Preface.

The little work which I herewith deliver to the public has grown out of lectures
that I gave in the past year*) and in which, besides other tasks, I had set myself
the aim of an exposition of Riemann’s theory of algebraic functions and their
integrals**). Higher mathematical lectures are a peculiar and difficult matter:
with the best intentions of the lecturer they almost always attain only a very
modest goal. Intended for the most part to give a systematic development, they
either confine themselves to the elements of the discipline to be presented or lose
themselves in details. In my case I believed, as I have often done before, that I
ought to adopt a reverse method. The usual treatments, as the textbooks give
them of the elements of Riemann’s theory, I presupposed as known. Moreover,
as soon as details had to be dealt with at greater length, I referred to the relevant
monographs. Instead, however, I devoted all care to the exposition of the actual
train of thought, and strove for a survey of the scope and achievement of the
method. I believe I have repeatedly attained good results in this way, though
only with gifted listeners; may experience show whether a little work resting on
the same foundations likewise proves useful!

*) Functionentheorie in geometrischer Behandlungsweise, Part I, winter semester
1880/81, Part II, summer semester 1881.

**) I so designate the body of investigations with which Riemann is occupied
in the first division of his Theorie der Abel’schen Functionen. The theory of
the O-functions, as it is developed in the second division there, has at first, as
is known, an essentially different character, and is to remain as excluded from
the following presentation as it was from that lecture course.

A presentation such as I strive for accordingly is necessarily a very subjec-
tive one, and in the case of Riemann’s theory all the more so, since only very
scanty material for it is found explicitly in Riemann’s writings. I do not know
whether I should ever have arrived at a self-contained overall conception, had
not Herr Prym, many years ago (1874), in an occasional conversation made me
a communication which has become ever more essential to me the longer I have
reflected on the subject. He told me that Riemann’s surfaces are originally by
no means necessarily many-sheeted surfaces over the plane, that one can rather
study complex functions of position on arbitrarily given curved surfaces quite
as well as on the surfaces over the plane. The following exposition will show
sufficiently how useful this remark has been to me. With it there combine of
themselves certain physical considerations which have recently, though with re-
striction to simpler cases, been developed from various sides*). I have had no
hesitation in making these physical conceptions outright the starting point of
my presentation. Instead of them Riemann uses in his writings, as is known,
Dirichlet’s principle. But I cannot doubt that he started from precisely those
physical problems, and only afterwards, in order to support the physical evi-
dence by a mathematical argument, substituted Dirichlet’s principle for them.
Whoever makes clear to himself the conditions under which Riemann worked
in Gottingen, whoever has followed Riemann’s speculations as they have come
down to us, in part, in fragments**), will, I think, share this opinion. — Be



that as it may: for my purposes the physical method appeared the right one.
For, as is well known, Dirichlet’s principle too is in no way sufficient for the
actual proof of the theorems to be established; but the heuristic element of the
method, on whose development everything depended for me,

*) Cf. C. Neumann in the 10th volume of the Mathematische Annalen,
p. 569—71, Kirchhoff in the Berliner Monatsberichte of 1875, p. 487—497,
Tépler in Poggendorfl’s Annalen, vol. 160, p. 375—388.

**) Gesammelte Werke, p. 494 ff.

stands out much more clearly in the physical method. Precisely for this
reason, in what follows, the constant drawing on intuitive considerations where
a proof by formulae would not have been difficult and perhaps simpler; precisely
for this reason, too, the repeated illustration of general results by examples and
figures.

In connection with this I must mention the essential restriction to which I
have adhered in what follows. One knows the laborious and difficult considera-
tions by which it has in recent times been possible to prove at least a part of the
theorems of Riemann that come into consideration here by reliable methods™).
I have left these considerations entirely aside in what follows, and have thus
renounced any other than an intuitive foundation for the theorems to be set
forth. Indeed, one should in no way intermix such proofs with the development
of ideas that I attempt in what follows; otherwise a presentation arises which
satisfies in no direction. But one should, to be sure, give them afterwards, and I
willingly entertain the thought of following the present work, in this sense, with
a supplement on occasion.

For the rest, the scope and limitation of my presentation may speak for
themselves. That I have often and at length drawn upon my friends’ and my own
earlier publications relating to kindred subjects has its reason in a subsidiary
purpose which was important to me for personal reasons: I wished to put into
the hands of my listeners a kind of guide by means of which they could orient
themselves independently on the mutual connection of those works and on their
position relative to the general conception developed here. Into the settling of
new problems and questions, which present themselves in

*) Compare in particular the relevant investigations of C. Neumann and
Schwarz. Incidentally, the general case of closed surfaces (which is the most
important for us in what follows) has so far found explicit settlement nowhere.
Herr Schwarz contents himself in this respect with a few indications (Berliner
Monatsberichte, 1870, p. 767 ff.), and Herr C. Neumann has considered only
such cases at all in which functions are to be determined by given boundary
values.

great number, I have entered in what follows only so far as seemed compatible
with the overall plan of the little work. All the same, I should like to draw
attention to the theorems which I have developed (in the last section) concerning
the conformal mapping of arbitrary surfaces; I have pursued them all the more
gladly as Riemann makes a remarkable statement bearing on this at the close
of his dissertation.

And now one more closing remark, intended to meet a misunderstanding



that might otherwise arise from what has been said! In endeavouring, in the
case of the algebraic functions and their integrals, to develop the original train of
ideas that I presuppose in Riemann, I in no way span the totality of his function-
theoretic intentions. For him the functions named were indeed only an example,
in whose treatment, to be sure, he was particularly fortunate. Inasmuch as he
wished to comprehend all possible functions of complex variables, he had in
mind far more general modes of determining them than come into consideration
in what follows: modes of determination in which the physical analogy, which
we here take as our hodegetic principle, fails. Compare on this g. 19 of his
dissertation, compare the paper on the hypergeometric series. — In face of
this I have to declare that I in no way wish to detract from these more general
considerations by giving a separate presentation of the special, self-contained
part. Rather, it is my innermost opinion that precisely they are called upon
to play yet an important and prominent part in the development of modern
function theory.
Borkum, Tth October 1881.
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Section I. Introductory considerations.

g. 1. Steady flows in the plane as interpretation
of the functions of = + y.

The physical interpretation of the functions of x + iy with which we shall have
to work in what follows is well known in its foundations*); only for the sake of
completeness must the latter be briefly brought up.
Let w = u+iv, z = x + 4y, w = f(2z). Then one has above all:
ou Ov Ou v 1
or Oy Oy = Ox (1)

and from this:

0%u 0%
i 2
Ox? + Oy? 0 2)
as well as for v: o2 o2
v v
57 T o (3)

. . . . ou Ou
Here one will now interpret u as a velocity potential, so that 9% 0 are the
x

components of the velocity with which a fluid flows parallel to the XY -plane.
We may think of this fluid as enclosed between two planes running parallel to
the XY-plane, or else imagine that the fluid is spread out over the XY -plane
as an infinitely thin, otherwise uniform membrane. Then equation (2) says —
and this is the core of our physical interpretation — that our

*) Reference may be made in particular to the account which Mazwell has
given in his Treatise on Electricity and Magnetisme®! (Cambridge 1873). As

L Editorial note: Printed “Magnetisme”; Maxwell’s title reads “Magnetism”. Reproduced
as printed.



regards intuitive treatment, it corresponds exactly to the points of view which
I too pursue in the text.

flow is a steady one. The curves u = Const. are called the level curves, while
the curves v = Const., which by virtue of (1) meet the former everywhere at
right angles, furnish the streamlines.

With this mode of conception it is at first, of course, completely indifferent
how we wish to think of the nature of the flowing fluid. Meanwhile it will in the
sequel frequently be expedient to identify it with the electric fluid. For then u
becomes proportional to the electrostatic potential which produces the flow, and
experimental physics puts manifold means into our hands for actually realising
numerous states of flow that interest us.

The flow itself, moreover, will remain unchanged if we increase u throughout

by a constant: it is only the differential quotients which come imme-

Oou Ou
Ox’ Oy
diately into evidence. The analogous holds of v; so that the function u + v
which we interpret physically is determined by this interpretation only up to an
additive constant, which is to be carefully noted in what follows.

Next one should further remark that the equations (1)—(3) remain un-
changed if one replaces u by v, v by —u. Correspondingly we obtain a sec-
ond state of flow, in which v furnishes the velocity potential and the curves
u = Const. are the streamlines. In the sense explained above it represents the
function v —ui. It is often expedient to consider this new flow alongside the orig-
inal one, in which u was the velocity potential; we shall then, for brevity, speak
of conjugate flows. The designation is, it is true, somewhat inexact, because u
is related to v as v is to (—u); but it will suffice for later.

This whole explanation, like the differential equations (1)—(3), refers in the
first instance only to such an (otherwise arbitrary) part of the plane in which
u + v is single-valued and neither u + ‘v nor any of its differential quotients
becomes infinite. In order to survey the corresponding physical process clearly,
one has therefore first to mark off such a region and, by suitable

devices at the boundary, to ensure that the steady state of motion set up in
the interior of the region can continue unhindered.

In a region so bounded, those points zg will draw our particular attention for

which the differential quotient % vanishes. For the sake of generality I will at
d*w  dPw d*w
PR up to
to obtain information on the course of the level curves, or of the streamlines,
in the neighbourhood of such a point, one expands w in a series proceeding by
powers of (z — zg). After the constant term this series immediately brings a
term with (2 — 2z9)®™!. By introducing polar coordinates one concludes from
this: that at the point zo (o + 1) curves u = Const. cross at respectively equal
angles, while as many curves v = Const. appear as the bisectors of the said
angles. 1 shall accordingly call such a point a crossing point, and more precisely
a crossing point of multiplicity c.

The following (of course merely schematic) figure may illustrate this occur-

once assume that may also be equal to zero. In order

[}



rence for & = 2 and in particular make intelligible how a crossing point fits
into the orthogonal system which is otherwise formed by the curves u = Const.,
v = Const.:

Figure 1: Figure 1.

The streamlines v = Const. appear drawn solid in the figure, and the direc-
tions of flow on them are indicated by attached

arrowheads; the level curves are indicated by dotting. One sees how the
fluid streams towards the crossing point from three sides, in order to stream
away from it likewise towards three sides. This is possible only because the
velocity of the flow becomes equal to zero at the crossing point (because the
fluid is dammed up in it, as one might say by analogy with familiar occurrences).

ou\> ou\>
Indeed, the velocity is given by (83:) + <8y> )

It is further advantageous to conceive the crossing point of multiplicity « as




a limiting case of o simple crossing points. That this is admissible is shown by

dw
the analytic treatment. For at the a-fold crossing point the equation — = 0 has

z
an a-fold root, and such a root arises, as is known, through the coalescence of «
simple roots. For the rest, the following figures may illustrate this conception:

Figure 2: Fig. 2.

For simplicity I have given only the streamlines in them. On the left one
sees the same crossing point of multiplicity two to which Figure 1 refers. On
the right there is a flow which exhibits two simple crossing points close to one
another. One recognises how the one state of flow arises from the other by
continuous change.

In this explanation it was tacitly assumed that the region in which we con-
sider the state of flow

does not extend to infinity. There is, to be sure, no difficulty of principle
in taking the point z = oo into consideration just like any other point z = zj.






In place of the series expansion by powers of z — zy there must then, in the

1
familiar way, come one by powers of —. One will speak of an a-fold crossing

z
point at z = oo if after the constant term this expansion at once brings a
a+1

term with | — . But it seems superfluous to describe at greater length the
z

geometrical relations which correspond to these occurrences in our flow. For
we shall later come to know ways and means of removing, once for all, the
exceptional position of the value z = oo as it confronts us here. For that very
reason the point z = oo will be left aside in the next following paragraphs
(g. 2—4), although there too, if one wished to be complete, it would have to be
specially taken into consideration.

g. 2. Consideration of the infinity points of w =
f(2).

We will now also take into our region such points zg at which w = f(z) becomes
infinitely great. In doing so we nevertheless considerably restrict the unbounded
series of possibilities that present themselves in this direction, having regard to
the special class of functions which alone we are to study. We will require

dw
that the differential quotient — shall possess no essentially singular point, or,
what is the same thing, we will stipulate that w may become infinite only in the

manner of an expression of the following form:

Aq Ay A,
Al — e AN
og(z — 20) + Z— 2 + (2 — 20)2 + (z — 2)¥’

where v is understood to be a definite finite number.

Corresponding to the various forms which this expression presents, we say
that at z = zp various discontinuities are superposed: a logarithmic infinity
point, an algebraic infinity point of multiplicity one, and so on. For the sake of
simplicity we shall here

consider each of these occurrences by itself, after which it will be a useful
exercise to make clear to oneself in individual cases the result of the superposi-
tion.

Let z = zg first be a logarithmic infinity point. We then have:

w = Alog(z — z0) + Co + C1(z — 20) + Ca(z — 20)* + - - -

Here A is that quantity which, multiplied by 2iw, is designated after Cauchy
as the residue of the logarithmic infinity point, a designation which will occa-
sionally be employed in what follows. For the flow in the neighbourhood of the
point of discontinuity it is of primary importance whether A is real or purely
imaginary, or finally complex. Evidently one can conceive the third case as a
superposition of the first two. We will therefore leave it aside too, and thus have
to concern ourselves only with two separate possibilities.



1) If A is real, let Cy = a + ib be set. One then has in first approximation,
for w = u +iv, z — 2y = re'¥:

u=A-logr+a, v=Ap+b.

The curves u = Const. therefore surround the infinity point in the form
of small circles; the curves v = Const. run, corresponding to the changing
values of ¢, towards the infinity point from all directions. We have a motion in
which z = zg represents a source of a certain positive or negative strength. To
calculate this strength, we multiply the arc element of a small circle described
about the point of discontinuity with radius r by the corresponding velocity and
integrate the expression so obtained along the circumference of the circle. Since

o\’ ou\? o .. Ou oA
2 4+ [ = | coincides in first approximation with a5 and this with —,
x r r

dy
27
/ é-rdg@z?/hr
0 T

there results:

as the value of the strength. The strength is therefore equal to the residue divided
by i; it is positive or negative according to the value of A.

2) Let secondly A be purely imaginary, equal to ¢A. Then, retaining the
other notations, there results in first approximation:

u=—-A-p+a, v=A logr-+b.

The roles of the curves u = Const., v = Const. are thus exactly interchanged.
The level curves now run out from z = 2y in all directions, while the streamlines
surround the infinity point in small circles. The fluid whirls round the point
z = zg on the latter curves. I will accordingly designate the point as a vortex
point. The sense and intensity of the vortex are measured by A. Since the

velocity
ou)?, (ouy’
ox oy

ou
becomes in first approximation equal to 7%’ the vortex motion takes place, for

positive A, in the sense of the hands of a clock, for negative A in the opposite
sense. We may set the intensity of the vortex equal to 2A; it is then equal and
opposite to the residue of the infinity point in question.

Moreover, recalling the definition of conjugate flows as it was given in the
preceding paragraph, with the indeterminacy attaching to it, we can say: If one
of two conjugate flows has at z = zy a source of a certain strength, the other
has there a vortex point of equal or equal and opposite intensity.

