
Session of April 21, 1870.

On the Theory of the Logarithmic and the New-
tonian Potential. First Communication.
Under this title I intend to give a series of communications on the much-treated
problems of conformal mapping, of the stationary state of temperature, and
of electrostatic and electrokinetic equilibrium, and to set out certain general
methods, independent of the choice of a suitable coordinate system, by which
these problems can be solved in almost all cases, whatever the boundary of the
region to be treated may be.

I shall merely outline these methods here, in rough strokes. They should be of
importance not only for avoiding the principle of Dirichlet (rightly declared to be
questionable), but also in many other respects; the justifications, developments
and proofs required for them I reserve for another, more detailed exposition.

The infinite plane may — following Riemann’s example — be regarded as a
closed surface, say as an infinitely large spherical surface. On this surface let a
curve S be given, returning into itself, all of whose points lie at finite distance.
Of the two parts into which this curve divides the closed surface, let the part
containing the point of the surface at infinity be denoted by Ω, the other by P.

The problem of conformal mapping can, as is well known, be regarded with
respect to the surface P as a special case of the following more general problem:

A function φ of the rectangular coordinates x, y is to be determined which

I) satisfies the equation ∂2φ

∂x2
+
∂2φ

∂y2
= 0 everywhere inside P, which II) together

with its derivatives ∂φ

∂x
, ∂φ
∂y

is everywhere single-valued and continuous inside

P, and which finally III) has prescribed values f at the boundary of P, i.e. on
the curve S.

In order, on the other hand, to be able to state the problem of conformal
mapping with respect to the surface Ω, some preparations are needed. Let x,
y be the rectangular coordinates of an arbitrary point belonging to Ω, and let
there be set:

(x+ iy)(ξ + iη) = 1, (i =
√
−1),

hence
x =

+ξ

ξ2 + η2
, ξ =

+x

x2 + y2
,

y =
−η

ξ2 + η2
, η =

−y
x2 + y2

.

Then the values of x, y will be uniquely determined by the specification
of ξ, η. One may therefore use as coordinates of a point belonging to Ω the
quantities x, y, but with equal right also the quantities ξ, η. On introducing
these new coordinates ξ, η, the problem of conformal mapping with respect to
the surface Ω, or rather the corresponding more general problem, can now be
stated as follows:
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A function ψ of the coordinates x, y or ξ, η is to be determined which I)

satisfies the equation ∂2ψ

∂ξ2
+
∂2ψ

∂η2
= 0 everywhere inside Ω, which II) together

with its derivatives ∂ψ

∂ξ
, ∂ψ
∂η

is everywhere single-valued and continuous inside

Ω, and which finally III) has the prescribed values f at the boundary of Ω, i.e.
on the curve S. For greater convenience it may be assumed that these prescribed
boundary values f are the same for ψ as for φ.

As regards the solution of these two problems, it may be assumed — at least
provisionally — that the given curve S is everywhere convex and everywhere
continuously curved and, on the other hand, that the prescribed values f are
continuously connected along the curve S.

As the positive direction of the curve S let that be fixed which is indicated
by a positive circuit of the surface P. At the same time let the points of the
curve that follow one another in the positive direction be denoted by

a, b, c, d, . . . . . . s, . . . . . . ;

accordingly ab, bc, cd, . . . will represent the successive infinitely small elements
of the curve. Finally, let

fa, fb, fc, fd, . . . . . . fs, . . .

be understood to mean the values which the given function f has at those points
a, b, c, d, . . . s, . . .

Let z be an arbitrarily given point (lying inside P, or inside Ω, or also on the
curve S); further let za, zb, zc, zd, . . . . . . be the radii vectores drawn from z to
the individual points of the curve. By the moment of the curve element ab with
respect to z shall be understood that rotation which is indicated for the radius
vector za by that element ab. If therefore ϑ is the absolute value of the angle
azb, then that moment will have the value +ϑ or the value −ϑ, according as the
radius vector za has to perform a positive or a negative rotation in traversing
the angular space azb. If one denotes these moments, belonging with respect to
z to the individual elements

ab, bc, cd, . . . . . .

by
(ab)z, (bc)z, (cd)z, . . . . . . ,

and if one further denotes the sum of all these elementary moments by Σz

Σz = (ab)z + (bc)z + (cd)z + . . . . . . ,

then, as is easily seen, the value of Σz will be very different according to the
position of the point z, namely = 2π, = π, or = 0, according as the point z is
situated inside P, on S, or inside Ω.
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By the moment of the given function f with respect to z shall be understood
the sum of all the elementary moments of the given curve S, each multiplied by
the corresponding value f .

This moment, let it be called Ωz, will therefore have the value:

Ωz = fa(ab)z + fb(bc)z + fc(cd)z + . . . . . . ,

the summation extending over all the elements of the curve. The point z can
have three essentially different positions, and may accordingly be denoted dif-
ferently, namely by p, by s, or by q, according as it is situated inside P, on
S, or inside Ω. Corresponding to these different positions of the point z, three
kinds of values are to be distinguished for the moment Ωz, the values Ωp, Ωs,
and Ωq. These values do not pass into one another continuously at all, and may
therefore be marked by different letters for easier distinction; let there be set,
namely:

Ωp = Up, Ωs = Vs, Ωq =Wq.

If we hold to the assumption already mentioned, that f is continuous along
S, then the functions Up, Vs, Wq are likewise continuous, the first for all points
p, the second for all points s, and the third for all points q. At the same time
the following remarkable relations∗) come to light in regard to these functions:

Us = Vs + πfs,

Ws = Vs − πfs.

Here s is to be understood as an arbitrary point of the curve S; fs and Vs
are the values of the functions f and V at this point; on the other hand Us and
Ws represent the limit values towards which Up and Wq converge if the points
p and q approach closer and closer to s.

