U =

Z )\luz

The simplest case is that where, the surface having no double curve, one has

_(n-1)(n-2)
pET



We may suppose then that one has
R; = piM;,
p; being a rational function of y and M; an entire monomial of degree n — 3 at
most in z and z. One must then have

Aipi

5

If we leave aside first the case where y is infinite, we can write this equation
in the form

However, all the A\; cannot be zero at once; it is therefore necessary that at
least one of the p; vanish. The critical values of y are those that make one of
the p; vanish.

Moreover, y = oo can be a critical value; to see this, let us pass to the four
homogeneous coordinates x,y, 2, t, and let

ui:/F(z,y,z)dx:/pde'

()

we shall obtain the corresponding expression in homogeneous coordinates by

writing
ui:/F(g’y’g)dg:/pde’
t 0 t) dt (ﬁ)
dz

2 where pM must be homogeneous of degree n — 2, and, consequently, p homo-
geneous of degree n — 2 — ¢ if the monomial M is of degree q. Thus p will be
a homogeneous rational function of degree n — 2 — ¢ in y and ¢; if one of the
functions p; thus made homogeneous vanishes for ¢t = 0, it is that y = oo must
be regarded as a critical value.

Since we have ¢ < n — 3, the degree of p; is always positive; hence p; will
always vanish, either for ¢ = 0 or for a finite value of ¥.

There are therefore always critical values of y. On the other hand, one
can always choose the functions p; in such a way that these critical values are
whatever values of y one wishes.

More generally, let us take

fL will be homogeneous of degree n — 1 and Ry, of degree n — 2 in z,y, z,t, and
we shall have

Ry = piM;,
x dx

an apparent misprint for d% or <%.

2 Editorial note: Printed 2%, L 7
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the M; being the same monomials in z and ¢ and the p;; being homogeneous
rational functions in y and ¢. The critical values of y will then be given to
us by writing that the determinant of the p;; [which has p = W Tows
and as many columns] vanishes. As this determinant is a homogeneous rational
function in y and t of positive degree, it is certain that there will be critical
values.

Suppose now that the surface has a double curve of order d such that

p:(n—l)(n—Q)_d’ <(n—1)(n—2);
2 2
3 the number of the R;, will then be smaller than that of the M;; the p;;, must be
chosen in such a way that the Ry, vanish on the double curve. To have the critical
values of y, one must write that the determinants contained in the array p;r (an
array where there are more columns than rows) all vanish simultaneously. It
may then very well happen that there is no critical value, for it may happen
that these determinants cannot vanish all at once.

A few examples will make this better understood: let there be a surface of
the fourth order with a double straight line (p = 2). The surfaces Ry, = 0 must
cut the plane y = const. along straight lines (n — 3 = 1) meeting the double
straight line. They will, moreover, be of the second order; now, through the
double straight line, one can pass two linearly independent planes

Pr=0, P,=0,
which allows us to write
R1 :Slpl, RQZSQPQ.

S1 and S being two polynomials of the first degree in y and in ¢, we shall
therefore have two critical values for S; = 0, and for S; = 0.

Suppose, on the contrary, that our surface of the fourth order has two double
straight lines that do not meet (p = 1); the surface Rx = 0 must cut the plane
y = const. along straight lines meeting the two double lines; it will, moreover, be
of the second order, so it is a paraboloid resting on these two straight lines. Since
this paraboloid is indecomposable and since, consequently, its equation cannot
be identically satisfied for a constant value of y, there is no critical value.

As a third example, suppose a surface of the sixth order admitting a double
biquadratic and a double straight line that does not meet it; we have

p=5 n—-2=4, n-3=3.

The surfaces Ry, = 0 are of the fourth order; they must cut the planes
y = const. along cubics meeting the two double curves. We must seek whether
there exist surfaces of the third order passing through these double curves. Let

Y, =0, Yp=0, P,=0, P,=0

3 Editorial note: In the first fraction the digit 2 in (n — 2) has a defective or battered
baseline in print.




be the equations of the double biquadratic and the double straight line, the X
being of the second order and the P of the first. This gives us four distinct
surfaces of the third order passing through these curves:

X1Pr=0, X1 =0, X2 =0, X2P=0;
we may take
Ry =5151P1, Ry=05%1FP, R3=2533:P, Ry=S53P;

the S being polynomials of the first degree in y and ¢; the corresponding critical
values will be the zeros of the S. But this makes only four Ry; since p = 5, there
exists a fifth, independent of the four others and which cannot be put into this
form. There is therefore an abelian integral for which there is no critical value.

One sees from this what relation there is between the number of critical
values on the one hand, and, on the other hand, the difference between the
genus p and the number of surfaces of order n — 3 passing through the double
curves. This is all the more important because this number is linked, as will
be seen below, to that of the integrals of total differentials of the first kind.
But this discussion would not be complete if we did not speak here of apparent
critical values.

Suppose, for example, that f = 0 is a cone of the third degree having its
vertex at the origin. One may then write

[ (ay + pt)dx
“‘/ o

the critical value is given by ay + St = 0; we can choose it arbitrarily, let us
take therefore ay + St =y,
ydx
i

The critical value y = 0 then becomes apparent. We have demonstrated
that if one of the periods vanishes (or more generally if one can form periods
of modulus as small as one wishes), one has a critical value of y making u
identically zero; but we have not demonstrated the converse. Here the integral
is homogeneous of degree zero in x, y, z; the periods w do not depend on y, hence
they do not vanish when y takes the value zero, which is only an apparent critical
value.

Suppose now that the surface f = 0 admits, at the origin, a conical point
where the tangent cone is of genus p’ > 0 and of degree h. Let us consider our
p integrals

u =

Rk dx
I
We shall suppose that Ry is divisible by y so that y = 0 is an apparent or
effective critical value.
Let us set

U =

r=8y, z=Cy; f=y"o, Rp=y"Sk,

10



and, indeed, after this change of variables, f will become divisible by 3"; as for*
Ry, which was already divisible by y, we shall suppose that it becomes divisible
by y* after the change of variables, and that Sy is not divisible by y; there

comes then
_ / YISy d
Up = —_—
Y¢
If £ > h — 2, the value y = 0 is an effective critical value for our integral; if
i = h — 2, it is only an apparent critical value; if 4 < h — 2, it will be one of
those values for which u; becomes infinite and which we shall soon call critical
values of the second kind. These examples will suffice to make understood what
we mean by apparent critical value.
I say that one can always choose the R; in such a way that a given value yq
is not critical. Let us write, in fact,

P
Ri = 717

where Y is a homogeneous polynomial of degree v in y and in ¢, the same for
all the functions R;, and where P; = 0 is a surface of degree n + v — 2 passing
through the double curve. Suppose that yq is critical of order h, that is to say,

that there are ¢ linear combinations of the P;, Z )\gk)Pl-, that are divisible by

(y — yo)** and such that Z ap = h.
We shall then set

— Ok
ZAE“PZ»:(W) SAMP (k=1,2,....0),

Yy—n
Sow =3 PP (k=12....p=4),

the p being coefficients chosen in such a way that the determinant of the A and
the 4 is not zero. We shall form the R}, the p),, the w, with the P/, just as the
R;, the p;x, and the u; are with the P;.

As yo is critical of order h, all the determinants drawn from the array of
the p;. are divisible by (y — yo)" without being so by a higher power. The
determinants drawn from the array of the p}, will be obtained by multiplying
the corresponding determinants of the array of the p;; by the factor

h
(y—yl)zak _ (y—zn) y
Y=Y Y —%Yo
These determinants are therefore not all divisible by y — yg, which means
that yo is not critical for the u}.
Q. E. D.

2° We shall call critical values of the second kind the values of y for which
one of the expressions Ry becomes identically infinite®. These are, in the cases

4 Editorial note: Printed “quand &”.
5 Editorial note: Printed “infinis”; grammatically “infinie”.
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where there is no double curve, the infinities of the p;, and more generally they
are the zeros of the denominator Y; this denominator being capable of being
chosen arbitrarily, the critical values of the second kind can be chosen arbitrarily.
We shall see in Section 8 that one can arrange for there to be none of them.