We next consider the algebraic points of discontinuity. With them the course
of the flow is, in its general character, independent of whether the first term of
the series expansion has a real, imaginary or complex coefficient. Let first:

w = A +Co+Ci(z—20) + -,

zZ— 20
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then in first approximation, for z — zg = re*?, A; = ge'¥:
0 ..
w = Co =2 {eos(tp — ) +isin(y — 9)}

Let us consider first the real part on the right-hand side. When r is very
small, e cos(¢ — ¢) can nevertheless, by skilful choice of ¢, still represent any
T

arbitrarily prescribed value. The function u therefore still takes every value in
the immediate neighbourhood of the point of discontinuity. For closer orientation
let us for a moment think of r and ¢ as unrestricted variables, and so set

9 cos(yp — ¢) = Const.
,

We then obtain a pencil of circles which all touch the fixed direction ¢ = ¢+
T The circles are the smaller, the greater the absolute value of Const. is taken.

In a similar way, therefore, the curves u = Const. run in the neighbourhood
of the point of discontinuity. In particular, for very great positive or negative
values of Const. they have the form of small, closed, circle-like ovals. — For the
imaginary part of the expression on the right, and so for the curves v = Const.,
a similar discussion holds. The difference is only that now the direction ¢ = 1)
is touched by all the curves. Accordingly the following figure, in which the level
curves are again dotted and the streamlines drawn solid, will be intelligible:

The analogous discussion furnishes the requisite intuition of the v-fold al-
gebraic point of discontinuity. I will here only state the result: FEvery curve
u = Const. runs v times through the point of discontinuity, touching in succes-
sion v fized tangents equally inclined to one another. Analogously the curves
v = Const. For very great (positive or negative) values of the constant, both
kinds of curves are closed in the

immediate neighbourhood of the point of discontinuity. For illustration I give
a figure for v = 2:

One will surmise that these higher occurrences may arise from the lower
ones by passage to the limit. I defer the relevant explanation to the following
paragraph, where a definite class of functions will convey the requisite intuitions
to us with ease.

g. 3. Rational functions and their integrals. Ori-
gin of higher infinity points from lower ones.

The theorems developed suffice to illustrate the total course of such functions as,
being otherwise single-valued in the whole plane, exhibit no other infinity points
than those just considered. These are, as is known, the rational functions and
their integrals. Without giving drawings in full, I here put together in concise
form the theorems which one finds for them concerning the crossing points and
infinity points. In doing so I restrict myself, for the reason given above, to such
cases in which z = oo plays no distinguished role whatever. The restriction
lying herein will afterwards, as already indicated, fall away of itself.

11



Figure 4: Figure 4.
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Figure 5: Figure 5.
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1) The rational function which we have to consider presents itself in the

form:
_»(®)
P(z)’

where ¢ and 1 are integral functions of the same degree, which may be assumed
to be without common divisor. If this degree is the n'" and one counts each
algebraic infinity point

as often as its multiplicity indicates, one obtains, corresponding to the roots
of ¥ = 0, n algebraic points of discontinuity. The crossing points are given by
Y’ — @' = 0, an equation of the (2n — 2)t" degree. The total multiplicity of
the crossing points is therefore 2n — 2, where one must however note that every
v-fold root of ¢ = 0 is a (v — 1)-fold root of ¢/ = 0, and so every v-fold infinity
point of the function counts for (v — 1) crossing points.

2) If the integral of a rational function

W = / igzg dz

is to remain finite for z = oo, the degree of ® must be two units less than the
degree of ¥. ® and ¥ are here to be assumed without common divisor. Then
® = 0 furnishes the free crossing points, i. e. those crossing points which do not
coincide with infinity points. The roots of ¥ = 0 give the infinity points of the
integral. And indeed to a simple root of ¥ = 0 there corresponds a logarithmic
infinity point, to a double root an infinity point which will in general be the
superposition of a logarithmic point of discontinuity with a simple algebraic one,
etc. If accordingly one counts each infinity point as often as the multiplicity of
the corresponding factor in W amounts to, the total multiplicity of the crossing
points is two units less than that of the infinity points. Let us moreover recall
the known theorem that the sum of the logarithmic residues of all the points of
discontinuity is equal to zero. —

The foregoing gives us a twofold possibility of letting higher points of dis-
continuity arise from lower ones. We can, for one — and this is for us the most
important — start from the integral of the rational function. With it a v-fold
algebraic point of discontinuity arises when v + 1 factors of ¥ become equal to
one another, thus when v + 1 logarithmic points of discontinuity move together
in a suitable way. Here it is clear that the sum of the residues of the latter must
be equal to zero if the resulting

infinity point is to be a purely algebraic one. The following two figures,
in which only the streamlines are given, illustrate the passage to the limit in
question for the simple algebraic point of discontinuity of Figure (4):

I have made the arrangement in a twofold way, so that on the left two source
points, on the right two vortex points appear moved close to one another, and
Figure 4 appears as the concordant result of the passage to the limit in both
cases. The following two drawings stand in the same relation to Figure 5:

The second possibility for the origin of higher infinity places from lower ones

is offered by the consideration of the rational function g itself. Logarithmic

14



Figure 6: Fig. 6.

15













infinity places remain excluded here. The v-fold algebraic point of discontinuity
now arises from v simple algebraic points of discontinuity, namely in that v
simple linear factors of 1) must move together into a v-fold one. But at the same
time there unite with them a number of crossing points whose total multiplicity
amounts to (v —1). For ¢’ — ¢’ = 0, as already remarked, receives at the
same moment at which ¢ acquires the v-fold factor, a

(v — 1)-fold factor. The following figure illustrates in this sense the origin of
the twofold algebraic infinity point derived in Figure 5:

Figure 10: Fig. 10.

It is of course easy to subsume these two kinds of passage to the limit together
under a more general one. If one lets v + p + 1 logarithmic infinity points
and p crossing points coincide successively or simultaneously, a v-fold algebraic
point of discontinuity will always arise. But this is not the place to carry these
thoughts further.

g. 4. Realisation of the flows considered by ex-
perimental means.

We will now give our consideration another turn, by asking ourselves how those
forms of motion which we now know from the rational functions and their inte-
grals may be physically realised. Here let us be permitted to make ample use
of the principle of superposition, so that it is only a matter of producing the
very simplest forms of motion. From the theory of partial fractions it follows
that one can compose each of the functions coming into consideration additively

19



from single constituents which fall under one of the following two types:

A

A'log(Z—ZO), m

Since log(z — zp) has a point of discontinuity at z = oo, which is an unnec-
essary peculiarity, we will replace the first type by the more general one:

A-logz_zO

zZ— 2z

and split this again, in accordance with the explanations of g. 2, into two
constituents, namely by setting A equal to A + iB and now considering A -
z— 2 ) z—
log and iB - log
z—2 z—
to keep apart.

2
0 separately. Accordingly we have in all three cases
1

z
1) When it is a matter of the type A - log 70, we have to place at zg a
21

source of strength 2Am, at z; one of strength 2A7r For this purpose imagine
the XY-plane covered with an infinitely thin, uniform, electrically conducting
layer. Then the corresponding form of motion is evidently realised by placing at
2o the one, at z1 the other pole of a galvanic battery of suitably chosen strength®).
— One sees at the same time why the residue of zy must be equal and opposite
to that of z;: since the state of flow is to be steady, as much electricity must be
supplied at the one place as flows away at the other. The same reason holds,
as one at once recognises, for the corresponding theorem for arbitrarily many
logarithmic infinity points, where to be sure there is at first question only of
the purely imaginary parts of the residues concerned (which correspond to the
source motions proceeding from the infinity points).

Z
0 is given) the experimental ar-

2) In the second case (where iB - log z:

rangement becomes somewhat more difficult. 'Il‘he simplest scheme is this, that
one joins zg and z; by a curve that does not cut itself and now ensures that
this curve is the seat of a constant electromotive force. There then develops
in the XY -plane a flow which exhibits vortex points at zy and z;, which runs
continuously everywhere else, and from which one finds by integration, as the
associated velocity potential, a function that increases by a certain modulus of
periodicity at each circuit of zg or z;. From this velocity potential

*) Compare the fundamental paper of Kirchhoff in the 64th volume of
Poggendorff’s Annalen: Ueber den Durchgang eines elektrischen Stromes durch
eine Ebene (1845).

the necessarily single-valued electrostatic potential is here to be carefully
distinguished. The curve joining zy and z; is a curve of discontinuity for the
latter, and it is precisely hereby that the single-valuedness of the electrostatic
potential is made possible®).

I do not know whether there is an experimental arrangement for realising
this simplest scheme. It seems that one must go to work more circuitously. Let
us first think, say, of thermoelectric currents. We will cover the XY -plane partly

20
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Figure 11: Fig. 11.

with the material I, partly with the material II, and measure the thickness of
the covering layers so that the specific conduction resistance is everywhere the
same. If we then ensure that the two parts, separated from one another by zg
and z1, of the contour in which the two kinds of material meet are both kept at
constant temperatures differing from each other, an electric flow such as we want
will indeed arise. The electrostatic potential here, according to the conceptions
on which the theory of thermoelectricity is based, exhibits discontinuities at
both parts of the said contour. — It seems still more complicated to use electric
currents such as the ordinary galvanic cells supply. One must then divide the
plane into parts by at least three curves running from zg to z; and cover two of
these parts with metallic coatings, the third with a moist conductor. Compare
on this Figure 12.

*) The assertions of the text are connected, as is known, most closely with
the theory of the so-called double layers, concerning which one may compare
Helmholtz in Poggendorff’s Annalen vol. 89, p. 224 ff. (Ueber einige Gesetze
der Vertheilung elektrischer Strome in korperlichen Leitern, 1853), as well as
C. Neumann in his book: Untersuchungen {iber das Logarithmische und New-
ton’sche Potential (Leipzig, Teubner, 1877).

Through all these arrangements it is evident from the outset that the two
vortex points occurring at zp and z; must indeed have equal and opposite in-
tensity. For similar reasons the total intensity of all the vortices, for arbitrarily
many given vortex points?, will always be equal to zero, and thereby the theo-
rem of the vanishing of the sum of all logarithmic residues, also as regards the

2 Editorial note: Printed Wirbelpnncten instead of Wirbelpuncten; an apparent misprint,
the u set as n.
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Figure 12: Fig. 12.
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real part of these residues, is traced back to physically evident grounds.

(z — 20)"

may, according to the developments of g. 3, be obtained from those just consid-
ered by passage to the limit. This will of course only be possible with a certain
approximation. Place, e. g., (v + 1) wires, in which the poles of a galvanic
battery terminate, close to one another on the XY-plane. Then a flow arises
which at some distance from the ends of the wires coincides appreciably with
that which corresponds to an algebraic point of discontinuity of multiplicity v.
At the same time a supplement to our account above results. One will have to
take the galvanic battery very strong if with the arrangement mentioned a mod-
erate electric flow is still to come about. This corresponds to the theorem, well
known from the analytic side, that the residues of logarithmic infinity points
must themselves grow to infinity if on the coincidence of the logarithmic points
an algebraic point of discontinuity is to arise. — I go into no further detail here,
since in what follows it matters only
that the general principle be understood on the basis of Figures 6—9.

3) The forms of motion which correspond to the algebraic types

g 5. Transition to the spherical surface, flows on
arbitrary curved surfaces.

In order to make the infinitely great values of z accessible to the same geomet-
rical mode of treatment as the finite ones, the textbooks now generally make
use of the spherical surface®, related stereographically to the XY-plane. One
knows the simple geometrical relations which occur in this mapping**). One also
knows sufficiently well that the infinitely distant part of the plane contracts into
a definite point of the sphere, the point of projection, so that it is no longer a
symbolic mode of expression when one speaks on the sphere of a point z = co.
On the other hand it still seems to be less well known that in this mapping
the functions of x + iy acquire a meaning for the spherical surface which is ex-
actly analogous to that which they had for the plane, that one can therefore use
the sphere instead of the plane in the developments of the preceding paragraphs,
whereby an exceptional position of the value

*) Following the example of C. Neumann, Vorlesungen iiber Riemann’s The-
orie der Abel’schen Integrale, Leipzig, 1865. — The introduction of the spherical

z
surface runs, so to speak, parallel to the replacement of z by the ratio =L of two
z

variables, whereby, as is known, the treatment of infinitely great valueg of z is
subsumed formally too under that of the finite values.

**) Understanding by &, 1, ¢ rectangular coordinates, let the equation of
the sphere be &2 +n? + (¢ — 2)2 = 1. Let the point of projection be ¢ = 0,
n = 0, ¢ = 1, the plane of projection (XY-plane) the opposite tangent plane
(the &n-plane). Then it follows:

T Y 1

6::z:ZerQ+17 n:anerQJrl7 c:x2+y2+1'
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If one denotes by ds the arc element of the plane, by do the corresponding
arc element of the sphere, there results:

ds

do= — 2
g x2+y2+17

a formula which is particularly important for what follows inasmuch as it char-
acterises the mapping as a conformal one.

2z = o0 is out of the question from the outset®): 1 here briefly develop those
theorems of the theory of surfaces from which this assertion follows, and at once
take my standpoint so generally that my account suffices for considerations to
be undertaken later.

In studying fluid motions parallel to the XY -plane we have already become
accustomed to presuppose the fluid layer under consideration to be infinitely
thin. In the same sense one can evidently consider fluid motions on arbitrarily
given surfaces. The displacements within themselves of freely stretched fluid
membranes, such as one can observe so beautifully in Plateau’s experiments,
give an intuitive example of this. — We shall attempt to define motions of this
kind too by a potential, and ask above all how matters then stand with the
steady motions.

The appropriate generalisation of the concept of potential presents itself
immediately. Let u be a function of position on the surface; then imagine the
curves u = Const. drawn on the latter. Next let it be stipulated that the fluid
motion on the surface shall take place at every point perpendicular to the curve
u = Const. passing through it, and indeed with a velocity which, understanding
by dn the arc element of the associated normal direction running on the surface,

d
is equal to d—u We then call u, as in the plane, the velocity potential belonging
n

to the motion.

The flow defined in this way is now to be a steady one. In order to have
a definite formula, we will assume a curvilinear coordinate system p, ¢ on our
surface and think of the form as determined:

*) Compare on this and on the following developments: Beltramsi, Delle vari-
abili complesse sopra una superficie qualunque; Annali di Matematica, ser. 2,
t. I, p. 329 ff. — The special remark that surface potentials remain such un-
der conformal mapping is found in the writings of C. Neumann, Kirchhoff and
Tépler cited in the preface, and then also, e. g., in Haton de la Goupilliére:
Méthodes de transformation en Géométrie et en Physique Mathématique, Jour-
nal de ’Ecole Polytechnique, t. XXV, 1867 (p. 169 ff.).

ds®> = Edp? + 2F dpdq + G dg°, (1)

which the arc element on the surface assumes by virtue of this coordinate system.
Then a simple intermediate consideration, proceeding quite analogously to the
one customary in the plane, gives that u, in order to give rise to a steady motion,
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must satisfy the following differential equation of the second order:

ou ou ou ou
= _g= F—= _gp=—=
Jq © 9 5 9 Jq
VEG — F2 VEG —F? _
% + o = 0. (2)

F

To this differential equation there now attaches a short consideration which
establishes the full analogy with the results relating to the plane.
It follows namely from the form of (2); that alongside every u which satisfies
(2) one can introduce another function v which stands to u exactly in the familiar
relation of reciprocity. Indeed, by virtue of (2) the following two equations are
compatible:
ou_ o
v " 9p Jq
dp  VEG-F?’ 5
ou Fau (3)
dv _ “0p  9q.
d¢  VEG-F?
they define a v up to a constant which necessarily remains undetermined. From
them, however, there follows by solution:

v v

Ou_ T g
o  VEG-—F2’ (4)

ov ov

ou _"dp "~ dq

dqg  VEG - F?
and from this:
TR T
9q O 45 _0p 9q
VEG — F? VEG — F?2
+ =0, (5)
op dq

so that on the one hand w is related to v as v is to —u, and on the other hand
v, just as well as u, satisfies the partial differential equation

(2). At the same time the equations (3), resp. (4), have the geometrical
meaning that the curves u = Const. and v = Const. in general cut one another
at right angles.