It seems convenient to modify the notation of the moments Up, Vs, Wq

somewhat further, namely to set
1

2π
Up = up,

1

π
Vs = vs,

1

2π
Wq = wq,

*) The rigorous proof of these relations is made exceedingly easier by the use
of an elegant theorem found by P. du Bois Reymond (Borch. Journal, vol. 69,
p. 82), for which a simpler deduction was later given by H. Hankel (Schlömilch’s
Zeitschrift, year 14, p. 436).

so as to attach to those moments a certain divisor, which has the value 2π
for U and W , but the value π for V . In close connection with a commonly used
manner of speaking, it may be permitted to call the quantity up the arithmetic
mean of the given function values f with respect to the point p. And likewise vs
and wq may be called the arithmetic means of those values f with respect to s
and q.

On the introduction of these arithmetic means in place of the moments, the
relations given above take the following form:

2us = vs + fs,

2ws = vs − fs.
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Just as from the given values f the functions

up, vs, wq

were derived; in exactly the same way there may arise from the values v the
functions

u′p, v
′
s, w

′
q

[so that u′p, v′s, w′
q are to be understood as the arithmetic means of the values

v with respect to the points p, s, q]; in exactly the same way there may further
arise from the values v′ the functions

u′′p , v
′′
s , w

′′
q

and so on, and so on.
Now it can be proved that the functions

fs, vs, v
′
s, v

′′
s , . . . . . . v

(n)
s , . . .

converge in a continuous manner towards a constant, namely that all values of
the function v

(n)
s will differ from one another by less than an arbitrarily small

quantity given a priori, provided only that one makes n sufficiently large. To
be able to enter more closely into this matter, let a and s be any two points
of the given curve S, of which the former is chosen at will but fixed, while the
second, on the other hand, is movable along the curve. Then it can be proved
that under such a motion of the point s the difference

v(n)s − v(n)a

can never become greater in absolute value than the product

(M −m)κn+1.

Here M − m is a constant peculiar to the given function values f ; for M
denotes the greatest, and m the least of those values. On the other hand κ
is a constant peculiar to the given curve S, which can easily be defined more
exactly, and whose value is necessarily less than 1, namely always a positive
proper fraction. Thus the product (M − m)κn+1 can be pressed arbitrarily
close to 0 by increasing n, whereby all values of v(n)s are at the same time
pressed arbitrarily close to v(n)a .

At last the solution of the problems proposed can now be set down at once.
The values, namely, which the sought functions φ and ψ have at any two points
p and q are the following:

φp = v(2n+1)
a + 2

[
up − u′p + u′′p − u′′′p . . . . . .− u(2n+1)

p

]
ψq = v(2n+1)

a − 2
[
wq + w′

q + w′′
q + w′′′

q . . . . . .+ w(2n+1)
q

]
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where v(2n+1)
a represents the value of the function v

(2n+1)
s at the (previously

mentioned) fixed point a, and is therefore a constant. For it can be shown
that the functions φp and ψq determined by these formulas on the one hand
satisfy conditions I) and II) with absolute rigour, and on the other hand, as re-
gards condition III), have boundary values whose deviations from the prescribed
boundary values f can nowhere be greater than

(M −m)κ2n+2.

While therefore conditions I) and II) are constantly satisfied in absolute rigour,
condition III) can at the same time be fulfilled to any desired degree of approx-
imation by increasing the number n.

It is to be remarked that the functions φp and ψq can easily be represented
as the logarithmic potentials of a certain distribution of mass on the curve S.
One finds, namely:

φp = v(2n+1)
a +

∫
ds ϱ(2n)s Lsp,

ψq = v(2n+1)
a +

∫
ds ϱ(2n)s Lsq,

the integrations extending over all elements ds of the curve S. Here Lsp and
Lsq are to be understood as the natural logarithms of those distances which ds
has from p, and from q. The function ϱ

(2n)
s represents the density of the said

distribution of mass, and has a value which can be represented at will either by
the formula:

ϱ(2n)s =
2

π

∂
[
us + u′′s + u′′′′s . . . . . .+ u

(2n)
s

]
∂N

,

or by the formula:

ϱ(2n)s =
2

π

∂
[
ws + w′′

s + w′′′′
s . . . . . .+ w

(2n)
s

]
∂N

,

where N is to represent the normal erected on ds and running into the surface
P.

Finally it may be remarked that the functions φp and ψq can also be rep-
resented as the logarithmic potentials of certain double layers on the curve S.
One finds, namely, the formulas:

φp = v(2n+1)
a +

∫ ds
[
−fs + vs − v′s . . . . . .+ v

(2n)
s

]
π

∂Lsp

∂N
,

ψq = v(2n+1)
a +

∫ ds
[
+fs + vs + v′s . . . . . .+ v

(2n)
s

]
π

∂Lsq

∂N
,

where Lsp, Lsq, N have the meanings already mentioned, and the integrations
extend over all elements ds of the curve S.
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The method set out here may fittingly be called the method of the arithmetic
mean. If we separate, as regards the assumptions made, those assumptions
which entail only slight modifications from those which are indispensable in
applying this method, then the only assumptions that remain as truly necessary
are the following:

1) the region of the surface considered must have only one boundary curve,
2) this boundary curve must be everywhere convex.
The cases excluded by these assumptions, of several boundary curves and of

boundary curves of arbitrary shape, can however be reduced to the case treated
here of a single, everywhere convex boundary curve. The method required for
this reduction, which by its nature might be called the method of combination,
I intend to set out in a following communication. Thereafter I finally intend to
expound the analogous methods for those problems which relate to space, i.e.
to a region of three dimensions.
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