3° We shall call finally singular values of y those that are such that the
plane y = const. is tangent to the surface, or more generally that the curve
K, the intersection of the surface by this plane, has a genus smaller than p.
It will happen, in general, that these singular values will be branch points for
the periods considered as functions of y. This can take place only if a period
becomes zero or infinite; if the singular value is not at the same time critical,
there can be no zero period, hence there must be an infinite period.

In the case of an ordinary tangent plane, one can, by choosing the periods
in a suitable manner, arrange them in the following order:

wi, W2, ceey Wop,
which change respectively into
wi twe, w2, ..., W,

when y turns around the singular value; the first w; alone becoming infinite.
The critical values being capable of being chosen arbitrarily, we can always
suppose that no value is at once singular and critical; every value that is neither
singular nor critical will be ordinary.
That being set: 1° in the neighborhood of an ordinary value, the functions
v and the periods w are holomorphic functions of y; 2° in the neighborhood of
a singular value, it may happen that

V1, V2, ey Up

cease to be holomorphic functions of y, but one will be able to find a system of
periods of our p integrals wu;, namely:

Qh 927 RS Q]N
such that
1 1 1
v1+—Q1, v+ —Q9, ..., ’Up—‘rfﬂp
m m m

remain holomorphic. Indeed, v; is the arithmetic mean of the integrals u; taken
from a point of Cy up to the corresponding point of C, and along certain in-
tegration paths. If, when y takes the singular value, none of these paths of
integration passes through the new double point (the point of contact of the
surface with the plane y = const.) the functions v; will remain holomorphic. If
one replaces the integration paths by others, the v; will change into

1
v + —L;,
m

12



Q; being a period. Now, one can always find paths of integration that do not
pass through the new double point. Hence one can always find a period such
that the v; + %Qi remain holomorphic.

This reasoning would fail in two cases: 1° if the curve C' were to pass through
the new double point, the paths of integration having to end at this new double
point could not be traced in such a way as to avoid it; 2° if the curve K,
decomposes and if one of the points of intersection of K, and Cj is on one of
the components while the corresponding point of intersection of K, and C'is on
the other. It would not then be possible to go from the one to the other while
remaining on the curve K and without passing through one of the intersections
of the two components, that is to say, through one of the new double points. It is
easy to avoid these two exceptional cases. For they will present themselves, for
one and the same surface and for one and the same curve C, only for a certain
choice of coordinate axes, a choice that it will always be possible to avoid.

The different determinations of the function v; are, as we have seen, all of
the form v; + %Qi; it will be observed, however, that I have not said that one of
the determinations of the v; must remain holomorphic, because I do not know
whether all the expressions v; + iQ, can be interchanged among themselves,
nor consequently whether they are all determinations of the v;.

3° What happens near a critical value yg of the first kind that we shall
suppose non-linear? One can find between the R; a linear relation

Z OéiRi = 0,

where the a are constant coeflicients and which will be identically satisfied for
Yy = Yo, whatever x and z may be; in other words, for y = yo, the R; will cease
to be linearly independent.

But we can choose rational functions o;;(y) whose determinant is not zero
for y = yo and such that, setting

/
= E o R,

the value y = yo, critical for the R;, is no longer so for the Rj; we have said, in
fact, that one can choose the R in such a way that a determinate value of y is
not critical. If then we denote by u) the integrals analogous to the u; and by
v}, the functions analogous to the v; formed with the R}, we shall have

/ !
Up = E OikUsz, UV = E O;kU;.

The value y = yo not being critical for the R}, the v} must remain holo-
morphic for y = yp; one concludes from this that not only must the v; remain

holomorphic, but that the expression Zaﬂ/n corresponding to the integral

Z a;u; to which the critical value specially belongs, must vanish for y = yq.
4° In the neighborhood of a critical value of the second kind, things happen
similarly; one can find rational functions o;; such that the value is no longer

13



critical for the R;c = Z o;xR;. Then the v; must remain holomorphic, but the
v; can become infinite.
In summary, if yg is a critical value, such that Z a; R; is divisible by (y —

v0)", Z a;v; must be divisible by (y—y0)"; if yo is a critical value of the second
kind, the v; can become infinite of the same order as the R;. We shall say then
that the functions v; behave regularly.

If, for example, the surface f = 0 is of the third degree, one will have only
one integral of the first kind, which I shall write, for example,

u:/y(y—l)dx_
(y—2)f."

its two periods will be w and w’.

If we leave aside the singular values, for all values of y other than 0, 1, or
2, v, w, and w’ remain finite; for y = 0 or 1, v, w, and w’ vanish in such a way
that 2 and % remain finite; for y = 2, v, w, and w’ become infinite in such a
way that 2 and 7 remain finite.

There remains for us one last remark to make. Let y1,¥2,...,y, be the var-
ious singular values of y. Let us join them to the origin by cuts Q1,Q2,...,Qq.
Suppose that these cuts do not meet one another and that a moving point de-
scribing a circle of very large radius meets them successively in the numerical
order of the indices. Suppose that when one crosses the cut @, v; changes into
v; + %QZ It will necessarily happen that, when one crosses successively all the
cuts @Q1,Q2,...,Qq, v; will return to its primitive value.

Suppose, to simplify, only three cuts @1, @2, @3, and let us suppress the index
i. When one crosses @1, @2, or O3, v will change respectively into v + iQ(l),
v+ 20@ v+ LO®); when one crosses Q2, Q) will change into (?%; when
one crosses Q3, 23 will change into Q'® and '™ into QM) and then, when
one crosses successively the three cuts, v will change into

vt LW L@ 4 o),
m

and one must have
Q"D L '@ 0B =, (4)

Yet another remark: Mr. Picard has shown that by a birational transforma-
tion one can always reduce a surface to another possessing no other singularity
than a double curve with triple points and that the only singular values of y
are then those for which the plane y = const. is tangent to the surface. We
can always choose the coordinate axes in such a way that these tangent planes
are ordinary tangent planes. Then the way in which the periods behave is
particularly simple. Let

/ 1

Wi, wiv wi )

6 Editorial note: In the printed text /(2) is set for Q’(1); an apparent misprint, as the
argument and equation (4) require Q' Kept here as printed.
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be the periods of u;; one can always choose the normal periods in such a way
that w;,w!,... do not change when y turns around the singular value while
w} (which becomes logarithmically infinite for this value) changes into w; + w;.
As for u;, it changes into u; + uw;, where p is an integer that depends on the
determination chosen for u;.

We shall say that y = yo is for u; a critical value of the n*® order, if the
various periods €; of the integral u; become zero or infinite there of the nth
order at most; it is then necessary that v; become zero or infinite there of the
n'™™ order at least; and that is another way of stating conditions 3° and 4°.
A critical value of order n > 1 can be regarded as obtained by the bringing
together of n critical values of the first order by the same convention as for
multiple roots of algebraic equations.

When functions v; satisfy the conditions stated in the present section we

shall say that they are normal.

IV. — Curves Corresponding to the Functions v;.

Conversely, I suppose that there exists a system of functions vy, ve, ..., v, that
are normal, that is to say, that satisfy the following conditions:

1° They will be holomorphic functions of y except for the singular or critical
values;

2° In the neighborhood of a singular value, they may become infinite or cease
to be single-valued; but there will exist a period €2; such that

1
V; + le
m

remains holomorphic;

3° In the neighborhood of a critical value, the ratios
morphic.

I say that there will exist an algebraic curve C corresponding to this function.