As regards now the assertion which I put forward at the beginning of this
paragraph concerning the stereographic relation of the sphere to the plane, it
is an immediate outflow of the circumstance that the equations (2)—(5) are
homogeneous of dimension zero in E, F, G*). If two surfaces are conformally
related to one another and one introduces corresponding curvilinear coordinates
on them, the expression for the arc element on the one surface differs from that
relating to the other surface only by a factor. But this factor, for the reason

F
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given, simply drops out of the equations (2)—(5). We thus have a general the-
orem which comprises the particular assertion stated above, relating to sphere
and plane, as a special case. Forming from u, v the combination u + iv and
designating this as a complex function of position on the surface, I express it as
follows:

If a surface is conformally mapped upon a second, every complex function
of position existing on it is transformed into a function of the same kind on the
second surface.

Perhaps it is useful expressly to meet a misunderstanding which might arise
here. To the same function u + v there corresponds a fluid motion on the one
and on the other surface; one might think that the one motion arises from the
other by virtue of the mapping. This is of course correct with regard to the
course of the streamlines and the level curves, but by no means with regard to
the velocity. Where the arc element of the one surface is greater than the arc
element of the other surface, there the velocity of the flow is correspondingly
smaller. Tt is precisely in this that the reason lies why the value z = oo loses its

*) It is moreover not difficult to convince oneself of the correctness of that as-
sertion even without any formula; see the repeatedly cited works of C. Neumann
and Topler.

singular position on the sphere. For the infinity point of the plane the
velocity of the flow proves, as one sees at once, in general to be infinitely small
of the second order. Should the infinity point be singular, the velocity there is
always two orders smaller than the velocity at a point in the finite region to be
named in the same way. Now recall the formula communicated above (below
the text):

ds
2 +y2 41’
which relates the arc element of the sphere to the arc element of the plane. Here
22 4+ y? + 1 is likewise a quantity of the second order, and exact compensation
therefore takes place on passing over to the sphere.

do =

g. 6. Connection of the theory developed with
the functions of a complex argument.

Now that we have gained the sphere as the substratum of our considerations,
we transfer to it what we have come to know in gg. 3 and 4 concerning rational
functions and their integrals. We thereby gain that all the theorems set up
earlier hold also for infinitely great z, and thus without exception. It becomes
all the more interesting to consider on the sphere the course of definite rational
functions and to reflect on the means of their physical realisability*). But it is
another

*) A particularly perspicuous example, and yet not of too elementary a
character, is given by the icosahedron equation (see Mathematische Annalen,
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vol. XII, p. 502 ff.). It reads, as is known:

(— (220 + 1) + 228(210 — 25) — 494210)3

v 172825(210 + 1125 — 1)5 ’

3 and is thus (for z) an equation of the sixtieth degree. The infinity points of w
coincide in fives in 12 points, which are the vertices of an icosahedron inscribed
in the sphere on which we interpret z. Corresponding to the 20 faces of this
icosahedron the sphere is divided into 20 equilateral spherical triangles. The
centres of these triangles are given by w = o and represent as many crossing
points of multiplicity two for the function w. Accordingly, of the 2-60—2 = 118
crossing points one already knows (counting in the infinity points) 4-124+2-20 =
88. The 30 still missing are furnished by the midpoints of the 30 edges belonging
to those 20 spherical triangles.

Figure 13: Fig. 13.

3 Editorial note: In the denominator the print shows a long minus rule followed by a short
stray rule before the 1, apparently a doubled or displaced sort; it is read as a single minus, as
the formula requires.
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The adjoining figure represents in schematic fashion one of those 20 triangles
and on it the course of the streamlines; on the 19 remaining triangles the matter
is exactly the same.

important question which forces itself upon us in such investigations. The
various functions of position which we study on the spherical surface are at the
same time functions of the argument x + iy. Whence this connection?

One should above all remark that x+iy is itself a complex function of position
on our sphere; for x and y, substituted for w and v, satisfy the differential
equations set up earlier (g. 1) for the latter. So long as one operates in the
plane, one might think that this function had some essential advantage over
the others; after the transition to the sphere there is no longer any occasion for
this. And indeed the remark to which our question relates generalises at once.
If wy; + iv; and w + iv are functions of x + iy, then u; + vy is also a function
of u + iv. We thus have for plane and spherical surface the general theorem:
that of two complex functions of position each is, in the sense of the ordinary
function-theoretic mode of expression, a function of the other.

Will this now be a special peculiarity of the surfaces named? It will certainly
carry over to all such surfaces as can be related conformally to a part of the
plane (or of the sphere). This follows from the last theorem of the preceding
paragraph. But I say that the same peculiarity belongs to all surfaces whatever,
whereby it is implicitly asserted that one can transfer a part of an

arbitrary surface conformally to the plane or the spherical surface.

The proof takes shape at once if one introduces the constituents x,y of
any complex function of position existing on a surface,  + iy, as curvilinear
coordinates on the surface itself. For then the coefficients E, F, G in the
expression of the arc element must be so constituted that identities arise when
one introduces = and y into the equations (2)—(5) of the preceding paragraph
for p and ¢ and at the same time for u and v respectively. This requires, as one
at once sees, that F' = o, E = GG. But thereby those equations are transformed
into the well-known ones:

u 0%u _ o Ou  0Ov ou  Ov.

@—’_Tyﬁ_ ; %_%7 a—y_—a,etc.
They thus pass over directly into those equations by which one is accustomed
to define functions of the argument (x + iy), so that u 4 iv does indeed become
a function of = + iy, which was to be proved.

At the same time what was asserted concerning conformal mapping is settled.
For from the form of the arc element

ds* = E (dz? + dy?)

it follows immediately that our surface is transferred conformally to the XY-
plane by x+iy. I will state this result in a somewhat more general form, saying:

If one knows two complex functions of position on two surfaces, and one
relates the surfaces to one another so that corresponding points exhibit respec-
tively equal values of the functions, the surfaces are conformally related to one
another.
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This is the converse of the similarly worded theorem set up at the close of
the preceding paragraph.

All these theorems, in so far as they relate to arbitrary surfaces, have for
the present a clear meaning only if one restricts one’s attention to small pieces
of the surfaces within which the complex functions of position exhibit neither
infinity points nor crossing points.

I have therefore occasionally spoken only of a part of a surface. But it is
natural to ask how matters stand when one uses closed surfaces in their whole
extent. This question is most intimately bound up with the further development
of ideas that I have to give in what follows; to it in particular gg. 19—21 of what
follows are devoted.

g 7. Once more the flows on the sphere. Rie-
mann’s general formulation of the question.

We now have all the preconditions for conceiving the developments of the first
paragraphs of this introduction in an essentially new way, and for rising, by
virtue of this conception, to a great and general formulation of the question,
which is Riemann’s, and whose precise statement and answer is to form the
proper subject of the present work.

The primary element in the presentation so far was the function of = + iy.
We have interpreted it by a steady flow on the sphere, and have endeavoured to
recognise properties of the function again in properties of the flow. In particular
the rational functions and their integrals have made us acquainted with a simple
kind of flows: they are the uniform flows, those in which at each point of the
sphere only one flow takes place. And indeed, under the assumption that no
other points of discontinuity occur than those defined in g. 2, they are the most
general uniform flows that there are on the sphere.

It seems possible from the outset to reverse this whole development: to put
the study of the flows first and only from it to develop the theory of certain ana-
lytic functions. The question of the most general flow coming into consideration
may then first be answered by physical considerations; for the experimental
arrangements of g. 4 together with the principle of superposition give us the
means of defining every such flow! The single flow then determines for us, apart
from a constant of integration, a complex function of position, whose general
course

we can follow intuitively. Every such function is an analytic function of every
other. By putting together any two complex functions of position we are led
to analytic dependences whose properties we survey from the outset and which
only afterwards, in order to establish the connection with the considerations of
analysis, we identify with dependences otherwise customary in analysis.

All this is so clear that a more exact elaboration seems superfluous here,
that we can rather proceed at once to the promised generalisation. This too
presents itself, on the basis of the developments so far, almost of necessity.
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We shall be able to raise in the same way all the questions which we have
just formulated concerning the spherical surface, when instead of the spherical
surface an arbitrary closed surface is given. On it too we shall be able to
determine uniform flows, and so complex functions of position, whose properties
we grasp intuitively. The simultaneous consideration of different functions of
position then transforms the results to be gained into as many theorems of
ordinary analysis. — The carrying out of this train of thought is Riemann’s
theory; at the same time we have the main division which is to be laid at the
foundation of the following exposition of it.

Section II. Exposition of Riemann’s theory.

g. 8. Classification of closed surfaces according to
the number p*.

For our considerations, all those closed surfaces® are of course to be regarded
as equivalent which can be conformally mapped upon one another by a one-to-
one correspondence. For every complex function of position on the one surface
will be transformed by such a mapping into a function of the same kind on
the other surface: the analytic relation, therefore, which is made sensible by
the coexistence of two complex functions on the one surface, remains entirely
unchanged on passing over to the second surface. If, therefore, one can (in
consequence of known developments) relate, e. g., the ellipsoid conformally to
the sphere in such a way that to each point of the former there corresponds one
and only one point of the sphere, this means for us that the ellipsoid is just as
suited to represent the rational functions and their integrals as the sphere.

All the more important is it to become acquainted with an element which
remains unchanged not only under conformal, but under any one-to-one trans-
formation of a surface whatever*). This is Riemann’s p: the number of

*) The account given in this paragraph departs from that given by Riemann
himself chiefly in that surfaces with boundary curves are not taken into consid-
eration at all for the present, and so, instead of the cross-cuts which run from
one boundary point to a second, so-called retrosections come to be used (cf.
C. Neumann, Vorlesungen iiber Riemann’s Theorie der Abel’schen Integrale,
p. 291 ff.).

**) Only transformation by continuous functions is ever meant. Moreover,
for the arbitrary surfaces of the text, certain special occurrences are to be ex-
cluded until further notice. It is best to think of them as without any singular
points at all; only later do branch points, and with them self-intersections of
the surface, come into consideration (g. 13). The surfaces must in any case not
be double surfaces, on which one can pass from one side of the surface to the
other by continuous progress on the surface; compare, however, g. 23. Moreover
it is presupposed — as one always does when one thinks of a closed surface as

4 Editorial note: Printed “Féchen” instead of “Fliachen”; an apparent misprint.
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given complete — that the surface can be divided into simply connected parts
by a finite number of cuts.

retrosections which one can draw on a surface without cutting it into pieces.
The simplest examples suffice to practise this concept. For the sphere p = 0; for
it falls, by every closed curve running on it, into two separate regions. For the
ordinary ring p = 1; one can cut it along one, but also only along one, otherwise
still very arbitrary, curve returning into itself, without its falling into pieces.

That it is impossible to relate two surfaces of different p one-to-one to each
other seems evident®). It is more complicated to prove the converse theorem,
namely that equality of p furnishes the sufficient condition for the possibility of
a one-to-one relation of two surfaces. As regards the proof of this important
theorem, I must at this point restrict myself to mere citations below the text**).
On the ground of it one is entitled, in investigations of closed surfaces, so long as
only general relations of position come into consideration, to lay down for each
p a type as simple as possible. In this sense we will speak of normal surfaces.
For quantitative determinations the normal surfaces of course no longer suffice
in any way; but they offer a means of orientation for them too.

*) This is by no means to say that this kind of geometrical evidence does
not still require closer investigation. Compare the explanations of G. Cantor in
Borchardt’s Journal, vol. 84, p. 242 ff. These investigations remain excluded,
meanwhile, from the expositions of the text, since it is the principle of the latter
to have recourse to intuitive relations as the ultimate foundation.

**) See C. Jordan: Sur la déformation des surfaces (in Liouville’s Journal,
ser. 2, vol. 11 (1866).5 Some points which seemed to me to need particular
clarification are discussed in the Mathematische Annalen, vol. VII, p. 529, and
vol. IX, p. 476.

Let the normal surface for p = 0 be the sphere, for p = 1 the ring. For
higher p one may think of a sphere provided with p appendages (handles), as
the following figure shows for p = 3:

A similar normal surface is of course also admissible for p = 1, just as in
general one must think of these surfaces not as given rigidly, but as capable of
arbitrary distortions.

On these normal surfaces certain cross-cuts, of which we shall have to make
use in what follows, may now be fixed. For p = 0 they do not yet come into
consideration. On the ring p = 1 let a meridian curve A, combined with a
latitude curve B, form the system of cross-cuts:

In general we use 2p cross-cuts. It will, I think, be intelligible with regard
to the following figure

when I speak, for the single handle of our normal surface, of a meridian curve
and a latitude curve:

We choose the 2p cross-cuts in such a way that we lay a meridian curve and
a latitude curve round each of the p handles. We will designate these cross-cuts
in order by A, As,---Ap, and By, B, - - - B, respectively.

5 Editorial note: The parenthesis opened before “in Liouville’s Journal” is never closed in
the print; only the one after 1866 is printed.
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Figure 15: Fig. 15.

Figure 16: Fig. 16.
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g. 9. Preliminary determination of steady flows
on arbitrary surfaces.

We now have to occupy ourselves with the task of defining, on arbitrary (closed)
surfaces, the most general uniform, steady flows with velocity potential, always
under the assumption that no other infinity points are to be admitted than those
named in g. 2*). For this purpose we direct our ideas to the normal surfaces
of the preceding paragraph, and otherwise again make use of conceptions from
the theory of electricity. We think of the given surface as provided with an
infinitely thin uniform coating of a conducting substance, and apply first those
experimental means which are known to us from g. 3.

*) The definition of these infinity points referred at first only to the plane,
resp. the sphere. But it is surely clear how it is to be transferred to arbitrary
curved surfaces: the generalisation is to be made so that we come back to the
old infinity points when we transfer the surface and the steady flows on it to
the plane by conformal mapping. — In this restriction with regard to the kind
of infinity points it is also implied, as I cannot elaborate here, that only a finite
number of infinity points is possible for our flows. Likewise it follows from our
premises, as may be emphasised in passing, that crossing points too occur in
any case only in finite number for our flows.

