On the theory of algebraic functions of several
complex variables.

By Max Nother.

In the theory of algebraic functions of one complex variable Riemann has set up a
classification of the equations! which define these functions. The characteristic
of a class is that all equations belonging to it can be transformed into one another
one-to-one by rational substitutions. If f = o the homogeneous equation of a
curve of the n'* order with d double points and r cusps?), then p = % —
d — r is the class number

1) Crelle’s Journal, vol. 54.

2) Clebsch and Gordan, Theorie der Abelschen Funct.

of the class to which f = o belongs, and the equality of this number for two
curves is the necessary and at the same time sufficient condition for the one-
to-one correspondence of the two curves. Only a short time ago Mr. Clebsch
has extended this theorem to functions of two variables'). If two surfaces which
possess only the ordinary singularities, double curve and cuspidal curve, can be
transformed rationally into one another, then they have according to this a class
number p in common, which Mr. Clebsch designates as the genus of the surface.
The genus p of a surface of the n'" order f = o is the number of coefficients
which still remain undetermined in a surface of the (n — 4)" order, when one
makes this surface pass through the double curve and cuspidal curve of f = o.

Iintend in this communication to extend these theorems in several directions.
In the first place I shall draw into the circle of consideration also the surfaces with
higher conical nodes and higher multiple curves; secondly I shall at once give
this division into classes for the algebraic figures of arbitrarily many dimensions,
in the same extent as has just been indicated for surfaces, and thirdly I shall
show that besides the equality of the number p designated as the , genus* of a
figure there exist yet further conditions for the one-to-one correspondence of two
figures, namely that within each class of figures of 2r dimensions characterized
by a p one must still set up an (r — 1)-fold infinite series of

1) Comptes Rendus of 21 Dec. 1868, p. 1238.

classes, whose characteristic numbers have quite a similar significance to p
itself.

I.

An algebraic function s of r independently variable complex quantities x1, xs, . . . x,
is defined by an algebraic equation of the nt" degree

f(sawlvaa'“xT) = o,

which represents a 2r-fold infinite manifold. For brevity I shall in what follows
designate a 2h-fold infinite manifold as an 0o?". f = o can contain co?" to
be counted multiply, for h = o up to h = r — 1, just as a surface can contain



multiple curves and nodes. We assume, however, that these multiple manifolds
lying on f = o do not themselves again contain special singularities. which
would be analogous to those which in the case of a surface arise through the
coincidence of tangent planes along a multiple curve or through the passage of
a conical node into a planar one. Further we always assume that the equation
f = o is irreducible.

Theorem 1: ,The genus p of this manifold f = o is equal to the number of
constants which still remain undetermined in an co?” of degree n —r —2, 6 = o,
when 6 = o0 is compelled to pass through the multiple manifolds lying on f = o,
and indeed through each pu-fold counting

00?1V on f=o0 (u—1) times,
o00?(r=2) (n—2) , ete

finally through a p-fold curve of f (u—r

+1) times, and a p-fold conical node (u — r) times.

This number p has the property of being the same for every other co
¢ = o, which in general corresponds to f = o point for point one-to-one, so that
p, the genus of f = o, is the class number for the class to which f = o belongs.
The equality of the number p is the necessary criterion for the possibility of a
one-to-one rational transformation of two co?” into one another .

2r
)

II1.

In the one-to-one correspondence of higher manifolds there occur peculiarities,
of which I shall state a few in the example of co?3.
Let the manifold of 2. 3 dimensions which is given by the homogeneous
equation
f(z1, 22,23, 24,25) = 0

be carried over by the rational substitution formulae

(0xi = ©i(y1,Y2, Y3, Ya,¥5), (i =1,2,...5)

into the manifold
F(y17 Y2,Y3, Y4, 95) =0

and indeed in such a way that conversely also, by the help of F' = o, the y can
be expressed as rational functions of the x. In general f = 0 and F = o then
correspond to one another point for point one-to-one. In particular, however,
it can happen that to a point of the one manifold there corresponds a surface
(00%2) or curve (0o0?!) of the other, or to a curve of the one a surface of the
other.

Theorem 2.: ,In case the functions ¢ at a simple point of F' = o

all vanish, there corresponds to this point on f = o a surface which can
be expressed rationally by two parameters, or a curve which can be expressed
rationally by one parameter.”



Theorem 3.: ,In case the functions ¢ along a simple curve of F' = o all
vanish, there corresponds to this curve on f = o a surface which is generated by
the motion of a curve that is expressed rationally by one parameter. This surface
has the surface genus p = o, but cannot in general be expressed rationally by
two parameters.

The surfaces of higher genus p one can always let correspond to multiple
curves on F' = o.