We can first always suppose m = p, since we could multiply our function
by the constant . We know now that if one considers an algebraic curve
of genus p and if uq,us2,...,u, are the corresponding integrals of the first
kind, if vy, vs,...,v, are given constants, one can always define the abscissas
Z1,%2,...,T, of p points of the curve by the p equations

Vi

o Wwill remain holo-

T T2 Tp
/ duz—i-/ duz—i——l—/ du; = pv; (7;21,2,...7]7). (1)
z9 x x)

0
1 2

The lower limits of integration 7, ...,z are chosen once for all in an arbi-
trary manner.

1° Equations (1) determine the unknowns x1,xs,...,2, in a single-valued
manner;

2° There is an exception for certain exceptional systems of values of the
constants v;; these exceptional systems correspond to the cases where the p
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points M, Ms, ..., M, whose abscissas are x1,x2,...,2, lie on one and the
same adjoint of order n — 3;

3° The solutions of the equations do not change when the second members
pv; increase by a period.

Let us apply this rule to the case before us. Let us take first, according to
our convention,

0_.,0_ __0
T] =Ty =... =Ty,

in such a way that the point of abscissa z{ which serves as lower limit is one of
the intersection points of the surface with the straight line y = ¢ = 0.

Let us next substitute for the v; the functions of the system under consid-
eration. As y varies, the points M;, Mo, ..., M, of abscissas x1,z2,...,z, will
move upon the surface and generate a certain curve that I call C.

When y describes a closed contour around one of the singular values, there
will be, according to the hypothesis, periods §2; such that the v; + %Qi remain
holomorphic; but when y turns around a singular value, €; changes into Q; — ),
O being another period. Then v; must change into v; + %Qg, that is to say, the
second members of equations (1) will increase by a period. Hence, the system
of points My, Ms, ..., M, will return to its primitive situation.

It results from this that the curve C' will cut the plane y = const. in p
mobile points only. But it does not necessarily follow from this that the curve
C is an algebraic curve and above all an algebraic curve of degree p. Indeed, it
can pass through the points that belong to all the planes y = const., that is to
say, through the intersection points of the surface f = 0 with the straight line
y=1t=0. Let Ay, Ao, ..., A, be these n intersection points; if the point Ay is
for the curve C a multiple point of order p, and py is finite, the curve C' will
be algebraic of order p + Z,uk; if one of the py is infinite, the curve C' will be
transcendental. How to determine py? Let

A1k, a2k, RS Qpk

be the values of the integrals uq,us,...,u, that correspond to the point Ay;
we may observe that for one of these points, A; for example, all the quantities
a;x, are zero since this point has been, according to our convention, taken as
common lower limit of all our integrals.

In order for the curve C to pass through Ay, it is necessary that one of the
points M, M, for example, come to coincide with A, for a certain value of y;

one has then
M, Mo My
pvi—aik:/ dui—&—/ dui—l—...—i—/ du;-

Let us recall then one of the fundamental properties of the function ©; one
can choose the lower limits of integration in such a way that one has identically
(whatever the upper limits My, Mo, ..., M,_1 may be)

My Mo My 1
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This is a well-known theorem of Riemann. But I prefer to state it in the
following manner, so as to preserve the convention that we made above regarding
the lower limits of our integrals: One can find quantities h; that are functions
only of y and for which one has identically

M, Mo My,
@(/ du; + dul—l——&-/ dui—hi>:0

(’)(p’l}Z — Qi — hz) = 0 (2)

or

But Riemann demonstrated, moreover, that if one considers the 2p — 2 in-
tersection points of a curve of genus p with an adjoint of order n — 3, the double
points being left aside, and if one forms the sum

}:/Mm% (3)

by extending the summation to the 2p — 2 points M in question, one will have

}:/Mdm:2m. (3 bis)

On the other hand, according to Abel’s theorem, if one takes up the sum (3)
again, extending it this time to all the intersection points of the given curve with
any curve of degree k, one will obtain a constant. If, for example, k = 1, this

constant will be Z a;x, since one finds this value Z a;r when one considers,
in particular, the straight line y =t = 0; if k = n — 3, this constant will be

(n—3) Zaik'

Such will therefore be the value of the sum (3) applied to all the intersections
of our adjoint of order n — 3, double points included. 1 can therefore write

2h; + b; = (n — 3) Z ;L (4)
where
M

the summation being extended to the double points; each double point gives us
two integrals corresponding to the two branches of the curve that pass through
this point.

Needless to add that equations (3 bis) and (4) and the analogous equations
are true only up to a multiple of the periods. Equation (2) then becomes

1 n—3
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In this equation the unknown is y; we have as many equations (5) as points
Ay, that is to say, n. If the set of these equations (5) possesses ¢ distinct roots,
the curve C' is algebraic and of degree p + ¢; if we have an infinity of roots, the
curve C' is not algebraic.

How could it happen that we had an infinity of roots? It is necessary that, in
the neighborhood of a value yq of y, these roots be infinitely condensed, so that
Yo belongs to the derived set of the set of these roots. It is necessary then that
the first member of one of equations (5) cease to be algebroid for y = yo. We
are thus led to examine more closely the analytical form of these first members.

The functions pv;, a;k, b;, Za““ are normal, that is to say, they all enjoy
properties analogous to those that we stated at the beginning of this section;
only the number m is not the same for all.

The function © is, as is well known, of the following form:

Z 6P1+P2,

where 1
P, = Zmiwi’ P = 3 Zmimkcik ;

the m are integers, the w and the c are variables and constants that we are
going to define.

1° Let us consider our integrals u; and their normal periods of the first
kind; let w;; be the 4 normal period of wu;; we shall introduce arguments
corresponding to these integrals and which we shall continue to call u;, and we

shall set
271'\/ -1 U; = Z Wi Wy .

We must replace these arguments by the values that appear in equation (5),
which gives us the equations

1 n—3
2myv/—1 <pvi — Qik + §bi T Zaik) = Zwijwja (6)

which define the w.
2° Let us consider now the normal periods of the second kind and let w;; be
the j*" normal period of the second kind of u;; we shall have

271’\/—1 wgk = Zwijcjk, (7)

which define the c.

One sees that © is a holomorphic function of the w and the ¢, and ceases
to be so only if the w become infinite, or if the real part of P, ceases to be a
negative definite form.

Let us consider first an ordinary value of y; pv;, a;x, b; are holomorphic
functions of y; it is the same for the w;; and the ng; moreover, the determinant
of the w;; is not zero, without which we should have a critical value. Hence, in
virtue of equations (6) and (7), w and the ¢ are holomorphic functions of y; the

18



real part of P, can no more cease to be negative definite, which can take place
only for critical values. Hence © is a holomorphic function of y.

Let there now be a non-singular critical value. We have seen that the critical
values are arbitrary, that is to say, that one can replace the u; by other integrals

up =Y pirtik, (8)

where the p;; are rational functions of y, and choose this linear transformation
in such a way that the value considered is no longer critical. We supposed at
the beginning, and this is essential, that near a critical value the v; behave

regularly; it is the same, according to Section 3, for the functions a;g,.... If
therefore we set, for an instant,
1 n—3
ui = pi — @i + 5bi — —— > ai, (9)

the u; will behave regularly, and it results from this that, if one considers the
u; as defined by equations (9) and the u; by equations (8), the u; will be finite.

But the linear transformation (8) changes neither the w nor the ¢. Hence,
even for a critical value, © is a holomorphic function of y.

Let us consider finally a singular value which I may suppose non-critical.
We have seen at the end of Section 3 that one can suppose that this value
corresponds to an ordinary tangent plane, and that in turning around it all
the normal periods resume the same value, with the exception of one of them
of the second kind, wj; for example, which changes into w}; + w;1; as for puv;,
according to the hypothesis made at the beginning of this section, it will change
into pv; + kw;1, k being an integer. Similarly, in virtue of the results of the
preceding section, a;; and b; change into a;; +k'w;1, b; + k" w;1, K and k" being
integers.

This, it is true, supposes a particular choice of normal periods, and one can
conceive an infinity of such choices to each of which corresponds a function ©.
It matters little, since the theorem is independent of this choice and since the
values of y for which the curve C' comes to pass through one of the points Ay
can be infinitely condensed, in the neighborhood of a value g, only if for y = yq
all these functions © cease to be holomorphic.