We shall therefore first, say, place the two poles of a galvanic battery on our
surface at two arbitrary places: there then arises a flow which possesses these two
places as source points of equal and opposite strength. We shall next join two
arbitrary points of the surface by one or more curves running side by side and
not cutting themselves, which are to be the seat of constant electromotive forces,
— where one may recall all that was said in g. 4 concerning the experimental
arrangement then becoming necessary. We then obtain a steady motion for
which the two points are vortex points of equal and opposite intensity. —
We shall further superpose various such forms of motion and finally, if it seems
necessary, let separate infinity points coincide by passage to the limit into higher
infinity points. All this takes shape exactly as on the sphere, and we thus have
in any case the following theorem:

If one restricts the kind of infinity places according to the directions of §. 2,
if one further holds fast to the requirement that the sum of all the logarithmic
residues must always be equal to zero, then there exist on our surface complex®
functions of position which become infinite at arbitrarily given places in an oth-
erwise arbitrarily given manner and Tun continuously everywhere else.

With the functions so determined, however, the matter is by no means yet
exhausted, for p > 0. For we can make an experimental arrangement for which
there was as yet no possibility at all on the sphere. There are now curves on the
surface returning into themselves, by virtue of which the surface is by no means
divided into separate regions. Nothing prevents the electricity from streaming
over from the one side of such a curve through the surface to the other side of it.

6 Editorial note: Printed complexc for complexe: a wrong sort, the final letter is a fully
inked italic ¢ with its ball terminal, not a damaged e.
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We shall be able to regard such a curve, or several curves of this kind running
side by side, just as well as the seat of constant electromotive forces, as was
done in §. 4 with trains of curves running from one end point to a second.

The flows which we then obtain have

no discontinuities at all. We shall be able to designate them as everywhere
finite flows, and the associated complex functions of position as everywhere finite
functions. These functions are necessarily infinitely many-valued. For they
receive each time a real modulus of periodicity, proportional to the assumed
electromotive force, as often as one crosses the given curve in the same sense®).

We ask how manifold the everywhere finite flows so defined may be. Evi-
dently two curves running on the same surface, regarded as the seat of equally
strong electromotive forces, are equivalent for our purpose if they can be brought
to coincide by continuous displacement over the surface. If one distorts a curve
so that pieces of curve occur which are traversed twice in opposite directions,
these may simply be omitted. In consequence of this one proves that every closed
curve is equivalent to an integral combination of the cross-cuts A;, B;, as these
were defined in the preceding paragraph.

Indeed, follow the path of a closed curve on our normal surface**). For p = 1
the

*) No disposition whatever is hereby to be made concerning the periodicity
of the imaginary part of the function. Indeed, for given u, v is completely
determined by the differential equations (1) of p. 1 up to an additive constant,
and so the moduli of periodicity which v may possess at the cross-cuts A;, B;
are subject to no arbitrary stipulation whatever.

**) For another proof see C. Jordan: Des contours tracés sur les surfaces,
in Liouville’s Journal, ser. 2, vol. 11 (1866).

correctness of our assertion is then immediately evident. It suffices to con-
sider an example such as is present in the foregoing figures.

The curve running on the ring surface in Figure 17 can be brought to coincide
by mere distortion with the other one, which is drawn on the right; it is therefore
equivalent to a threefold traversal of the meridian curve A (cf. Fig. 15) and a
single traversal of the latitude curve B. — Let further p > 1. Then, as often
as our curve runs over one of the p handles, one can separate off a piece of it
which can be transformed by mere distortion into an integral combination of
the meridian curve in question and the associated latitude curve. After all such
constituents have been set apart there remains a closed curve which either can
be contracted immediately into a single point of the surface and so in any case
furnishes no contribution to the electric flow, or which completely encloses one
or more handles, of which Figure 19 shows an example:

Figure 20 illustrates how one can alter such a curve by deformation. By
continuing the process hereby indicated, it is transformed into a train of curves
which consists of the inner boundary curve of the handle in question and an
associated meridian curve, both of whose pieces, however, are traversed twice in
opposite directions. So such a curve too gives no contribution to the flow. One
could moreover have seen this from the outset from the remark that the curve
now under consideration, like one that can be contracted into a
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Figure 17: Fig. 17.
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Figure 18: Fig. 18.
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Figure 19: Fig. 19.

38



Figure 20: Fig. 20.
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point, divides the given surface into separate regions.

We therefore achieve by drawing on arbitrary closed curves nothing more
than by suitable use of the 2p curves A;, B;. The most general everywhere
finite flow which we can produce will arise when we make each of the 2p cross-
cuts the carrier of an arbitrary constant electromotive force. Or, expressed
otherwise:

The most general everywhere finite function to be constructed by us is that
whose real part exhibits arbitrarily prescribed moduli of periodicity at the 2p
CTross-cuts.

g. 10. The most general steady flow. Proof of the
impossibility of other flows.

If we put together additively the various complex functions of position con-
structed in the preceding paragraph, we obtain a function whose arbitrariness
we survey at once. Not mentioning separately the conditions prescribed once
for all with regard to the infinity places, we can say: that our function becomes
infinite at arbitrarily given places in an arbitrarily given manner, and moreover
its real part exhibits arbitrarily given moduli of periodicity at the 2p cross-cuts.

I now say that this is indeed the most general function to which a uniform
flow corresponds on our surface. For the proof we may reduce this assertion to
a simpler one. If any complex function of the kind coming into consideration
is given on our surface, we have in the foregoing the means of constructing
an associated function which becomes infinite at the same places in the same
manner, and whose real part exhibits at the cross-cuts A;, B; the same moduli
of periodicity as the real part of the given function. The difference of the two
functions is a new function which becomes infinite nowhere and whose real part
possesses vanishing moduli of periodicity at the cross-cuts, and which moreover,
as is self-evident, again defines a uniform flow. Evidently we have to prove that
such a

function does not exist, or rather, that it reduces to a constant.

And indeed this proof is not difficult. As regards carrying it out in rigorous
form, I will restrict myself to remarking that it succeeds with the help of the
generalised theorem of Green®). The following considerations are to demonstrate
the same impossibility by intuitive means. Even if, on account of the indefinite
form which they possess, one should perhaps not consider them compelling**), it
nevertheless seems useful to pursue in this way too the grounds for the validity
of that theorem.

We may take the particular case p = 0 first, and so ask ourselves why a
uniform, everywhere finite flow is impossible on the sphere. The most expedient
seems to be to follow the course of the streamlines on the sphere. Since infinity
points are not to occur, a streamline cannot break off suddenly, as happens at a
source point or at an algebraic point of discontinuity. Moreover one should keep
in view that streamlines running side by side necessarily have the same sense of
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flow. One then recognises that only two kinds of non-terminating streamlines
are possible. Either the curve winds, ever more closely the longer it goes, round
an asymptotic point — then we again have an infinity point —, or the curve is
closed.” But if one streamline is closed, so are the next following ones. They
enclose in doing so a smaller and smaller part of the spherical surface. It cannot
fail, therefore, that one is led to a vortex point, i. e. again to an infinity point. An
everywhere finite flow is therefore indeed impossible. We have, to be sure, not
thought of the possibility which lies in the occurrence of crossing points. These
points, as emphasised above, are present in any case only in finite number.
There will therefore be only a finite number of streamlines

*) On this theorem see Beltrami, 1. c. p. 354.

**) T will moreover recall that one can also found Green’s theorem intuitively.
Cf. Tait, On Green’s and allied other theorems, Edinburgh Transactions, 1869—
70, p. 69 ff.

which run through them. Imagine the sphere divided into regions by these
curves, and repeat within the single regions the considerations just made, where-
upon the earlier result will follow anew.

Let us now take p > 0 and again lay down the normal surfaces of g. 8 as
foundation. That everywhere finite, uniform flows exist on these surfaces is due,
by what has just been said, to the occurrence of the handles. A closed curve
drawn on the normal surface which can be contracted into a point can, no more
than a closed curve on the sphere, be a streamline for an everywhere finite flow.
But a curve such as we considered in Figure (19) is also of no use. For to a
first such streamline further ones must attach themselves in the manner of those
represented in Figure (20), — so that we finally arrive at a curve whose parts are
traversed twice in opposite senses! The streamline must therefore necessarily
wind round one or another handle, whether this be a simple embracing of that
handle or a repeated encircling of it in the sense of the meridian or of the latitude
curves. In all cases a part can be separated off from the streamline which, in
the sense of the preceding paragraph, is equivalent to an integral combination
of the meridian curve in question and the associated latitude curve. Now u,
the real part of the complex function defined by the flow, continually increases
as one proceeds along a streamline. On the other hand two curves which are
equivalent in the sense of the preceding paragraph necessarily furnish the same
increments of w when traversed. There is therefore a combination of at least
one meridian curve and one latitude curve whose traversal brings about a non-
vanishing increment of u. The same necessarily holds of the meridian curve in
question or of the latitude curve itself. But the increment which u gains on
traversing the meridian curve corresponds to crossing the latitude curve, and
conversely. Hence u necessarily has a non-vanishing modulus of periodicity at
at least one latitude curve or meridian curve, and an everywhere

finite, uniform flow, for which all these moduli of periodicity are equal to
zero, is indeed impossible, q. e. d.

7 Editorial nmote: Printed ge-geschlossen across a line break, a doubled syllable; read
geschlossen.
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g. 11. Illustration of the flows by examples.

It seems very useful to orient oneself by examples on the general course of
the flows now defined, so that our theorems may not remain mere abstract
formulations, but be combined with concrete conceptions®). This succeeds fairly
easily in the case in hand, so long as one restricts oneself to qualitative relations;
the exact quantitative determination would of course require quite other aids.
For the sake of simplicity I will here restrict myself to such surfaces as possess
a plane of symmetry coinciding with the plane of the drawing, — and on these
surfaces consider only such flows for which the apparent outline of the surface (i.
e. the section of the surface by the plane of the drawing) is either a streamline
or a level curve. One then has the essential advantage that one needs to draw
the streamlines only on the front side of the surface;

Figure 21: Fig. 21.
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for on the back side they run exactly the same way**).

Let us begin with everywhere finite flows on the

*) Such an orientation is presumably of high value to the practical physicist
as well.

**) I gave drawings of this kind already in the paper: Ueber den Verlauf der
Abel’schen Integrale bei den Curven vierten Grades, Mathematische Annalen,
vol. X. There, to be sure, the Riemann surfaces have a somewhat different
meaning, so that with them one can speak of a fluid motion only in a transferred
sense; cf. the explanations given about this in g. 17 of what follows.

ring p = 1. We first regard a latitude curve (or several such curves) as
the seat of the electromotive force. Then Figure 21 arises, in which all the
streamlines are meridian curves and crossing points do not occur. The meridian
curves are here represented by pieces of radially running straight lines. The
arrowheads give the direction of flow on the front side; on the back side we have
throughout the reverse sense of motion.

In the conjugate flow the latitude curves play the analogous role to that just
played by the meridian curves; it may be illustrated by the following drawing:

The sense of motion in this case is the same on front and back.

We will now alter the ring p = 1 by letting two protuberances grow out of
it, say on the right-hand side of the figure,

which gradually bend together and finally fuse. Thus we have a surface
p =2 and on it a pair of conjugate flows, as Figures 23 and 2/ illustrate.

On the right, as one recognises, two crossing points have appeared (of which
of course only one lies on the front side and is thus visible). Something analogous
occurs every time one studies everywhere finite flows on a surface p > 1. Instead
of further explanations I add two more figures with four crossing points each,
which refer to p = 3:

They arise when one lets electromotive forces act on all the handles of the
surface, once in the latitude curves, the other time in the meridian curves. On
the two lower handles they are oriented in the same sense, on the upper one in
the opposite sense. Of the crossing points two lie at a and b, the third at ¢, the
fourth at the corresponding place on the back side. The crossing points at a and
b in Figure (25) are hard to recognise only because at the edge of the figure, with
the mode of representation chosen by us, a perspective foreshortening occurs,
and hence both streamlines meeting in the crossing point seem to touch the
edge. If one adds in thought the flows taking place (in the opposite direction)
on the back side of the surface, there can surely be no obscurity about the nature
of these points.

Let us now go back to the ring p = 1 and let two logarithmic points of
discontinuity be given on it! One obtains corresponding figures if one subjects
the drawings

(23) and (24) to a process of deformation which is as interesting as it is useful
in more general cases too. We will namely contract the portions on the left in
the individual figures and expand those on the right, so that we first obtain,
say, the following pictures:

43















Figure 26: Fig. 26.
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Figure 27: Fig. 27.
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and now contract the handle on the left, which has already become very
narrow, completely into a curve, in order then to throw it away. Thus the ev-
erywhere finite flow on the surface p = 2 has become a flow with two logarithmic
points of discontinuity on the surface p = 1. The figures have namely assumed
the following shape:

-

Figure 29: Fig. 29.

The two crossing points of (23), (24) have remained; m and n are the two
logarithmic points of discontinuity. And indeed in the case of Figure 29 they
are vortex points of equal and opposite intensity, in the case of Figure 30 source
points of equal and opposite strength. Here it is again a consequence of the
mode of projection chosen by us if in the second case all the streamlines, apart
from a single one, seem to touch the edge at m and n.

If finally we wish to let m and n move together, so that an algebraic point
of discontinuity of simple multiplicity arises, the following drawings result, in
which, as one may note, the crossing points have remained in their places as
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before:

Figure 31: Fig. 31.

I will not multiply these figures still further, since further examples after the
manner of those now considered are easily formed. Only the one circumstance
may still be emphasised. The number of crossing points of a flow evidently grows
with the p of the surface and with the number of infinity points. Let algebraic
infinity points of multiplicity r be counted as (r + 1) logarithmic infinity points.
Then on the sphere, with u logarithmic infinity points, the number of proper
crossing points is in general p—2. On the other hand, according to our examples,
an increase of p by one unit is bound up with an increase of the number of
crossing points by two units. Accordingly one will surmise that the number of
crossing points will in general be p+ 2p — 2. A rigorous proof of this theorem
on the basis of the intuitions developed so far has in any case no particular
difficulty™); but it would lead too far here. The only special case of our theorem
which we shall use later is known on the basis of the ordinary investigations of

93



Figure 32: Fig. 32.
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analysis situs: it concerns

*) For such a proof it seems above all necessary to become clear about the
various possibilities that present themselves concerning the transformation of a
given surface into the normal surface of g. 8.

(g. 14) such flows in which there are m simple algebraic points of disconti-
nuity, and in which therefore 2m + 2p — 2 crossing points must occur.

g. 12. On the composition of the most general
complex function of position from single sum-
mands.

The course of proof of g. 10 puts us in a position to form a more concrete concep-
tion of the most general complex function of position existing on a surface, by
composing it additively from single summands of the simplest possible property.
Let us first consider everywhere finite functions.
Let uy,ug, ---u, be everywhere finite potentials. They may be called linearly
dependent if there exists between them a relation

aiuy + agug + - - - - auu, = A

with constant coefficients. Such a relation furnishes corresponding equations for
the 2p series of u moduli of periodicity which wuy,ug, - - -+, u, possess at the 2p
cross-cuts of the surface. Conversely, by the theorem proved in g. 10, the linear
relation between the u themselves would follow from such equations between the
moduli of periodicity. It thus results that one can in the most manifold ways
find 2p linearly independent everywhere finite potentials

U, U2,y =+, U2p
but that every other everywhere finite potential is composed linearly from them:
U= a1U1 + QU + - - - - Fagpuap + A.