I1I.

If a surface has the property that its coordinates can be represented in the
following manner:

0t = i (1, v). AT+ Q)N T L+ 0 (), (1)

where
'(/)(Ma v) =0, (2)

namely as rational functions of a parameter A\ whose coefficients are rational
functions of two parameters p, v, between which there subsists the algebraic
equation (2) independent of A, then the surface has the surface genus p = o.

All surfaces with p = o which contain at least one simply infinite family of
rational curves can be put into the form (1), (2). These surfaces are distin-
guished

still further, however, according to the irrationality of the curve equation (2)
to which they lead.

Definition. 1 designate as the curve genus p’ of a surface with p = o the
genus of the curve (2) to which this surface leads.

Theorem 4.: ,The necessary and sufficient’) condition for the one-to-one
correspondence of two surfaces with p = o is the equality of the curve genus p’
of the two surfaces.

According to this the class of surfaces p = o falls into further classes accord-
ing to the curve genus p’. This p’ is the genus of the plane curve of intersection
of the cone which can be represented by equation (2) and which corresponds
to the given surface one-to-one, point for point. One can further think of the
surface as generated by irrational progression of a rational curve, whereby the
irrational progression determines the curve genus. By Theorem 3. p’ is then at
the same time the genus of the curve lying on F' = o to which the surface on
f = o corresponds. The normal surfaces of this class are the cones described
over the normal curves?. The coordinates of the surfaces are expressed as ra-
tional functions of a parameter whose coefficients are Abelian functions. The
application of these functions to the geometry of curves®) given by Mr. Clebsch
can therefore be carried over also to the

1) The word sufficient refers of course only to the form of the two equations,
which can still be distinguished from one another by the special values of the
moduli.



2) Clebsch and Gordan, Abel’sche Funct. §. 18.

3) Crelle’s Journal, vol. 63.

geometry of surfaces of surface genus o.

Under this form fall above all the skew surfaces, which all possess the surface
genus = o, while by their curve genus they fall into classes. Their curve genus
is at the same time that of their plane cross-section.!)

As a corollary one has further the theorem, important for the representa-
tion of surfaces on planes: ,the necessary and sufficient criterion for the repre-
sentability of a surface on a plane is that the surface has the surface genus p
and the curve genus p’ = 0

For surfaces of higher surface genus, as well as for higher manifolds, similar
criteria and divisions into classes can be set up, which one most simply derives
from the theorems analogous to Theorem 3). I shall communicate the closer
working-out, as well as the proofs of the foregoing theorems, in another place.

IV.

One can make of this theory an application, important for geometry, to the
line-complexes of the first and second degree. The elimination of one of the
coordinates from the two equations corresponding to one of the complexes yields
an equation homogeneous in 5 coordinates. This represents a higher figure,
which one can regard as generated by the rational progressive motion of a surface
which can be represented on a plane. From this

1) This division of the ruled surfaces agrees with that given by Mr. Schwarz
in Crelle’s Journal vol. 64 and 67, and by Mr. Liiroth vol. 67.

it follows that that figure has both the general genus p and the surface and
curve genus = o. It is therefore possible to represent the line-complexes of the
first and second degree in our space in such a way that in general to every point
of space there corresponds one ray of the complex and conversely, and one can
by a one-to-one representation carry over the whole geometry of our space to
the geometry of these complexes.

If the equations of a line-complex of the first degree are written in the form:

0= 1XT1%4 + Tox5 + T3Tg
0= ®(z129,x3,24) + Axs + Bug

3)

where @ is a linear function and A and B are constants, then the simplest
representation is given by the formulae:

or1 = &§1(A§ — BE)

0wy = &3(A&3 — BE2)

rry = &3(A& — B)

oty = &4(A&3 — BE)

0r5 = §164 B — §39 (1,862,863, &4)
06 = —&1,§4 A+ E2P(&1, 82,63, 84)



where the fundamental figure lying in space consists of a conic.

The simplest representation of a line-complex of the second degree I owe to
Dr. Klein. If one refers the complex to a tetrahedron which lies with respect to
it in such a way that all straight lines which pass through the point common
to the two edges 5 and 6, within the plane determined by these, belong to the
complex, then its equations can likewise be written in the form (3), where one
has only to understand by ® a homogeneous function of the second degree, and
by A and B linear homogeneous functions

of x1,x9,23,24. If one further thinks, in the formulae (4), in A, B of
xr1, T, T3, x4 as replaced respectively by &1, &2, &3, &4, then the complex is repre-
sented in space by these functions of the third order, and as fundamental figure
there appears a curve of the 5th order.

Gottingen, 30 June 1869.