What becomes then of

P — Gig + %bi - nngaik?
This expression will increase by
K
Ewila

K being an integer. It results from this, thanks to equations (6), that wy
increases by K7v/—1 and that the other w do not change. As for the c, one
sees by equations (7) that ¢; increases by 2m/—1 and that the other ¢ do not
change. The expression P; + P, increases therefore by

1
Kmiv—-1+ §m% -1
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If K is odd, e**%2 does not change, and © does not change; if K is even,
two values of © will be interchanged when y turns around its singular value; let
O1 and O3 be these two values; it is a question, in short, of demonstrating that
the zeros of the product

010,

are not infinitely condensed in the neighborhood of the singular value considered.

The product ©105 and the sum ©; 4+ O are single-valued functions of y; I
say that these functions remain holomorphic; and, indeed, e?** and e®* remain
holomorphic functions of y, although w; and ¢; become logarithmically infinite;
now, in the expansion of 0104 or of ©; + O3, wy and ¢; appear only through
the exponentials e?*t and e“*. Hence, the function © is an algebroid function
of y, which precludes its zeros from being infinitely condensed.

Thus, the curve C, being unable to pass through the points A; more than a
finite number of times, is algebraic.

Q. E. D.

It is important to notice the role of one of our hypotheses. If for a critical
value v; remained finite, but without the v; behaving regularly, the curve C
would pass through the point A; an infinity of times in the neighborhood of
this critical value.

The theorem of Riemann, on which we have relied, supposes p > 1. In the
case p = 1, it would suffice to introduce Weierstrass’s function o and to replace
the equation ©® = 0 by o = 0; nothing, moreover, would have to be changed in
the reasoning.

We must, before leaving this subject, point out a few particular cases.

1° It may happen that the p intersection points of the curve C with the plane
y = const. reduce to p times one of the points Ay; the curve C' then reduces to
p times the point Ag. It could also reduce, for example, to ¢ times the point
A and p — ¢ times the point A;. It could also happen that, of our p points, g
remain constantly coincident with A; and the p — ¢ others are variable.

2° If we consider a period w;, for example, as a function of y, it will satisfy
the conditions stated at the beginning of this section. The corresponding curve
C evidently reduces to p times the point A; which has served us as origin;
indeed, at this point the u; are equal to zero or to a period.

3° Equations (1) do not always determine the points z; in a single-valued
manner; for certain exceptional systems of values of the v; these points x; are
indeterminate. If the v; take these exceptional values only for certain particular
values of y, there is no need for us to be concerned; it will suffice to remove the
indeterminacy by taking the limits toward which these points x; tend when y
tends toward one of these particular values. But it is no longer the same if the
v; take these exceptional values whatever y may be. These exceptional values
exist only for p > 1; for p > 2, one can satisfy equations (1) by taking z; = 9,
the other x being then determined by the equations themselves; the curve C
then meets the plane y = const. in only p — 1 mobile points.
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V. — Classification of Algebraic Curves.

Now arises the following question: Do there always exist normal functions sat-
isfying the conditions stated at the beginning of the preceding section? If they
exist, how to classify them? How to classify, consequently, the curves traced on
the surface?

Let us consider the plane of the y:

Let n1,m2,...,m, be the various singular values; let us join these various
points to the origin by cuts that we shall call @Q1,Q2,...,Qp. As we suppose
that each of these singular values corresponds to an ordinary tangent plane,
each cut will be characterized by the following fact: when y crosses the cut Qy,
one of the periods w*) will change into w® + w*); w*) being another period,
and there will be 2p — 1 other periods that will not change. Then, the function
v; having to be normal, there will be an integer A\ such that

Vi — ﬁwfk)

p

remains holomorphic at 7, that is to say, such that v; changes into v; + %wgk)

when one crosses the cut Q. We denote by wgk) and wgk)

that correspond to w® and w®).

Let us observe that the numbers A\, cannot be chosen in an entirely arbitrary
manner; the choice must be made so as to satisfy condition (4) of Section 3.

Let now a1, as, . .., a, be the critical values of the first kind; let 31, 82, ..., 3,
be those of the second kind; we can always suppose that all these critical values
are of the first order of multiplicity; it remains well understood that the effective
critical values alone enter into account, the apparent critical values being left
aside. The v; behave regularly at the points «, and this function can become
infinite at the points 5. Hence v; must be of the form

1 A / (@™ ay Ay,
vi= =y T +C; 1
27T\/7].Z pJo. Y—vu Zy—ﬁk o

the Ay and C being constants. We denote by Y the variable with respect to
which one integrates; the integration must extend to the entire cut Qj, and
Ek) where y is replaced by Y.

One sees at once that v; satisfies the conditions relative to the cuts Qy; it
remains to see whether one can dispose of the arbitrary constants Ay and C in
such a way that the v; behave regularly. The number of arbitrary parameters
A and Cis v+1 or p(v+1) for the p functions v;; that of the conditions to be
fulfilled is the same as that of the points «, that is to say, p; as these conditions
to be fulfilled are linear equations in Ay and C and as it is easy to see that
the determinant of these linear equations cannot vanish, one sees that one will
always be able to satisfy the conditions provided that

the periods of u;

(wfk)) is nothing other than w

p=pv+1). (2)
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If inequality (2) is satisfied, there will exist normal functions and conse-
quently curves C' corresponding to the various possible systems of values of the
integers Ag; but these systems of normal functions will be only linear com-
binations with integer coefficients of a certain number among them, which
we may call primitive normal functions. The corresponding curves may be
called primitive curves and we shall soon see on simple examples how the non-
primitive curves can be deduced from the primitive curves. These primitive
curves were encountered by another path by Mr. Severi (Annales de I’Ecole
Normale, Vol. XXV, p. 449), who connected them to the invariant p of Mr. Pi-
card.

The various normal functions, primitive or not, form discontinuous systems,
and one passes from one to another by increasing the Ax by integers. But one
may ask whether there can exist a continuous system of normal functions. For
such a system, the numbers A\ must have constant values, since these numbers
can take only integer values. Whence it follows that the difference of two normal
functions belonging to the same continuous system must be a rational function
of y. This difference is itself a normal function for which all the integers A\, are
zero. Hence, the existence of a continuous system of normal functions is linked
to that of rational normal functions.

One can already see (and we shall return to this point later) that the ex-
istence of a continuous algebraic (non-linear) system of algebraic curves traced
on the surface is linked to that of a continuous system of normal functions and
consequently to that of rational normal functions.

Suppose that our continuous system of normal functions is g-fold infinite.
Then we can write

vy = A1 + Aspia + ..+ Agpig,

A1, Ag, ..., Aq being arbitrary constants and the ¢ being pg rational functions.
One can then find p? rational functions p;; such that

Z vipik = Ag,

> vipik =0,
if k>q.

Instead of the fundamental integrals

if £ < g and that

UL, U2, ..., Up,
we may take the following:

Ui, Uy, ..., Up;
setting

U, = Z Ui Pik; -
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Then the role of v1,vs,...,v, will be played by Vi, Va,...,V, where

Vie = Z Vi Piks

and the preceding equations will become
Vi = Ay (k§q), Vi=0 (k>q).

With this new choice of fundamental integrals, our normal functions reduce
therefore to constants; they can therefore become neither zero nor infinite, which
means that there are no critical values at least of the first kind.

We must therefore conclude that there are ¢ linearly independent integrals

Uy, Uz, ..., U,

for which there are no effective critical values.

According to the theorem of Messrs. Enriques, Castelnuovo, and Severi, of
which we are going to give a new demonstration in the following section, the
existence of a continuous algebraic system of algebraic curves is linked to that
of the integrals of total differentials of the first kind.