Indeed one can choose w1, usg, - --usgp, €. g., in such a way that each possesses a
non-vanishing modulus of periodicity at only one of the 2p cross-cuts (where of
course to each cross-cut one and only one potential is to be assigned). Thereafter
one can determine the constants a; in Xa;u; so that this expression exhibits at
all the 2p cross-cuts the same moduli of periodicity as u. Then u — Xa;u; is a
constant, and we thus have the above formula.

In order now to pass from the potentials u to the everywhere finite functions
u + iv, I imagine, for the sake

of simplicity, such a coordinate system x,y introduced on the surface (g. 6)
that u,v are connected by the equations:

ou v ou ov

dx 9y’ 9y Oz
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Now let u; be an arbitrary everywhere finite potential. We form the associ-
ated v; and have:

uy and vy are in any case linearly independent.

For if there existed between u1,v; an equation

aiuy + biv, = Const.

with constant coefficients, it would establish the following relations:

ou vy Ouq oy

1
—+b— =0 —+b— =0
a18z+18z ) alay+lay ;
from which, by virtue of the relations stated, the absurd result
n _y o dm
Ox dy

would follow.

Now let further us be linearly independent of u; and vy. Then we take the
associated vy and then have the more general theorem:

The four functions uy,us,v1,vs are likewise linearly independent.

Indeed, from every linear relation:

aiuy + asug + bivi + bave = Const.

one could, by using the relations existing between the u, v, derive the following
equations:

0 0 0

(a1a2 + blbz)ﬁ — (a1b2 — aﬂ)ﬁ% + (CL% + b%) au; =0,
0 0 0

(a1a2 + b1b2)aiy1 — (a1b2 — a2b1)aly1 + (a% + b%) (;;2 =0,

from which by integration a linear dependence between wuq, vy, us would follow.
Reasoning forward in this way, one finally obtains 2p linearly independent
potentials:
U1, V15 U2,V2; * - y Up, Up,

where each v belongs together with the u of the same designation. We set
Uq + 104 = W, and now call everywhere

finite functions w1, ws, - - -w, linearly independent if there exists between
them no relation whatever:

cwi +cows + - - - - cuw, = C

understanding by c1,- - -c,, C arbitrary complex constants. Then we have at
once:
The p everywhere finite functions

Wi, W, W
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are linearly independent.
For if a linear dependence existed, one could separate the real and the imag-
inary in it, and would thereby obtain linear relations between the u and v.
But further it follows: Every arbitrary everywhere finite function is composed
from our wy,wa, - - - - wy in the form:

w=ciw; + cows + - - - - cpwp + C.

Indeed, by suitable choice of the complex constants ci,ca,- - -cp, given the
linear independence of the uq,- - -up,vi,- - -vp, we can bring it about that a
function w defined by the above formula exhibits at the 2p cross-cuts arbitrarily
prescribed quantities as moduli of periodicity of the real part.

This is the theorem which we had to establish in the present paragraph
concerning the representation of everywhere finite functions. The transition to
functions with infinity places is now very easily effected.

Let &1,&2,- - -, be the points at which our function is to become infinite
in some prescribed manner. We will then introduce an auxiliary point n and
construct a series of single functions

F\,Fy,----F,

each one of which is to become infinite only at one of the points &, and in-
deed in the manner prescribed for this point, and moreover may possess at 7
a logarithmic point of discontinuity whose residue is equal and opposite to the
logarithmic residue belonging to the ¢ in question. The sum

Fi+F+----F,

then becomes continuous at n; for the sum of all the residues belonging to the
points of discontinuity & is, as we know,

equal to zero. Moreover it becomes infinite at the £ and only at the &, and
there in the prescribed manner. It therefore differs from the function sought only
by an everywhere finite function. The function sought is therefore representable
in the shape:

Fy+Fy+---- F, +cqwi + cowa + - - -cpwp + C,

whereby we have also found the general theorem coming into consideration here.

It evidently corresponds to the decomposition which we considered in g. 4
for the complex functions existing on the sphere, and which we then took, as
one usually does, from the theory of the decomposition of rational functions into
partial fractions.

g. 13. On the many-valuedness of our functions.
Special consideration of single-valued functions.

The functions u + ¢v which we study on our surfaces are in general infinitely
many-valued: for on the one hand every logarithmic infinity point brings with
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it a modulus of periodicity; on the other hand we have the moduli of periodicity
at the 2p cross-cuts A;, B;, whose real parts we could assume arbitrarily. I now
say that with these data the many-valuedness of u+ iv is indeed exhausted. For
the proof we must go back to the concept of the equivalence of two curves on a
given surface, which we introduced in g. 9 at first for another purpose. Since the
differential quotients of v and v (or, what is the same thing, the components of
the associated flow) are single-valued throughout on our surface, two equivalent
closed curves which are not separated by any logarithmic point of discontinuity
furnish on traversal the same increment of u, as of v. Now we found, however,
that every closed curve is equivalent to an integral combination of the cross-
cuts A;B;. We remarked further (g 10) that the traversal of A; furnishes that
modulus of periodicity which corresponds to the crossing of B;, and conversely.
From this, however, the theorem stated follows in the familiar way.

It will now interest us in particular to consider single-valued

functions of position. According to what has been said, we shall obtain all
such functions if we admit as discontinuities only purely algebraic infinity points
and then ensure that the 2p moduli of periodicity at the cross-cuts A;, B; all
vanish. Here it will be permitted, for ease of expression, to take into considera-
tion only simple algebraic points of discontinuity. For we know indeed from g 3
that the v-fold algebraic point of discontinuity can arise through the moving
together of v simple ones, whereby, moreover, as one must not forget, crossing
points of total multiplicity (v — 1) are absorbed. Let, then, m points be given
as simple algebraic infinity points of the function sought. We will first form
any m functions of position: 71, Zs,- - -Z,,, each of which is to become sim-
ply algebraically infinite at only one of the given places, but may otherwise be
arbitrarily many-valued. From these Z the most general complex function of
position which possesses simple algebraic discontinuities at the given places is
composed, according to the preceding paragraph, in the shape:

a1 21 + axZy + - @ Ly + Crwr + - - cpwp + C

understanding by a1, as, - - -a,, arbitrary constant coefficients. In order to have
a single-valued function, we set the moduli of periodicity which this expression
possesses at the 2p cross-cuts equal to zero. But these moduli of periodicity are
composed linearly, by means of the a,c, from the moduli of periodicity of the
Z, w. We thus find 2p linear homogeneous equations for the m 4+ p constants a
and ¢. We will assume that these equations are linearly independent®). Then
there results the important theorem:

*) If they are not, the immediate consequence is that the number of single-
valued functions becoming infinite at m points becomes greater than that stated
in the text. One knows the investigations which Roch in particular has made on
this possibility (Borchardt’s Journal vol. 64; compare also, as regards the alge-
braic formulation: Brill and Néther, iiber die algebraischen Functionen und ihre
Verwendung in der Geometrie, Mathematische Annalen, vol. 7). I cannot follow
these investigations in the text, although they can easily be attached to the
presentation of Abel’s theorem which Riemann gives in No. 14 of the Abel’schen
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Functionen, — and will only point out, with regard to later developments of the
text (cf. g. 19), that a linear dependence between the 2p equations in any case
does not occur when m exceeds the limit 2p — 2.

Under the said assumption there exist, for m arbitrarily prescribed simple
algebraic points of discontinuity, single-valued functions of position only when
m 2 p+1, and these functions contain (m—p+1) arbitrary constants occurring
linearly.

Now think of the m infinity points as movable. Then m new arbitrary ele-
ments enter into the consideration. Moreover it is clear that one can transform
any m points on the surface by continuous displacement into any m others. We
can therefore say, always remembering, for the rest, the assumption we have
made:

The totality of the single-valued functions with m simple algebraic points of
discontinuity which exist on a given surface forms a continuum of (2m —p+1)
dimensions.

Now that we have come to know the existence and the manifoldness of the
single-valued functions, we will develop, in the most intuitive way possible, yet
another important property of them. The number m of the infinity points of
our function has namely a much more far-reaching significance for the latter. I
say that our function u + iv takes every arbitrarily prescribed value uy + vy at
exactly m places.

For the proof consider the course of the curves u = ug, v = vy on our surface.
By g. 2 it is clear that each of these curves sends a branch through each of the
m infinity points. On the other hand it follows from considerations such as we
developed in g. 10 that every branch of a curve must contain at least one infinity
point. Accordingly the correctness of our assertion is immediately clear for very
great ug, vg. For the curves u = ug, v = vy in question then pass over, in the
neighbourhood of the single infinity point, by g. 2, into small circles running
through the infinity point,

which necessarily have in common, besides the point of discontinuity (which
does not come further into consideration here), one further point of intersection
each:

From this, however, the matter follows in general. For the curves u = uyg,
v = vy can never lose a point of intersection under continuous change of ug,
vg. This could namely, by what has been said, only happen in such a way that
several points of intersection moved together, in order then to separate again
in smaller number. Now the curves u, v form an orthogonal system. A moving
together of real points of intersection is therefore possible only at the crossing
points (at which it also actually happens). But the crossing points are present
only in finite number, and so are not able to divide the surface into different
regions. The eventuality of moving together is therefore not to be taken into
consideration at all, and thus our assertion is proved.

It is moreover useful for what follows to make clear to oneself the distribution
of the values of w + v in the neighbourhood of a crossing point. For this
an attentive observation of Figure 1 given above suffices. One recognises in
particular that of the m movable points of intersection of the curves u = wug,
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Figure 33: Fig. 33.

v = v, (¥ + 1) move together on approaching the v-fold crossing point. —

Analogous considerations to those we have hereby settled for single-valued
functions have of course their place for many-valued functions too. I do not
enter on them only because the delimitation of the material adhered to in what
follows does not make it necessary. Also, a perspicuous result comes only in the
very simplest cases. Let it be fleetingly recalled in this respect that a

complex function with more than two incommensurable moduli of periodicity
can be brought infinitely near to every arbitrary value at every place.

g. 14. The ordinary Riemann surfaces over the
xr + 1y-plane.

Instead of considering the distribution of the function values u + iv on the
original surface, one can adopt a procedure which is, so to speak, the reverse.
One interprets the function values — which are accordingly now to be called
x + iy — in the ordinary way in the plane (or else on the Sphere*)) and studies
the conformal mapping which is thereby (by g. 5) made of our original surface.
We again restrict ourselves here, for the sake of simplicity, to the case of single-
valued functions, although it is of particular interest to take into consideration
precisely the mapping by many-valued functions as well**).

A short consideration shows that we are thus led precisely to the many-sheeted
surface provided with branch points®, spread out over the XY -plane, which is

8 Editorial note: Printed “Verzweigungsverzweigungspuncten”, with the word stem dou-
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usually designated simply as the Riemann surface.

Indeed, let m be the number of (simple) infinity points which x+iy possesses
on the original surface. Then x + iy, as we saw, takes every value m times on
the given surface. Hence the conformal mapping of our surface upon the x + iy-
plane covers the latter in general with m sheets. An exceptional position is taken
only by those values of x + iy for which some of the m associated places on the
original surface coincide, and to which therefore crossing points correspond. To
understand this, draw once more on Figure (1). It follows from it that one can
divide the neighbourhood

*) In what follows I speak throughout of the plane instead of the sphere, in
order to keep as close as possible to the usual mode of conception.

**) Compare on this what Riemann says in No. 12 of his Abel’schen Func-
tionen about the mapping by everywhere finite functions.

of a v-fold crossing point into (v 4+ 1) sectors in such a way that = + iy
runs through the same stock of values within each sector. Hence above the
corresponding place of the (x+1y) plane (v+1) sheets of the conformal mapping
will hang together in such a way that a circuit of the place leads from one sheet
into a second, from this into a third, etc., and that a (v + 1)-fold circuit of it
becomes mecessary in order to get back to the starting point. But this is exactly
what one usually designates as a v-fold branch point®). At this point itself the
mapping is of course no longer conformal; one proves easily that the angle which
any two curves running on the original surface and cutting in the crossing point
make with one another appears on the Riemann surface spread out over the
(z + iy)-plane multiplied exactly by (v +1). —

But at the same time we recognise the significance which this many-sheeted
surface can claim for our purposes. All surfaces which arise from one another
one-to-one by conformal mapping are equivalent for us (g. 8). We can therefore
just as well lay the m-sheeted surface over the plane at the foundation as the
surface used hitherto, which we imagined lying freely in space without any sin-
gular occurrence. The difficulty which one might see in the occurrence of the
branch points falls away from the outset: for we shall take into consideration
only such flows on the many-sheeted surface as behave in the neighbourhood of
the branch points in such a way that, transferred back to the original surface
lying in space, they present there no other singular occurrences than those per-
mitted anyway. For this it is not even necessary that one know a corresponding
surface lying in

*) We stated above (g. 11), without a proof carried out, that the number of
crossing points of x + iy amounts to (2m + 2p — 2). As one now sees, this asser-
tion is a simple translation of the known relation which connects the number of
branch points (or rather their total multiplicity) with the number of sheets m
and the p of a many-sheeted surface [understanding by p the maximum num-
ber? of retrosections which one can draw on this many-sheeted surface without
cutting it into pieces].

bled; read “Verzweigungspuncten”. An apparent misprint.
9 Editorial note: Printed “Maximahlzahl”; read “Maximalzahl”. An apparent misprint.
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space; for it is only a matter of relations in the immediate neighbourhood of
the branch points, i. e. of differential relations which our flows must satisfy™).
Accordingly there is also no longer any purpose, when we speak of arbitrarily
curved surfaces, in thinking of them as without singular points: they may them-
selves be covered with several sheets which hang together among themselves by
branch points, or branch cuts respectively. But whichever of the unboundedly
many surfaces, thus of equal standing, we may wish to lay at the foundation of
the consideration: we must distinguish between essential properties, which are
common to all surfaces of equal standing, and inessential properties, which at-
tach to the particular surface. To the former belongs the number p, and to them
belong the moduli, of which there will be more detailed discussion in g. 18; to
the latter, for many-sheeted surfaces, the kind and position of the branch points.
If we think of an ideal surface which is to possess only those essential properties,
then to the branch points of the many-sheeted surface there correspond on it
ordinary points which, generally speaking, have no advantage over the other
points, and which become noteworthy only in that at them crossing points arise
in the conformal mapping that leads over from the ideal surface to the particular
one.

The result is therefore this, that we have gained greater freedom of movement
as regards the surfaces on which we may operate, and that at the same time
we recognise the contingencies which the consideration of each single particular
surface brings with it. In particular we shall in what follows, as often as it seems
useful, take into consideration many-sheeted surfaces over the z + iy-plane; but
their use is in no way to impair the generality of the conception**).

*) For the explicit formulation of these relations compare the ordinary text-
books, and then in particular the work of C. Neumann: Das Dirichlet’sche
Princip in seiner Anwendung auf die Riemann’schen Flachen, Leipzig 1865.

**) The interesting question arises here whether it is always possible to
transform many-sheeted surfaces with arbitrary branch points conformally into
such as possess no singular place at all. This question goes beyond the subjects
to be treated in the text, but I have wished at any rate to mention it. If it does
not succeed in the individual case, the preceding considerations of the text still
have the significance that they have let the general ideas arise on the simplest
example, and have thereby made possible the treatment of the more complicated
occurrences as well.

g. 15. The ring p = 1 and the two-sheeted surface
with four branch points over the plane®.

I was able to be fairly brief in the preceding paragraph, since I regarded the
ordinary Riemann surface over the plane with its branch points as known. All
the same it will be useful if I illustrate what has been said by an example. We
will consider a ring p = 1. On it there exist, by g. 13, oco? single-valued functions
with only two infinity points. Each of them possesses, by the general formula
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of g. 11, four crossing points. The ring can therefore be mapped in manifold
ways upon a two-sheeted plane surface with four branch points. I will base the
particular case in which I shall now consider this mapping on explicit formulae,
so that the matter may be accessible also to those readers who are less practised
in purely intuitive operations. To be sure, I thereby somewhat anticipate the
developments which the following paragraph is first destined to bring.

We will presuppose the ring surface to be an ordinary torus, which arises by
rotation of a circle about an axis in its plane not cutting it. Let ¢ be the radius
of this circle, R the distance of its centre from the axis, a a polar angle.

We introduce the axis of rotation as Z-axis, the point O of the figure as
origin of a rectangular coordinate system, and distinguish the planes running
through OZ by the angle ¢ which they make with the positive X-axis. Then
one has for an arbitrary point of the ring surface:

*) Cf. Kirchhoff; Monatsberichte der Berliner Akademie of 1875, 1. ¢. (where,
however, only the relation between ring surface and plane rectangle is explicitly
discussed).

X =(R—pcosa)cosy, Y =(R— pcosa)sinp, )

7 = psina.

Hence the arc element becomes:

ds = VdX? +dY? +dZ? = \/(R — gcosa)? - dp? + o2 - da? (2)
or:
ds = (R — gcosa) - v/d&? + dn?, (3)
where N J
oda
= = e — 4
E=¢, 7 S (4)
is to be set.

By formula (3) we have a conformal mapping of the ring surface upon the
&n-plane. The whole ring surface is evidently swept over once when ¢ and « (in
the formulae (1)) each run from —7 to +m. The conformal mapping of the ring
surface therefore covers a rectangle of the plane, as represented by the following

figure:

s
For brevity I have here written in the figure simply p instead of / _—
» R—pcosa
— If we wish to picture the relation between rectangle and ring surface quite
intuitively, imagine the former made of extensible material and the opposite
edges of the rectangle then bent together without torsion. Or else, imagine the
ring of analogous constitution, cut
it along a latitude curve and a meridian curve, and then spread it out into
the &n-plane. Instead of further explanation I add a figure which represents
the vertical projection of the ring surface from the positive Z-axis onto the
XY-plane, and in which the relation to the né-plane is marked:
Of course one sees only the upper side of the ring surface; the quadrants 3
and 4 mapped on the back side are hidden by 2 and 1 respectively.

oda
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Figure 35: Fig. 35.

Now let, on the other hand, for real s« (< 1), a two-sheeted surface over the
plane with four branch points Z = +1, :l:% be given:

where I wish to think of the two half-sheets which overlie the positive half-
plane;'® as hatched (as is indicated in the figure). The branch cuts are to
coincide with the rectilinear segments between +1 and +i on the one hand,
and —1 and —i on the other.

This two-sheeted surface represents, as is known, the branching of w =
V1 —22-1— 3222, and indeed,

in view of the choice of the branch cuts, we can make the assignment such
that on the upper sheet w has a positive real part throughout. We now consider

the integral
W= / =
o w

It furnishes us, in the familiar way, with the mapping of our two-sheeted
surface likewise upon a rectangle, whose more precise relation to the two-sheeted
surface is given by the following figure, in which one finds again the hatchings
and other distinctions of Figure (37):

To the upper sheet of Figure (37) there corresponds the left side of this
figure. Note above all how the mapping takes shape for the neighbourhood of
the branch points of the two-sheeted surface. Perhaps it is simplest to picture

10 Bditorial note: Printed with a semicolon after “iiberlagern”; a comma is expected. An
apparent misprint.
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Figure 38: Fig. 38.

the matter thus: that from (37) one first passes by stereographic projection to a
doubly covered spherical surface which bears four branch points on a meridian,
— that one divides the surface so obtained, by a cut running along the meridian,
into four hemispheres, each of which one transforms into a plane rectangle by
suitable stretching and deformation in the neighbourhood of the four branch
points, — that one finally lays the four rectangles so arising side by side, in
accordance with the relations between the four hemispheres, after the manner of
Figure (38). One also sees clearly in this way that in Figure (38) two (associated)
boundary points always denote the same point of the original surface.

In order now to obtain the desired relation between the ring and the two-
sheeted surface, we have only to ensure that the rectangle of Figure (38), by
suitable choice of the modulus s, becomes similar to the rectangle of Figure
(35). A proportional enlargement of the one rectangle (which is also a conformal
transformation) then brings it to coincidence with the other rectangle, and so
brings about a one-to-one conformal mapping of the two-sheeted surface upon
the ring surface (or of the latter upon the former). It will again suffice to
characterise the state of affairs by a figure; it corresponds exactly to Figure (36)
just given:

The hatching is here to refer only to the front side of the ring surface; on the
back side the lower half of the figure is to be thought of as hatched, the upper
half to be left free. —

The conformal mapping which we desired is hereby actually accomplished.
We will now determine backwards the flow on the ring surface by whose medi-
ation, in the sense of g. 14, the mapping comes about. It must possess crossing
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points at the places designated by 41, 2!, and algebraic infinity points of

simple multiplicity at the two places co. One finds the curves in question, the
level curves as well as the streamlines, best by making use of the rectangle as an
intermediate figure. Evidently the curves x = Const., y = Const. of the z-plane
(Figure 37) are transferred to the rectangle of Figure (38) as Figures (40), (41)
indicate.

I have added arrowheads only to the curves y = Const., in order to charac-
terise them, in contrast to the others, as streamlines.

1 4 4
W oo % oo %

-1 -+ X1 -1

N

k3

N

Figure 40: Fig. 40.

One has now simply to bend these drawings together in the same way as
was described for Figure (35), in order to obtain the ring surface and on it the
desired systems of curves. The result is the following:

Here in Figure (42) the four crossing points of the flow appear, by virtue of
the mode of projection chosen, as points of contact of the level curves with the
apparent contour of the ring surface.

g. 16. Functions of x + iy which correspond to the
flows investigated.

Let = + iy, as in g. 14, be a single-valued complex function of position on our
surface with m algebraic, simple infinity points. We transform our surface,
according to the directions of that paragraph, into an m-sheeted surface

11 Editorial note: Printed #+3¢?; from Figures 37 to 39 the remaining branch points are ii,
which is apparently meant. An apparent misprint.

69



Y

]
8
N
2

Rh

s

l —
il
L

wd
”

7
“ — —
./

S

Figure 41: Fig. 41.

over the z + iy-plane® and now put to ourselves the question into what
functions of the argument x + iy the complex functions of position hitherto in-
vestigated may pass over. One should here recall the developments of g. 6.

Let first w be a complex function of position which is, like 41y, single-valued
on our surface. By virtue of the stipulations which have been made concerning
the infinity points of our functions, and in particular of the single-valued func-
tions, it follows at once that w, as a function of x 4+ iy = z, has nowhere an
essentially singular point. Moreover w is single-valued on the m-sheeted surface
spread out over the z-plane, just as on the original surface. Hence it follows on
the ground of known theorems: that w is an algebraic function of z.

Here the possibility is not in itself to be excluded that the m values of w
which correspond to the same z may agree in sets of v (where v must of course
be a divisor of m). But in any case we can select such single-valued functions w
for which this is not the case. We determined the single-valued functions above
(g. 13) by assuming their infinity points arbitrarily. We therefore have it in our
hands to avoid the occurrence mentioned in any case: we need only assume the
infinity points of w so that not every time v of them exhibit the same z. Then
there results:

The irreducible equation which exists between w and z:

f(waz):()

is of the m* order in w.
Just as well it will of course possess the n'® order in z, if n is the total
multiplicity of the infinity points which w exhibits.
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Figure 42: Fig. 42.



Figure 43: Fig. 43.
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But the relation of this equation f = 0 to our surface is a still more intimate
one than the mere agreement of the order with the number of sheets states. To
each point of the surface there belongs only one pair of values w, z satisfying
the equation, and conversely to each such pair of values there belongs

*) This geometrical translation is of course by no means necessary; by it we
only attain connection with the mode of presentation usually adhered to.

in general®) only one point of the surface. Equation and surface are, so to
speak, related one-to-one to each other.

Now let wy be a new single-valued function on our surface, and so in any case
an algebraic function of z. Then one can characterise the kind of this algebraic
function in two words, once the equation f(w, z) = 0 has been formed under the
stated assumption. One shows namely that wy is a rational function of w and z,
and that conversely too every rational function of w and z furnishes a function
of the character of wi. The latter is self-evident. For a rational function of w
and z is single-valued on our surface; moreover, as an analytic function of z, it
is a complex function of position on the surface. But the former too is easy to
prove**). Denote the m values of w which belong to an arbitrary value of z by
w w@ o gp(m) (in general w(o‘)), the corresponding values of w; (which

need not necessarily all be different) by w%l), w?),- . -wY’”. Then the sum:

wgl)w(l)" + ’LUEQ)U}(Q)V I w§m)w(7")u

(where v is to mean an arbitrary positive or negative integer), as a symmetric
function of the various values wgo‘)w(a)y, is a single-valued function of z, and so,
as an algebraic function, a rational function of z. From any m of the equations

(1 @ )

. 2 L
so arising one can calculate wy ,w§ ) as unknowns occurring linearly,

and an easy discussion then shows that the single wia) has indeed become a

rational function of the associated w(® and of z. —

Starting from this theorem one now also determines at once the character
of those functions of z which are furnished by the many-valued functions of
position taken into consideration by us. Let W be such a function. Then W is
in any case an analytic function of z; one

*) In particular cases this may be otherwise. If one interprets w and z as
parallel coordinates, and the equation existing between them by a curve, it is,
as is known, the double points of this curve which correspond to those particular
occurrences.

**) Cf. the detailed proof in Prym, Borchardt’s Journal, vol. 83, p. 251 ff.:
Beweis eines Riemann’schen Satzes.

)

aw
can therefore speak of a differential quotient —— and interpret this again

z
as a complex function of position on our surface. It is necessarily single-valued
as a function of position. For the many-valuedness of W refers indeed only
to constant moduli of periodicity, which, taken in arbitrary multiplicity, can

be added to the initial value. Hence e is, by what has just been proved, a
z

rational function of w and z, and so W presents itself as the integral of such a
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Sfunction:
W:/R(w,z) dz.

The converse theorem, that every such integral furnishes a complex function
of position on our surface which belongs to the class of functions considered by
us, is self-evident on the ground of known developments. These developments
refer on the one hand to the becoming infinite of the integrals, on the other hand
to the changes of value which the integrals undergo through change of the path
of integration. Going into this more closely seems unnecessary at this point. —

We have been led, as we see, to a well-delimited result. Once the algebraic
equation is determined which defines the dependence between z and the highly
arbitrary w, the remaining functions of position are well known as to their kind;
in their totality they coincide with the rational functions of w and z, and with
the integrals of such functions.

It will be well to illustrate this result by the case of the repeatedly considered
ring surface p = 1. As functions z and w we shall take as foundation the same
ones that were discussed in the preceding paragraph, of which the former is
illustrated by Figures (42), (43). The equation existing between them reads
simply, as we know:

wr=1-2%2-1— %22

and so the integrals / R(w, z) dz are transformed into those which one is ac-

customed to designate as elliptic integrals. Among them there is, by g. 12, one
single everywhere finite integral. From the mapping given in Figure (38)

z
it follows that this is none other than the / — considered there, the so-
w

called integral of the first kind as usually named. The associated level curves
and streamlines are the same as those represented in Figure (21) and (22). But
the functions to which Figures (29) and (30), resp. (31) and (32), correspond
are also well known in ordinary analysis. We have in the one case a function
with two logarithmic points of discontinuity, in the other a function with only
one algebraic point of discontinuity. Regarded as functions of z they furnish
such elliptic integrals as one is accustomed to designate as integrals of the third
kind resp. of the second kind.

g. 17. Scope and significance of our considera-
tions.

With the developments of the preceding paragraph the goal which we set our-
selves with the general formulation of the question in g. 7 is actually reached.
We have determined on an arbitrary surface the most general complex functions
of position that come into consideration for us, and have now defined their ana-
lytic dependences on one another, by seeing how all are dependent, in the sense
of ordinary analysis, on one single-valued function of position, chosen otherwise
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arbitrarily. It therefore only remains for us, in order to conclude our train of
thought, to take a look round at all that may have been gained by our consid-
erations. We have then gained, to be sure, by no means the full content, but
yet the foundation of Riemann’s theory, and for further elaborations reference
may be made to Riemann’s original work as well as to the other presentations
of the theory.

Let us first establish that it is indeed the totality of the algebraic functions
and their integrals that is spanned by our investigation. For if an arbitrary
algebraic equation f(w,z) = 0 is given, we can construct in the ordinary way
an associated many-sheeted Riemann surface over the z-plane and now study
on it uniform flows and complex functions of position (cf. g. 15).

We ask whether the study of these functions has indeed been furthered by

our considerations. Let us recall for this purpose that it was above all the
many-valuedness of the integrals which so long prevented progress in their the-
ory. That integrals become many-valued through the occurrence of logarith-
mic points of discontinuity had already been recognised by Cauchy. But only
through the Riemann surface has the other kind of periodicity, which has its
ground in the connectivity of the surface and is measured at the cross-cuts of
the surface, become fully clear to us. — Another point is this. In the investiga-
tion of the integrals one has always made use of transformation by substitution,
without, however, rising considerably above a merely empirical exploitation of
it. In Riemann’s theory an extensive class of substitutions is given of itself,
and its effect is to be judged. The variables w and z are for us only any two
single-valued functions of position independent of one another; we can just as
well lay two others, wy and z1, at the foundation instead, where w; and z; prove
to be otherwise arbitrary rational functions of w and z, and equally the latter
prove to be rational functions of w; and z;. The Riemann surface on which we
operate is by no means necessarily affected by this change. Among the multi-
tude of accidental properties of our functions we thus recognise essential ones,
which remain unchanged under one-to-one transformation. And above all such
an invariant element confronts us from the outset in the number p. — Inasmuch
as Riemann’s theory clears aside the two difficulties hereby designated, which
had hampered earlier workers, it arrives immediately at the theorem which we
set up in g. 10 and which determines the arbitrariness of the functions to be
taken into consideration. I mean the theorem that one may regard (under the
repeatedly stated restrictions) the infinity points of the function and the mod-
uli of periodicity of its real part at the cross-cuts as arbitrary and sufficient
determining elements of it. —

Thus, roughly, does the balance stand if one puts the function-theoretic
interests first, as is customary among mathematicians. But let us not forget

that the reverse conception is at bottom just as justified. The study of uni-
form flows on given surfaces can be regarded as an end in itself all the more as it
finds immediate application in numerous physical problems. In the infinite man-
ifold of these flows Riemann’s theory orients us by pointing to the connection
which exists between these flows and the algebraic functions of analysis.