We shall conclude by giving a few examples, and we shall begin with the
general surface of the third degree. The number of singular values, that is to
say, of tangent planes drawn through the straight line y =¢ =0, is 3.2.2 = 12.
The number p is equal to 1. The single integral u; is of the form

/ pdz
fL
where p is homogeneous of degree 1 in y and ¢; we can therefore suppose that
there is no critical value of the second kind and a single one of the first kind;
inequality (2) is therefore satisfied. Hence, to all possible systems of integers
Ax there will correspond a curve C. The integers A, which are 12 in number,
must be chosen so as to satisfy condition (4) of Section 3. This imposes two

conditions upon them.
Indeed, according to this condition, we must have

S ™ =0, (3)

has the following meaning: when one crosses the cut Q, v; changes

where w;(k)

. k .
into vi—|—)\;€w£ ) and when one crosses next successively the cuts Qx4+1, Qk+2, - - -, Qn,

wgk) changes into another period w;(k) of the integral u;. Here we have only
a single integral u; which has only two fundamental periods ¢ and &’; we can

therefore set

/) = e + e

the py and the yj, being integers, so that condition (3) breaks into two:
Z )\kuk = Z)\kuk =0. (4)
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This would give therefore 12 —2 = 10 primitive curves; but there are still de-
ductions to be made, for we have seen that certain normal functions correspond
not to curves properly so called, but to points. We have first the two normal
functions

vi=¢, v=¢,
which are periods and which correspond consequently to the point A; which has
served us as origin; we have next two other normal functions that correspond to
the two other points As and Az of intersection of the surface with the straight
line y = ¢t = 0. One must therefore deduce 4 from the preceding number and
there remain 10 — 4 = 6 primitive curves.

It is easy to see what these 6 primitive curves are. Let us consider the 27
straight lines on the surface. Here are the values of u; = vy for these 27 lines:
let

Y1, V2, V3, Y4y V55 V6 J

be seven quantities connected by the relation Zv = 0. One will have for
%—5 = 15 straight lines
Uy =01 = —% — %,

for 6 straight lines
Uy =01 = 6+ Yis

for 6 other straight lines
up =v1 =7 —0

(in all 154646 = 27 straight lines). This results from the positional relations of
these straight lines. One sees that we have in all 6 linearly independent elliptic
arguments since the  are connected by one relation. There are therefore only
6 of these straight lines that are primitive.

It is easy to see on this simple example how one can deduce the non-primitive
curves from the primitive curves. Let there be two curves C and C’ correspond-
ing respectively to the normal functions v; and v{; it is a question of constructing
the curve C” corresponding to the normal function vy 4 v{; for that I cut by a
plane y = const. which cuts C and C’ in M and in M’. The straight line M M’
cuts the surface in a third point N; I join N to the point A; which served us
as origin; the straight line N A; will cut the surface in a third point M" which
will belong to C” and which will generate this curve when one varies y. This
procedure would easily generalize to the more complicated case where n > 3,
p> 1

Let us consider now the general surface of the fourth degree. The number of
singular values is 4.3.3 = 36; one has p = 3, and consequently one has 6 periods.
One will have therefore 6 relations analogous to (4) and there would remain
thus 36 — 6 = 30 primitive curves. We must still deduce 6 for the periods, and
3 for the points of intersection of the surface with y = ¢ = 0, the origin point
being left aside; there remain thus 30 — 6 — 3 = 21 primitive curves. But this is
only a maximum, for condition (2) not being fulfilled, it is not certain that to
every system of values of A\ corresponds a normal function.
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What indeed are the numbers p and ¥? We may take here (for the functions
R; of Section 2)
Ry = p1x, Ro=p2z, R3=ps.

These functions must be homogeneous of degree 2 in x,y, z, t; hence p; and
p2 are homogeneous functions of degree 1 in y and ¢, while p3 is of degree 2.
One will have therefore
v=0, p=4

since the R cannot become infinite, and p; and ps vanish each 1 time and p3
twice, whence
u=4>3=pr+1)

which does not conform to condition (2); whence it results that our 21 primitive
curves do not exist in general. This result must be compared with a result
demonstrated by Nother and according to which every curve traced on the most
general surface of degree 4 or above is a complete intersection.

Suppose now that our surface of the fourth degree admits a double straight
line. The number of singular values reduces to 20; as one has 2p =4, n—1 = 3,
making the same deductions as above, one finds: 20 — 4 — 4 — 3 = 9 primitive
curves. These primitive curves exist effectively, for one can take

Ry =p1 P, Ry=p2Ps,

P, =0, P, =0 being two planes passing through the double straight line while
p1 and py are homogeneous of degree 1 in y and ¢, so that one has

nw=2=20+1)=pr+1).

Suppose finally a surface of the fourth degree with two double straight lines;
then p = 1 and one can take, for R, the first member of the equation of a
paraboloid passing through the two straight lines; there is therefore no critical
value, and there exists a continuous system of curves C. It is easy to see what
these curves are, since the surface is ruled; they are the generators.

But I should like to point out that, in consequence of the existence of an
integral of total differentials of the first kind, the rules for determining the
number of primitive curves must be applied with discernment, taking account
of the following circumstances:

1° The singular values may be only apparent, because in the neighborhood
of a value of y corresponding to a tangent plane, the periods may remain holo-
morphic functions of y; this is what happens here, the periods being constant;

2° The periods w being constant belong to the continuous system of normal
functions and do not constitute distinct normal functions;

3° Similarly, the values of v; relative to the intersection points of the surface
with y = ¢t = 0 are constants and do not constitute distinct normal functions.

Let us observe, in concluding, that if there exists a continuous system of
algebraic curves, this system will necessarily be algebraic; and, indeed, this
system being continuous, the most general curve of the system will necessarily
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be of determinate degree or genus and will fall into a determinate type of the
classification of space curves of Halphen (it will be, for example, a space cubic,
or a space quartic of genus 1, or a unicursal space curve of the fourth degree,
etc.).

Moreover, it must pass a determinate number of times through each of the
points A;.

Now, one can write the general equation of space curves of a determinate
type of Halphen in the form of two or more algebraic relations between the
coordinates and a certain number of arbitrary parameters. By expressing that
the curve is on the surface, and that it passes a determinate number of times
through each of the points A;, one will obtain certain relations between these
parameters, and these relations will be algebraic. The system is therefore alge-
braic; this very simple remark will be useful to us in the following section.

VI. — Integrals of Total Differentials of the First
Kind.

We have seen that if there exist ¢ integrals u; that possess no effective critical
values, there will exist a ¢-fold infinite continuous system of normal functions
and consequently a g-fold infinite continuous algebraic system of algebraic curves
traced on the surface. It remains for us to see that this is likewise the necessary
and sufficient condition for there to exist ¢ integrals of total differentials of the
first kind, which will give us the demonstration of the theorem of Messrs. En-
riques, Castelnuovo, and Severi.

Suppose first that there exist ¢ integrals of total differentials of the first kind.
If in each of them we regard y as a constant parameter, we see that they will
reduce to g of our p integrals u;, whose periods will be constant.

We shall therefore distinguish, among the integrals u;, two kinds of integrals:
the ¢ integrals U; which are those of which we have just spoken, and the p — ¢
integrals V; which are the others.

Similarly, we shall distinguish two kinds of periods: first those that we shall
call the a; and which are zero for the integrals U, then the periods §; of which
we can always suppose that they are linearly independent so far as the U are
concerned, that is to say, that there is between them no linear relation with
integer coefficients that is true for all the integrals U.

1° When y describes a closed circuit, «; will change into «; + «; and §; into
Bi + 9;, the +; and the §; being other periods. But for the integrals U, the
periods are constants; hence the «; and the § must vanish for the U; they are
therefore combinations of the a.

2° Tt is known that between the normal periods of two abelian integrals one
has the bilinear relation

/ /
E (w2iw2i+1 — wywait1) =0,

and if, as we do here, one takes another system of periods than the normal
system, there will be a bilinear form F' of the periods of the two integrals that
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must be zero. The relation
F=0

Zaié“; + ZBZC{ =0.