We can finally bring forward the geometrical point of view, and regard Rie-
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mann’s theory as a means of making the theory of the conformal mapping of
closed surfaces upon one another accessible to analytic treatment. It is precisely
this conception to which I endeavour to give expression in the following, third
section of my presentation. It will not be necessary to go into this at greater
length already at this point.

g. 18. Further development of the theory.

In Riemann’s own train of thought, as I have tried to describe it above, the
Riemann surface does not merely illustrate the functions that come into consid-
eration, but defines them. It seems possible to separate these two things: to take
the definition of the functions from another side, and to retain the surface only
as a means of illustration. This is indeed what the majority of mathematicians
have done, all the more gladly as Riemann’s definition of the function brings
considerable difficulties with it on closer investigation®). One thus begins, say,
with the algebraic equation and the conceptual determination of the integral,
and only afterwards constructs an associated Riemann surface.

But then a great generalisation of the original conception is given of itself.
Hitherto two surfaces counted for us as of equal value only when the one arose
from the other by one-to-one conformal mapping. Now there is no longer any
reason to hold fast to the conformality of the mapping. Every surface which can
be transformed by continuous mapping one-to-one

*) Cf. the relevant remarks of the preface.

into the given one, indeed every geometrical configuration whose elements
can be related continuously and one-to-one to the original surface, can just as
well be used to make sensible the functions to be taken into consideration. I have
given expression to this thought in earlier works, as I should like to set out on
the present occasion, in two directions.

On the one hand I operated with the concept of a normal surface (cf. g. 8),
as perspicuous as possible and otherwise modifiable in various ways, on which I
endeavoured to illustrate the course of the functions coming into consideration
by various graphical aids*). Here belong also the polygon nets which I have re-
peatedly used**), thinking of the Riemann surface as suitably cut up and then
spread out into the plane. Let it remain undiscussed at this point whether the
figures so arising, which may at first be altered continuously in any way, should
not afterwards, in the interest of further-reaching function-theoretic investiga-
tions, be given a regular shape by virtue of which a definition of the functions
to be illustrated by the figure becomes possible.

On the other hand***) T set myself the task of setting forth, in as intuitive a
manner as possible, the connection between the mode of conception of function
theory and that of ordinary analytic geometry, which latter interprets an equa-
tion between two variables as a curve. Starting from the theorem that every
imaginary straight line of the plane, and so also every imaginary tangent of
a curve, possesses one and only one real point, I obtained a Riemann surface
which clings most intimately to the course of the given curve. I have so far used
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this surface, as was my original purpose, only

*) Cf. my papers on elliptic modular functions in volumes 14, 15, 17 of the
Mathematische Annalen.

**) See in particular the plate attached to the 14th volume of the Annalen
(Zur Transformation siebenter Ordnung der elliptischen Functionen), as well as
the paper of Dyck, still to be named later, in the 17th volume there.

***) Ueber eine neue Art von Riemann’schen Flichen, Mathematische An-
nalen vol. 7 and 10.

for the illustration of certain simple integrals®). But a remark similar to that
made above about the polygon nets has its place here. Inasmuch as the surface is
regular, it too must be able to serve for the definition of the functions existing
on it. Indeed one can form for these functions a partial differential equation
which is somewhat analogous to the differential equations of the second order
that we consider in gg. 1 and 5: only that the differential expression to which
this equation is attached is not immediately to be interpreted as the arc element
of a surface. —

These few remarks must suffice to point to considerations whose pursuit
seems to me interesting.

*) See: Harnack (Ueber die Verwerthung der elliptischen Functionen fiir die
Geometrie der Curven dritten Grades) in the 9th volume of the Mathematische
Annalen; see further my paper already named above: Ueber den Verlauf der
Abel’schen Integrale bei den Curven vierten Grades in the 10th volume there.

Section III. Consequences.

g. 19. On the moduli of algebraic equations.

There is an important point in which Riemann’s theory of algebraic functions
goes beyond the otherwise customary presentations of this theory not only in
method but also in result. It states namely that for every many-sheeted surface
spread out over the z-plane and given graphically, associated algebraic functions
can be constructed, — where one may note that these functions, if they exist at
all, are in high degree arbitrary, since R(w, z) is in general branched exactly as
w is. — The theorem named is all the more remarkable as it implies a statement
about an interesting equation of higher degree. For if the branch points of an m-
sheeted surface are given, there still exist a finite number of essentially different
possibilities of arranging them into the m sheets: one will be able to find this
number by considerations belonging to pure analysis situs®). But according to
our theorem the same number has its algebraic meaning. Let one designate, as
Riemann does, all such algebraic functions of z as belonging to the same class
as can be expressed rationally by one another with the use of z. Then our**)
number is the number of the different

*) Such determinations were made, e. g., by Hr. Kasten in his inaugural
dissertation: Zur Theorie der dreiblédttrigen Riemann’schen Flache. Bremen
1876.
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**) If it is permitted here again to refer to my own works, let this be done
first with regard to a passage in the 12th volume of the Mathematische Annalen
(p. 173), where the conclusion is established that certain rational functions are
completely determined by the number of their branchings, and then with regard
to vol. 15, p. 533 there, where a detailed consideration teaches that there are ten
rational functions of the eleventh degree which possess certain branch places.

classes of algebraic functions which possess the given branch values with
respect to z.

I wish in the present and the following paragraph to draw various conse-
quences which can be obtained from the theorem put first, and first let the
question of the moduli of the algebraic functions be treated, i. e. the question
of those constants which play the role of invariants under one-to-one transfor-
mation of the equations f(w, z) = o.

For this purpose let ¢ be a number, unknown for the present, which states
how many times infinitely often a surface can be transformed one-to-one into
itself, i. e. conformally mapped upon itself. Next recall the number of constants
in the single-valued functions on a given surface (g. 13). There were in general
002m—P+1 gingle-valued functions with m infinity points, and this number was
in any case exactly right (as was stated without proof) when m > 2p — 2. Now
each of these functions maps the given surface one-to-one upon an m-sheeted
surface over the plane. Hence the totality of the m-sheeted surfaces upon which
one can relate a given surface conformally and one-to-one, and so also of the
m-sheeted surfaces which one can assign to an equation f(w,z) =0 by one-to-
one transformation, is 0co?™Pt1=¢_fold. For each time 0o mappings give the
same m-sheeted surface, because by hypothesis every surface can be mapped
upon itself co? times.

Now there are, however, in all co®” m-sheeted surfaces, understanding by w
the number of branch points, i. e. 2m 4+ 2p — 2. For the surface is determined by
the branch points, as remarked above, in a finite number of ways, and branch
points of higher multiplicity arise by the moving together of simple branch
points, as was already explained concerning the corresponding crossing points
in g. 1 (cf. Figure (2) and (3) there). To each of these surfaces there belong, as
we know, algebraic functions. The number of the moduli is therefore w — (2m +
1—-p—0)=3p—3+o.

Let us remark on this that the totality of the m-sheeted

surfaces with w branch points forms a continuum® , as the corresponding fact
was already emphasised in g. 13 concerning the single-valued functions with m
infinity points existing on a given surface. We then conclude that the algebraic
equations of a given p likewise constitute a single connected manifold (where we
regard all equations that arise from one another by one-to-one transformation as
one individual). Only hereby does the stated number of moduli gain its precise
meaning: it is the number of dimensions of this connected manifold.

It now remains to determine the number o. This is done by the following
theorems:

1. Every equation p = o can be transformed one-to-one into itself 0o® times.
For on the associated Riemann surface there exist single-valued functions with

78



only one infinity point each in threefold infinite number (g. 13), of which one has
only to set any two as corresponding in order to have a one-to-one transformation
of the surface into itself. — More precisely the matter stands thus. If one of
the functions named is called z, all the others are (by g. 16) algebraic single-
valued, i. e. rational functions of z, and, since the relation must be reversible,
linear functions of z. Conversely every linear function of z is also a single-valued
function of position on our surface, with only one infinity point. Hence one will
obtain the most general one-to-one transformation of the equation into itself if
one assigns to each point z of the Riemann surface another by the formula:

_az+f
vz +46]

Z1

understanding by « : §: « : § arbitrary constants.

2) Every equation p = 1 can be transformed one-to-one into itself simply
infinitely often. For the proof consider the associated everywhere finite integral
W and in particular

*) This follows, e. g., from the theorems of Liroth and Clebsch, which one
finds derived in volumes 4 and 6 of the Mathematische Annalen.

the mapping which is made in the W-plane of the suitably dissected Riemann
surface. We have already done this in a particular case (g. 15, Figure (38)); an
exact elaboration in the general case will be all the less necessary as it concerns
considerations which are usually developed in detail in the theory of elliptic
functions. The result is that to every value of W there belongs one point and
only one point of the Riemann surface in question, while the infinitely many
values of W which correspond to the same point of the Riemann surface are
composed from one of them in the form: W + mjw; + maws, understanding
by mq, mgy arbitrary integers, by w1, wy the two periods of the integral. Under
one-to-one transformation a point W7 will have to be assigned to each point W
in such a way that to every increase of W by periods there corresponds one of
W1, and conversely. This does indeed succeed, but in general only in such a
way that one sets

W, =4+W+C

Ouly in the particular case (when the ratio of periods U‘*j—; has definite number-
theoretic properties) can Wi also be set equal to £iWW + C, or £oW + C' (un-
derstanding by ¢ a cube root of unity)*). Be that as it may, we have in every
case only one arbitrary constant in the transformation formulae, and so, corre-
sponding to its changing values, indeed simply infinitely many transformations,
as was asserted.

3) Equations p > 1 can never be transformed one-to-one into themselves
infinitely often.**)

As regards the analytic proof of this assertion, I refer to the presentations
of Schwarz

*) 1 cite this result, which is well known from the theory of elliptic functions,
in the text without proof.
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**) In this theorem a continuous'? family of transformations, thus trans-
formations with arbitrarily variable parameters, is meant. Whether a surface
p > 1 may not under certain circumstances pass into itself by infinitely many
discrete transformations remains undiscussed in the text; yet this too seems in
fact impossible for finite p.

(Borchardt’s Journal vol. 87) and Hettner (Gottinger Nachrichten, 1880,
p. 386). By intuitive means one can make the correctness of the assertion intel-
ligible as follows. Should there be infinitely many one-to-one transformations of
the equation into itself, it would have to be possible to displace the associated
Riemann surface continuously over itself in such a way that every smallest figure
remains similar to itself. The curves along which such a displacement took place
would in any case have to cover the surface completely and at the same time
simply. A crossing point evidently could not be present in this system of curves.
For one would have to regard such a point, so that no many-valuedness of the
transformation occurs, as a point remaining fixed, and so set the velocity of the
displacement equal to zero at it. But then a small figure which moves towards
the crossing point in the displacement would necessarily be compressed in the
sense of the motion and drawn apart perpendicular to it; it could therefore not
remain similar to itself, as is nevertheless required by the concept of conformal
mapping. — On the other hand, however, crossing points must necessarily be
present in every system of curves which covers a surface p > 1 completely and
simply. This is the same theorem which we set up, in somewhat less general
form, in g. 11. — The whole displacement of the surface into itself is therefore
impossible, which was to be proved.

By these theorems ¢ = 3 for p = 0, equal to 1 for p = 1, and equal to zero
for all greater p. The number of the moduli is therefore equal to zero for p =0,
equal to one for p =1, equal to 3p — 3 for greater p.

It will be well to add the following remarks. In order to determine the
point of a space of (3p — 3) dimensions, one will in general not suffice with
(3p — 3) quantities: one will need more quantities, between which algebraic (or
also transcendental) relations then exist. Besides this, however, it may also be
that one expediently introduces determining elements of which different series
each time denote the same point of the manifold. What relations obtain in this
respect for the (3p — 3) moduli which must exist for p > 1 has as yet been

only little explored. On the other hand the case p = 1 is exactly known from
the theory of elliptic functions. I mention the results relating to it in order to
be able to express myself precisely in what follows, for all my brevity. Let it
above all be emphasised that for p = 1 the algebraic individual (to use once
more this expression employed above) can indeed be characterised by one (and

3
9—2*). When it is said in what

follows that for the transformability of two equations p = 1 into one another the

equality of the modulus is not only sufficient but also necessary, the invariant

J is always meant. Instead of it one usually uses, as is known, Legendre’s 32,

only one) quantity: the absolute invariant J =

12 Editorial note: Printed “oontinuirliche”: the first letter is a clean italic o with an open
counter, identical to the second o, i.e. a wrong sort for c; read continuirliche.
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which is six-valued for given J, so that in the formulation of general theorems
a certain clumsiness seems unavoidable. This is the case in a still higher degree

w
when one introduces as modulus the ratio of periods =L of the elliptic integral
w

2
of the first kind, as is in other respects often expedient. Infinitely many values
of the modulus each time then denote the same algebraic individual.

g. 20. Conformal mapping of closed surfaces upon
themselves.

In the paragraphs that still follow, the principles developed may, as promised,
be pursued on the geometrical side, in order to gain at least the outlines of
a theory of the conformal mapping of surfaces upon one another*) and so to
correspond to the indications with

*) Cf. the account in the 14th volume of the Mathematische Annalen,
p- 112 ff.

**) The theorems to be set up in the text are for the most part not found
explicitly in the literature. For the surfaces p = 0 compare the already cited pa-
per of Schwarz (Berliner Monatsberichte 1870). See further a work of Schottky:
Ueber die conforme Abbildung mehrfach zusammenhdngender Fldchen, which
appeared as a Berlin inaugural dissertation in 1875 and was later (1877) printed
in revised form in Borchardts Journal vol. 83. It is concerned with such p-fold
connected plane regions as are bounded by (p 4+ 1) boundary curves.

which Riemann, as already remarked in the preface, concluded his disserta-
tion. In doing so I shall often have to restrict myself, as regards the cases p =0
and p = 1, so as not to become too lengthy, to a mere statement of the results
or an indication of their proof.

In asking first about conformal mappings of a closed surface upon itself, we
have to introduce a distinction of which there has so far been no question: the
mapping can take place without reversal of the angles or with reversal of them.
We have a mapping of the one kind when we bring a sphere into coincidence
with itself by rotation about the centre; we obtain the second kind when for the
same purpose we use a reflection in a diametral plane. The analytic treatment,
as we have used it hitherto, corresponds only to the mappings of the first kind.
If u+1iv and uy +iv; are two complex functions of position on the same surface,
u = uy, v = v; furnishes the most general mapping of the first kind (cf. g. 6).
But it is easy to see how one has to make the extension so as to comprehend
mappings of the second kind too. One has simply to set u = uy, v = —vy in
order to have a mapping of the second kind.

Let us first take from the developments of the preceding paragraph what
relates to mapping of the first kind. Making use of as geometrical a mode of
expression as possible, we formulate the following theorems:

Surfaces p = 0 or p =1 can always, surfaces p > 1 never, be carried over
into themselves infinitely often by mapping of the first kind.

For the surfaces p = 0 the single mapping of the first kind is determined

81



when one has assigned three arbitrary points of the surface to three arbitrary
points of it.