The a; and the §; are periods of the first integral, the ¢; and the (; are linear
combinations of these periods; the o}, 8., €}, (! are the corresponding periods
for the second integral.

When y describes a closed contour, a; and §; change into a; + v, B; + 9;,
and similarly ¢; and (; into ; + 6;, (; + 7;; the ~, the J, the 0, and the 7 are
combinations of the a.. Similarly o, f;, €}, ¢/ change into o} +~;, 5 +9;, €, +6;,
¢! + .. The bilinear form F' must remain unaltered, not only as a numerical
value, but as an algebraic form. Now, it becomes

Z gl + Z Vigh + Z a;0; + Z ¥if; + Z Bii + Z i; + Z Bin; + Z din;-

The coefficient of 3; must remain the same; now, the v and the § depend
only on the o and not on the 3; one has therefore

can be written

G =G+

that is to say, n} is identically zero; this means that the (; are single-valued
functions of y, and since the periods are normal functions, they will be rational
functions of y, and that for all the integrals U or V.

3° I say now that for an integral U all the ¢ cannot vanish at once. Indeed,
the form F must take a positive real value if one replaces in it the variables
of the first linear series by the periods of an abelian integral and those of the
second series by the conjugate imaginaries of the periods of this same integral.

One will have therefore
Z Oéif:'? + Z Bzclo > 0,

the € and the () being the conjugate imaginaries of the ¢; and the ¢;. Now,
for U the « are zero; if therefore all the ¢; and consequently all the ¢ vanished,
the inequality would fail.

4° Let us denote by (; the period (; of the integral w; (where wy is an
integral U if k < ¢, and an integral V if k > ¢), and let us consider the systems
of rational functions of y:

G, G2, -y Cip

I say that one can always find at least ¢ of these systems that are linearly
independent (I shall assign to them the indices ¢ = 1,2,...,q). I say therefore
that one cannot have, whatever the index k may be, a relation of the form

1=q
> ai =0, (1)
i=1
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the a; being ¢ coefficients. Otherwise one could always find a combination of
the integrals U where all the periods ¢ would be zero. We could, in fact, find
constant coefficients by that would satisfy the equations

k=q
oG =0 (i=12,...,q-1). (2)
k=1

If then one had a relation of the form (1), relation (2) would be true again
for i = ¢ and for the other values of 7 and the integral Z b Ui, would have all
its periods ( zero.

It results from this that the system

Z Ai@k?

where the A are arbitrary constant coefficients, represents a ¢-fold infinite con-
tinuous system of normal functions; now, the existence of such a system is
precisely what we proposed to establish.

The converse requires more attention. Suppose that there exists a g-fold
infinite continuous algebraic system of algebraic curves. We may define this
system (since it is algebraic) by ¢ + 1 parameters

61? 627 cey £q+17
connected by an algebraic relation
’(/}(517627"'76(1-‘1-1) :Oa (1)

in such a way that to every system of values of the ¢ satisfying relation (1)
corresponds one curve of the continuous system and only one. Let us consider
now the corresponding continuous system of normal functions. We have seen in
the preceding section that one can choose the integrals

ui, usg, ey up,
in such a way that this system of normal functions is written

V=1, V2=72, ..., VUg="q Uggl =UVgg2=...=0p=0;

the v being arbitrary constants. Let us consider the v as functions of the &:

1° The ~ can never become infinite, since it is so for the u; which are integrals
of the first kind and consequently for the v;;

2° When the £ return to their primitive values, after any circuit whatever,
the py; reproduce themselves up to a period;

3° Consequently, the partial derivatives of the v with respect to the ¢ are
rational functions of the &; that is to say, the « are integrals of total differentials
of the first kind relative to the variety (1);

4° The periods of these integrals of total differentials are constants indepen-
dent of y, since the v are constants independent of y;

28



5° If therefore the £ describe any closed contour whatever, either py; returns
to its initial value, or p; increases by w;, w; being a period of u;, a period that
must be a constant independent of y;

6° The py; have at least 2¢ distinct effective periods; indeed, let us represent
the set of systems of values of the py; that are entirely distinct (two systems
not being entirely distinct if they differ by a period). The representation must
be made in the space of 2¢ dimensions, since our coordinates are the ¢ real
parts and the g imaginary parts of the . The region of this space occupied by
our set will be bounded by 2h plane varieties, pairwise parallel if there are h
periods; but it cannot extend to infinity, since the v cannot become infinite; it
is therefore a closed prismatoid, which must be bounded by 4¢ plane varieties,
so that we have 2¢q periods.

7° Suppose that the £ describe a closed circuit, the algebraic curve of the
continuous system will return to its primitive position. If it cut the plane y =
const. at the points

My, My, ..., My,

RIRAS) ugp) were the corresponding values of w;, one had in the

and if uw;”",u;”, ...,
initial position
PU; :uz(-l) —|—u§2) —s—...—&—ugp).
In the final position, the points M will have only been interchanged among
themselves, so that the uEp ) will reproduce themselves up to order and up to
a period. Hence pv; will change into pv; + w;, w; being a period. It will be

observed that

pv1, pu2, ) DPUp
will change into
pu1 +wi, puvet+wa, ..., PUp+ Wp;
Wi, wa, ... ,wp being corresponding periods.

It may happen that all these periods are zero; it may happen also that
Wi, wa, ey Wy

are not zero, and according to the theorem above (6°) this happens in 2¢ linearly
independent ways. In this case, according to 4° and 5°,

w1, Wa, ceey, Wy
are constants. On the other hand, as pvgy1,pvg+2,...,pvp are constantly zero,
one will have
Wq+1 :wq+2:...:wp:O.
Hence: there exist at least 2q distinct periods’ that are constants forui, us, . . ., Uqg
and that are zero for ugyi,Ugt2, ..., Up.

7 Editorial note: Printed “periodes”.
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8° This shows us that we find ourselves in one of the cases of reduction
of abelian integrals. The integrals wg41, ug+2,...,u, are reducible since they
admit only 2p — 2¢ distinct periods; it results from this that there exist ¢ other
reducible integrals. Here is how one can form them:

Let us denote by wgh) the A" period of u;; according to what precedes, wfh)
is a constant if 1 < ¢, h < 2¢® and it is zero if i > ¢, h < 2¢; for this to be so,
it is necessary to choose and order suitably the fundamental periods, without
binding oneself to choose normal periods; we shall then have between the periods
relations of the form

F(w(l) w? RS APHOINC) (217)) — 0,

i W e w Wi W Wy

F being a bilinear form, on the one hand with respect to the w;, on the other
hand with respect to the wj;; this form plays, with respect to our non-normal
periods, the same role as the form

Z(W(2h)w(2h+1) B w(Zh)w(2h+1))7

% J 7 7

with respect to normal periods.
Let

U= Z)\luz

be any integral whatever and Q") = Z )\iwgh) its periods; we must have

We shall take j > ¢, so that, for h < 2¢, w (-h) is zero; there will be therefore

() that are different from zero; let us write

F(Q (h) (h) Zw(h)ﬂ(h)

only 2p — 2q of the w;

I is a linear polynomial with integer coefficients with respect to the §; one
will obtain the reducible integrals by writing

e+ — [12a+2) = 17(20) — ), (2)

that is to say, by equating to zero the coefficients of all the w( ) that are not zero.
This will make 2p — 2¢ equations between the 2, that is to say, between the .
These equations will admit 2q linearly independent solutions. To particularize
these solutions, we shall suppose that A, As,..., A\, are all zero, except one
among them which is equal to 1, the other A\ being deduced from equations (2).
We shall obtain in this way g reducible integrals

Ula U2a ey Uqa

8 Editorial note: Printed “h < 2¢”; the context implies h < 2q.
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Ui being characterized by the fact that the first ¢ A are zero, except Ay which
is equal to 1; one will have then

O =w (k< q.n < 29),

for, except the term )\kw,(ch) = w,(ch), all the terms A\;w

(h):Ofori>q.

3

The other periods of Uy, are linked to the periods Q,(Ch) by relations (2) which
are linear relations with integer coeflicients. Hence, the Q,(Ch) (or their submul-
tiples) are the only distinct periods of Ug. Hence, all the periods of Uy are
constants.

9° Then Uy is a function of z,y,z which cannot become infinite, which
reproduces itself up to a constant period when x, y, z describes any closed circuit
whatever.

Hence, its derivatives with respect to x or y are rational functions of x,y, z.

It is therefore an integral of total differentials of the first kind. Hence, our
surface possesses ¢ integrals of total differentials of the first kind.

Q. E. D.

(h)

%

vanish because \; = 0

for i < ¢, and w

VII. — Linear Systems.

We are going to consider, in a more general manner, curves C' corresponding to
any value of the number m (that is to say, meeting the plane y = const. in m
mobile points), without restricting ourselves to taking m = p. Let us consider
two curves C and C’ corresponding to one and the same value of m. I suppose,
moreover, that the various points Aq, A, ..., A, of intersection of the surface
with the straight line y = t = 0 are, for the two curves C' and C’, multiple
points of one and the same order of multiplicity.

If the two curves C and C’ belong to the same linear system, Abel’s theorem
shows us immediately that the functions v; are the same for the two curves.
And we can conclude from it, in particular, what we had admitted up to here
as almost evident, that if there exists a continuous system of normal functions
in the sense of the two preceding sections, the corresponding continuous system
of algebraic curves is not a linear system.

Let now C and C’ be any two curves; let

m, 1, H2, ..., Hn

be the numbers of mobile intersection points of the curve C' with y = const. and
the degree of multiplicity for this curve of the points Ay, Ao, ..., Ay; let

!

/ / /
m, :u‘la H’Qa R} .u“n

be the corresponding numbers for C’. Let v; and v} be the functions v; for C
and for C".
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Let az(-k) be the value of u; at the point Ay; if the two curves belong to the
same linear system, one will have

muv; + Z pral® = m' + Z,uﬁcal(-k).

It remains for us to show that conversely if these conditions (1) are fulfilled,
the two curves belong to a linear system. The two curves C' and C’ are then of

the same degree
M=m+d p=m'+) 4.

We have, moreover, the given surface which is of degree n and its double
curve which is of degree d. Through the curve C and the double curve I pass a
surface of sufficiently high degree ¢; let

(1)

F=0

be the equation of this surface; its intersection with the given surface will be of
degree gn and will consist of C, of the double curve, and of a curve @ of degree

qn — M — 2d.

Let K be the curve of intersection of the plane y = const. with the given
surface f = 0.

The surface F' = 0 cuts the plane y = const. along a curve of degree ¢
that passes through the d double points of K, through the m mobile points of
intersection of C, through the gn — M — d° points of intersection of the plane
with @, and which at the point A; has with the curve K a contact of order
pr — 1.

In virtue of Abel’s theorem, the second equation (1) means that one can
find a curve S in the plane of K which is of degree ¢, which passes through the
m’ mobile intersection points of K and C’, through the d double points of K,
through the gn — M — d'° points of intersection of Q and K, and which at the
point Ay has with K a contact of order p) — 1. Even if ¢ 2 n one can find an
infinity of them, and one can impose upon it

(g—n+1)(g—n+2)
2 b

arbitrary conditions. We shall complete the determination of the curve S by
subjecting it to meeting w given straight lines of space.
When one varies y, this curve S will generate a certain surface ® = 0; this

surface will be algebraic, but it can be of degree higher than ¢, for example

9 Editorial note: Printed gn — M — d; an apparent misprint for gn — M — 2d, the degree of
Q established in the preceding display.
10 Bditorial note: Printed gn — M — d; an apparent misprint for gn — M — 2d.
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q + h; its intersection with the given surface f = 0 consists then, besides the
curve C’, the curve @), and the double curve, of h plane curves

Kla K27 ) Kh7
having respectively for equations
f:yfylzoa f:y7y2:07 ceey f:yfyh:O

Let us form then the following linear system of algebraic surfaces of degree
q+ h:

W =y)y—y2)...(y—yn)F + A2 =0,
where A is an arbitrary parameter.

These surfaces cut the given surface f = 0 in a certain number of fixed
curves, which are @), K1, Ko, ..., K; and the double curve, and in a mobile
curve C” of degree M which reduces to C for A = 0 and to C’ for A very large;
so that C and C’ belong to the same linear system. Q. E. D.

Let us indicate, in concluding, a procedure that could aid in the study of
these linear systems. Let us adjoin to the p integrals of the first kind

uy, U2, ey Up

m — p arbitrary integrals of the third kind,

Up4-1, Up4-2, ey U, -
Let us form then the m functions vy, ve, ..., v,, relative to these m integrals.
Let us give for an instant to y a constant value; to every system of values of
the m functions vy, ve, ..., v, corresponds a system of m points of the curve K,

the intersection of f = 0 and y = const., and only one; this is the result of the
analysis that Clebsch and Gordan call das erweiterte Umkerproblem''. A curve
cutting K in m mobile points will therefore be defined by these m functions,
and one conceives that a study of the functions vy, ve, ..., v, analogous to that
which we have made of the functions vq,v2,...,v, in Sections 3 and 4 may
enlighten us on these linear systems. This is what I reserve for myself to do in
a subsequent Memoir.

VIII. — Number of Critical Values.

Let us begin by observing that if the surface has no conical point, there will
be no apparent critical values. Indeed, if yy is an apparent critical value, there
will be a function R; that will be divisible by y — 3o, while the corresponding
integral

U; = f/
z

11 Editorial note: Printed “Umkerproblem” without h; the standard German is
“Umkehrproblem”.
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will not have all its periods zero; it will result from this that the integral

R; dx

/ (27)‘](’/ will have infinite periods; which can take place only if the curve
Y—1Yo

K, the intersection of £ =0 and y = yo, degenerates; it is necessary then that

the plane y = yo pass through a conical point or be tangent to the surface. In
the second case, it will suffice to change the axes a little in order for all the
tangent planes drawn through y = ¢t = 0 to be ordinary tangent planes, and
in this case we have seen how things happen and that one does not have an
apparent critical value. A similar value can therefore exist only in the case of a
conical point. According to a well-known theorem of Mr. Picard, we can always
arrange for the surface to have no other singularity than a double curve with
triple points; consequently no conical points; we no longer have therefore to
occupy ourselves with this question.

That being set, let
P;
Y )
Y being a homogeneous entire polynomial of degree v in y and ¢, and P; a
homogeneous polynomial of degree n + v — 2 in z, y, z, and t, where z and z
enter only to degree n — 3. The roots of Y = 0 are the critical values of the
second kind; to find the critical values of the first kind, one must seek the values
of y for which the p polynomials P; are not linearly independent.

Let us seek to form a continuous system of normal functions as in Sections
5 and 6; we shall have

R =

v, = 77 (1)

where X; is a homogeneous polynomial of degree v in y and in t. We have in
formula (1) p polynomials X; of degree v; that is, in all (v + 1)p coefficients;
but these coefficients are not entirely arbitrary. If y is a critical value of the
first kind, such that Z «; P; is divisible by y — o, one must have for y = yq

Z ;0 = 07 (2)

which will give us between the coefficients of the X; as many relations as there
are critical values of the first kind, that is, p; there will remain then ¢ indepen-
dent coefficients, which will give us a g-fold infinite continuous system of normal
functions, and one will have

gz Wv+1)p—pu. (3)

I write = because the relations (2) may not all be distinct.

This g-fold infinite continuous system is not entirely the same as that which
we studied in Section 6 and where (as a result of a particular choice of integrals
u;) all the normal functions reduced to zero or to constants; nevertheless the
reasonings of that Section 6 (in the demonstration of the converse) will be
applicable to it almost without change.

Let

vi=Y e (E=1,2...,p; k=1,2,...,9) (4)
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be our system of normal functions; the v are arbitrary coefficients, the ¢ rational
functions of y; there will be between the v; at least p — g linear relations whose
coefficients will be rational functions of y; these relations would be obtained by
eliminating the v between equations (4); let p — ¢’ be the exact number of these
relations, one will have ¢ = ¢’. Let

Zviwik(y) =0 (5)

be the p — ¢ relations in question.

The ~ will be functions of the variables £ of relation (1) of Section 6. To
determine these functions, it sufficed in Section 6 to evaluate the values of v; by
giving to y a determinate value. To make this determination, it will be necessary
here to evaluate the v; for a certain number of determinate values of y, at most
v+ 1; let y1,y2, ... be these values.

One would see, as in Section 6, that the v cannot become infinite, since the v
can become infinite only for the critical values of the second kind and since, the
choice of values y1, y2, . . . being arbitrary, we can always suppose that y1,yo, . ..
are not critical values. One would see next that the v are integrals of total
differentials of the first kind relative to the variety (1) of Section 6.

If the £ describe a closed contour, «; increases by wy and v; by %Qi and one
will have

1

-Q; = Wi ; being a period of u;).

, > wkpir ( )
We shall have, on the other hand, by relations (5)

> Qithi(y) = 0. (6)

One would see, as in Section 6, that the number of periods in question is
at least equal to 2q. We shall have therefore p — ¢’ integrals Zuz‘d’ik (y) that
will have 2¢q zero periods. It is necessary therefore that ¢ = ¢/, for if one had
g > ¢, the determinant of 2p rows and 2p columns formed with the real and
imaginary parts of the 2p periods of our p integrals u; would be zero, and we
saw in Section 6 that this is impossible for non-degenerate abelian integrals.

That being set, let us consider the various critical values of the first kind;
to say that y = yy is critical is to say that there exist constant coefficients «;

such that
Z ok P

vanishes identically for y = y; then of two things one:
1° Either among the expressions Z ;. P; one can find p that are linearly
independent; we can then set

Zaikui :uﬁcyy_yk (i,k=1,2,...,p),

—-b
b being one of the critical values of the second kind; then
P
P/ = (y — b Zazk [
o=l ) Y— Yk
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will be an entire polynomial since ZaikPZ— is divisible by y — yx, and this
polynomial will be divisible by y — b, so that b will no longer be critical of the
second kind for u}; one will have therefore reduced by one unit the number v
of critical values of the second kind;

2° Or among the expressions Zaikﬂ there will be only p — h that are
linearly independent; we shall set then

Zaikui:uﬁc (i=1,2,....,p; k=1,2,...,p—h),

the other!'? u), being defined in any manner whatever. This amounts to saying
that we can always suppose that in the expressions Z a;,u; there appear only

u; where the index ¢ < p — h. But the coefficients of the polynomials X; are
subjected to the conditions

ZaikXi:0 for y=y.

Under these conditions, the last h polynomials X do not appear, that is to
say, the h(v + 1) coeflicients of these polynomials are arbitrary. We have then

g=h(v+1)+1

arbitrary coefficients -y, [ being the number of arbitrary coefficients of the first
p — h polynomials X. If we return to equations (4), one will see appearing, in
the first p—h, [ distinct coefficients v and in the last h, h(v+1) coefficients v all
distinct from the preceding. Eliminating these [ coefficients between these p — h
equations, there will remain at least p—h—1 relations between the corresponding
v;; that is to say, taking up again the number called above ¢’, one will have

p—q¢Zp—h-1

whence
qgzhv+4q, q>¢,

which, as we have seen, is impossible. This second hypothesis must therefore
be rejected; one can therefore always reduce the number v of critical values of
the second kind; one can therefore always suppose that this number is zero.

Let therefore v = 0; then the equation P; = 0 will be that of a surface of
degree n — 2 passing through the double curve and through the straight line
y =t = 0. Let, on the other hand, 6 be the number of surfaces of order h that
pass through the double curve. The polynomials X; reduce here to constants,
and it is a question of knowing how many distinct relations there are among the

relations
Z aikXi = O, (7)

12 Editorial note: Printed “autre”.
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this number will be none other than p — ¢. Equation (7) means that Z o P
is divisible by y — yx, and then the equation

S, = > oinb; _ 0
Y=Yk

is that of a surface of order n — 3 passing through the double curve. If equations
(7) are not distinct, it is that one has between the «;j relations of the form

> Main=0 (i=12,...,p), (8)

which entails the identity

Z)\k (Z Oéz'kpz) = Z Ae(y — i) Sk = 0. (9)

Equation (8) being an identity, the expression Zx\k(yo — yg)Sk will be
divisible by y — yo and the equation

> (Yo — yr) Sk
Y—1Yo

=0 (10)

will be that of a surface of degree n — 4 passing through the double curve.
The number of distinct relations (7) will be that of the surfaces Sy = 0, that
is to say, 0,3, diminished by the number of relations of the form (8). Now, to
every relation of the form (8) there will correspond, as we have just seen, an
adjacent'® surface of order n — 4.
The number of relations (8) is therefore 6,,_4, and one has

q=0p— 0n—3 + On_y.

The number 6,,_3—6,,_4 represents the number of linearly independent plane
curves that can be regarded as the section of the plane y = const. by an adjoint
surface of order n — 3.

The preceding result does not differ therefore from that of Mr. Picard (Fonc-
tions algébriques, Vol. 11, p. 438).

We have to return to a few points of detail.

It must first be established that all the adjoints of order n — 3 are combi-
nations of the surfaces Sy = 0. Let indeed S = 0 be such an adjoint. The
intersection of this adjoint by the plane y = const. will be an adjoint of order
n — 3 of the curve K; one must therefore have for this value of y

S = ZO&Z‘PZ',

the «; being finite coefficients, except for the critical values. These coefficients
are functions of y, evidently rational, that can become infinite only for the

13 Editorial note: Printed “adjacente”; the context implies “adjointe”.
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critical values. If therefore II is a homogeneous polynomial of order y in y and
t which vanishes for the critical values y; and for them alone, one will have

IS = @i(y)P;

the ¢; being homogeneous polynomials of order ;1 — 1 in y and ¢; one must have,

for y = yi,
> oilyr) P =

which means that ¢;(yx) = eraik, €r being a constant coefficient; whence the
identity

> wilyr) P = ery — yr) S

Now, ¢, being of lower degree than II, one has

QOz yk
Y- Z/k
whence
S = kask.
Q. E. D.

Next it must be demonstrated that all the adjoints of order n — 4 can be
put into the form (10). Let indeed T = 0 be such an adjoint, and let us set, in
virtue of the preceding theorem,

tTZZEkSk, yT:Z5;€Sk§

we shall have the identity

EpY — Lt
(e~ sit)Si = 30 A (S p) =0
Y — yit
But for all values of y, except the critical values, the P; considered as func-
tions of x and z are linearly independent. All the coefficients of the preceding
relation must therefore vanish, that is to say, one has (setting, for example,

t=1)
Eky*(:“
Zohk y— ykk :Ov

and this must be an identity whatever y may be. This can take place only if
ERY—Ey

pym—n reduces to a constant A\; and one has then

Z)\kaik:() (i:172a"~7p)7
which is a relation of the form (8).
Q. E. D.

We have seen in Section 5 that one could deduce all the curves traced on a
surface from a certain number of primitive curves; we gave the maximum of the
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number of these curves and we said that this maximum is effectively attained if
a certain relation (2) of Section 5 reduced to an equality

p=pv+1). (11)

In the contrary case, the maximum is not attained in general. According to
what precedes, condition (11) is equivalent to the following:

On—4 =0.

Thus therefore the maximum of the number p of primitive curves will be
attained for surfaces of zero geometric genus; it will not be so in general for
surfaces of geometric genus greater than zero.
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