If p =1, one may assign an arbitrary point of the surface to a second at will,
and then has, for the determination of the mapping of the first kind, in general
a twofold, in the particular case a fourfold or sizfold possibility.

By these theorems it is of course not excluded that particular surfaces p > 1
may pass into themselves by separate transformations of the first kind. If this
occurs,

it forms a property invariant under any conformal alteration of the surface,
according to whose presence and modality particularly interesting classes of
surfaces can be singled out from the totality of the rest.*) But we shall not
pursue this point of view further here.

Concerning the transformations of the second kind we may state first that
every transformation of the second kind in combination with one of the first kind
gives a new transformation of the second kind. Now for the surfaces p = 0 and
p = 1 we know the transformations of the first kind completely on the ground
of the theorems stated. For them it will therefore suffice to investigate whether
one transformation of the second kind exists at all. For the surfaces p = 0
this is at once to be answered in the affirmative. For it suffices to pick out an
arbitrary one of the single-valued functions of position with only one infinity
point, = + iy, and then to set 1 = z, y1 = —y. For the surfaces p = 1 the
matter is otherwise. One finds that in general no transformation of the second
kind exists. For the proof it is simplest to take into consideration the values
which the everywhere finite integral W takes on the surface p = 1. Imagine the
points W = mjw; + mows marked in the W-plane, understanding by m1, mao,
as above, arbitrary positive or negative integers. One then shows easily that
a transformation of the second kind of the surface p = 1 into itself is possible
only when this system of points possesses an axis of symmetry. This is precisely
the case in which the absolute invariant J defined above exhibits a real value.
According as J < 1 or > 1, those points in the W-plane can then be regarded
as the vertices of a rhombic or of a rectangular system.

Now let p > 1. If for such a surface a transformation of the second kind
exists, it will in general not be

*) To such surfaces there correspond algebraic equations with a group of
one-to-one transformations into themselves. The remarks of the text thus aim
at such investigations as have recently been pursued by Hr. Dyck (cf. the already
cited paper in the 17th volume of the Mathematische Annalen: Aufstellung und
Untersuchung von Gruppe und Irrationalitét reguldrer Riemann’scher Fliachen).

accompanied by any further transformation of the same kind*). For oth-
erwise the repetition or combination of these transformations would furnish a
transformation of the first kind different from the identity. The transforma-
tion must therefore necessarily be a symmetric one, i. e. one which associates
the points of the surface in pairs. 1 will accordingly call the surface itself a
symmetric one.

For the rest, let there afterwards be comprehended under this name all sur-
faces whatever which admit transformations of the second kind into themselves
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that, applied twice, lead back to the identity. To these belong, as one sees at
once, the surfaces p = 0, as well as all surfaces p = 1 with real invariant.

g. 21. Special consideration of the symmetric sur-
faces.

For the symmetric surfaces, to which we wish here to direct our particular
attention, a classification at once results according to the number and kind of
the transition curves lying on them, i. e. of those curves whose points remain
unchanged under the symmetric transformation coming into consideration.

The number of these curves can in any case not be greater than (p + 1).
For if one cuts a surface along all its transition curves with the exception of a
single one, it still forms an undivided whole, since its symmetric halves still hang
together in the one transition curve. If, therefore, more than (p 4+ 1) transition
curves were present, more than p retrosections not dividing the surface could
be carried out on it, which is a contradiction to the definition of the number p.

Below this limit, on the other hand, every number of transition curves is
possible. It may suffice here to discuss the cases p = 0 and p = 1 in this sense;
for the higher p obvious examples then arise of themselves'3.

*) There are of course again surfaces which admit, besides a number of
transformations of the first kind, an equal number of transformations of the
second kind; they correspond to the regular-symmetric surfaces of Dyck’s paper.

1) When we bring a sphere into coincidence with itself by reflection in a
diametral plane, the great circle in which it is cut by the diametral plane forms
a transition curve. We obtain an assignment of the other kind by setting as
corresponding each two such points of the sphere as form the end points of a
diameter. Both examples are easily generalised. The analytic representation is
this. If a transition curve exists, there are single-valued functions of position
with only one infinity point which take real values on the transition curve. If
one of them is called = + iy, the transformation, as already given above as an
example, is given by 1 = x, y1 = —y. — In the second case one can choose
a function x + iy so that its values co and 0, as well as +1 and —1, represent
associated points. Then .

T+ iy

xT1 — iy =

is the analytic formula of the transformation in question.
2) In the case p = 1 we must, as we know, in any case take the invariant
J real. Let it first be > 1. Then we can normalise the associated everywhere
finite integral W (by adding a suitable constant factor) so that the one period
becomes real, equal to a, the other purely imaginary, equal to ¢b. If we then set
(for W=U+iV):
U=U0, Vi =-V

13 Editorial note: A full stop is printed after selbst, in the middle of the sentence; the sense
requires none, an apparent misprint.
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we have a symmetric transformation of the surface p = 1 with the two transition
curves:

V=o V=
if on the other hand we write:

U1:U+g, Vi=—V,

which is again a symmetric transformation of our surface, we have the case in
which no transition curve arises. — The case with only one transition curve
occurs when we take J < 1. We can then choose W so that its two periods
become conjugate complex.
We then again write
U=U, Vi =-V

and have a symmetric transformation with the one transition curve V = 0.

Beside the first distinction of the symmetric surfaces according to the number
of transition curves, hereby explained, there stands, however, yet a second. I
will for a moment exclude the cases of 0 or (p + 1) transition curves. Then
a twofold possibility presents itself from the outset. A cutting of the surface
along all the transition curves may namely either bring about a falling apart
of the surface, or not. Let m be the number of transition curves. One then
shows easily that p — m must be odd if a falling apart is to occur. No further
restriction exists, as one proves by examples. We will accordingly distinguish
symmetric surfaces of the one and of the other kind, and reckon to the former
(the falling-apart) surfaces the surface with (p + 1) transition curves, to the
latter the surface without transition curve.

These theorems possess a certain analogy with the results which the inves-
tigation of the shape of curves of given p has attained in analytic geometry.*)
And indeed it turns out that this analogy is a well-founded one. Analytic geom-
etry occupies itself in those investigations (in the first instance) only with such
equations

f(w,z) =0,

as possess real coefficients. Let us first note that every such equation does
indeed determine a symmetric Riemann surface over the z-plane, inasmuch as
the equation, and so also the surface, remains unchanged when one replaces w
and z simultaneously by their conjugate values

*) Cf. Harnack: Ueber die Vieltheiligkeit der ebenen algebraischen Curven,
in vol. 10 of the Mathematische Annalen, p. 189 ff.; compare further p. 415, 416
there, where I have given the division of those curves into two kinds. Perhaps it
is expedient in these investigations to choose the theory of symmetric surfaces
and Riemann’s theory, as both are presented here in the text, outright as the
starting point.

— and that the transition curves on this surface correspond to the real series
of values of w and z which satisfy f = 0, i. e. exactly to the various branches
which the curve f = 0 exhibits in the sense of analytic geometry.
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But the converse inference too is easily made. Let a symmetric surface, and
on it an arbitrary complex function of position w + iv, be given. Under the
symmetric transformation our surface undergoes a reversal of the angles. If,
therefore, one attributes to each point of the surface such values uy, v, as its
symmetric point exhibits under the designation u, v, then u; —iv; will be a new
complex function of position. Now form:

U+iV =(u+uy)+i(v—oy),

and one has an expression which in general does not vanish identically; for this
purpose it suffices to assume the infinity points of u + iv in an unsymmetric
manner. One thus has a complex function of position which exhibits at symmet-
rically situated points equal real, but equal and opposite imaginary values. —
Of such U 4 iV let any two, W and Z, which are moreover to be single-valued
functions of position, now be picked out. The algebraic equation existing be-
tween them then has the property of remaining unchanged when one replaces
W and Z simultaneously by their conjugate values. It is therefore an equation
with real coefficients, whereby the required proof is indeed furnished.

To these considerations I attach some further remarks on the real one-to-
one transformations of real equations f(w,z) = 0 into themselves, or, what
is the same thing, on such conformal mappings of the first kind of symmetric
surfaces upon themselves in which symmetric points pass over again into sym-
metric points. In infinite number such transformations can occur, by the general
theorem of g. 19, only for p = 0 and p = 1; we therefore restrict ourselves to
these cases. Let us first take p = 1. Then we see at once that among the
transformations set up earlier only those

Wy =W +C

come into consideration in which C' denotes a real constant. Analogously in
the first case p = 0. The relation z; = z, y; = —y remains unchanged when
one subjects x + iy = z and x1 + iy; = z; simultaneously to the same linear
transformation:

, az+p
z =
vz + 90

where the ratios a : B : v : § are real. In the second case p = 0 the matter
is somewhat more complicated. In it too linear transformations with three real
parameters are possible. But for the z introduced above they take the following
shape:
o (a+1ib)z + (c+ id)
—(c—id)z + (a —ib)’
where a : b : c: d represent the three real parameters. This result is implicitly

contained in the investigations which relate to the analytic representation of the
rotations of the x + iy-sphere about its centre.*)
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g 22. Conformal mapping of different surfaces
upon one another.

When it is now a matter of mapping different closed surfaces upon one another,
the preceding investigations on the conformal mapping of closed surfaces upon
themselves furnish the necessary subsidiary determinations, which state how
often such a mapping can be carried out, in so far as one is possible at all.
Surfaces which can be conformally mapped upon one another possess in any case
(as already emphasised) corresponding transformations into themselves. One
therefore obtains all mappings of the one surface upon the second by combining
an arbitrary mapping with all those which carry one of the two surfaces over
into itself. I shall not come back to this further.

Let us now consider first general, i. e. non-symmetric surfaces. Then the
enumerations of

*) See in particular: Cayley, on the correspondence between homographies
and rotations, Mathematische Annalen, vol. 15, p. 238—240.

g. 19 concerning the moduli of algebraic equations come immediately into
force. We have first:

Surfaces p = 0 can always be conformally mapped upon one another; and
find moreover that the surfaces p = 1 possess one, the surfaces p > 1 (3p — 3)
moduli indestructible under conformal mapping. Each such modulus is in gen-
eral a complexr constant. Corresponding to the circumstance that for symmetric
surfaces real parameters must be taken into consideration, we will think of it as
split into its real and its imaginary constituent. Then we have:

If two surfaces p > 0 are to be mappable upon one another, then in the case
p =1 two, in the case p > 1 (6p — 6) equations between the real constants of the
surfaces are to be satisfied.

In turning now to the symmetric surfaces, we have yet to make a small
intermediate consideration. First it is evident that two such surfaces can be
related symmetrically to one another only when, besides the same p, they present
the same number 7 of transition curves and moreover both belong either to the
first or to the second kind. For the rest, repeat specially for the symmetric
surfaces the enumerations of g. 13 concerning the number of constants contained
in single-valued functions, under the condition that only such functions are
taken into consideration as exhibit conjugate imaginary values at symmetric
places. With this then combine, after the pattern of g. 19, the number of
such many-sheeted surfaces constructible over the Z-plane as are symmetric
with respect to the axis of real numbers. In order to avoid the occurrence of
infinitely many transformations into themselves, I will first assume that p > 1.
The matter is then so simple that I need not carry it out specially. The difference
is only that the constants coming into consideration, formerly unrestricted, are
now compelled to be either individually real or conjugate complex in pairs. In
consequence of this all the arbitrary elements are reduced to half. We may say
as follows:

For the mappability of two symmetric surfaces p > 1 upon one another there
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is required, besides agreement in the attributes, the existence of (3p—3) equations
between the real constants of the surface.

The cases p = 0 and p = 1, which were here excluded, are already implicitly
settled in the preceding paragraph. Of course two symmetric surfaces p = 1
which are to be mappable upon one another must possess the same invariant J,
which furnishes one condition for the constants of the surfaces, inasmuch as J
is in any case real. For the rest, however, one finds at once that the mapping is
always possible as soon as the symmetric surfaces agree, as must of course be
demanded, in the number of transition curves.

g. 23. Bounded surfaces and double surfaces.

On the ground of the results now obtained we can bestow on the investigations so
far on the mapping of closed surfaces an apparently considerable generalisation,
and it is precisely for this reason that I have considered the symmetric surfaces
at such length. For we can now take into consideration bounded surfaces and
double surfaces (whether the latter be bounded or not) and settle at one stroke
the questions relating to them. For this it is required, as regards the introduction
of the boundary curves, that we free ourselves from a certain restriction which
we have presupposed hitherto, though only implicitly. We have so far thought
of the surfaces on which we operated throughout as continuously curved, or at
any rate affected with discontinuities only at single points (the branch points).
But nothing prevents us from now admitting other discontinuities afterwards as
well. We may, e. g., imagine that our surface is composed, polyhedron-fashion,
of a finite number of different (in general themselves curved) pieces which meet
at finite angles. For we can think of electric currents running on such a surface
just as well as on a continuously curved one! Under these surfaces the bounded
surfaces can now be subsumed.*

Regard namely the two sides of the bounded surface as polyhedral surfaces
which meet along the boundary curve (thus throughout at an angle of 360 de-
grees), and now treat, instead of the original bounded surface, the total surface
composed of both sides.**) This total surface is then indeed a closed surface. But
it is moreover a symmetric surface. For if one interchanges the points of the
two sides of the surface lying one above the other, the total surface undergoes
a conformal mapping upon itself with reversal of the angles. The boundary
curves are here the transition curves. But at the same time our division of the
symmetric surfaces into two kinds gains an important and decisive significance.
The ordinary bounded surfaces, on which one can distinguish two sides of the
surface, evidently correspond to the first kind. To the second kind, however,
correspond the double surfaces, on which one can pass from one side of the
surface to the other by continuous progress over the surface. The case is also
not to be excluded (as already indicated) that the double surface may possess
no boundary curve at all. We then have before us a symmetric surface without
transition curve.

I now consider in turn the various cases to be kept apart.
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1) Let first a simply bounded, simply connected surface be given. Such a
surface appears for us as a closed surface p = 0 which is symmetrically related
to itself with the occurrence of one transition curve. We thus find that two such
surfaces can always be related conformally

*) I owe this conception to an occasional conversation with Hr. Schwarz
(Easter 1881). Compare p. 320 ff. of the already named paper of Schottky in
the 83rd volume of Borchardt’s Journal, as well as the original investigations of
Schwarz on the mapping of closed polyhedral surfaces upon the sphere (Berliner
Monatsberichte 1865 p. 150 ff., Borchardt’s Journal vol. 70, p. 121—136, vol. 75,
p. 330.)

**) For brevity I express myself in the text as if the original surface had
been a two-sided surface, while it is nevertheless not to be excluded that it is a
double surface.

to one another by mapping of the one or the other kind, and that in each of
the two cases one still has three real constants at one’s arbitrary disposal. We
can use the latter in particular to assign an arbitrary interior point of the one
surface to a correspondingly situated point of the other surface, and moreover
an arbitrary boundary point of the one surface to an arbitrary boundary point
of the other. This mode of determination corresponds to the known theorem
which Riemann gave concerning the conformal mapping of a simply bounded,
simply connected, plane surface upon the surface of a circle, and explained in
detail in No. 21 of his dissertation as an example of the application of his theory
to problems of conformal mapping.

2) We consider further double surfaces p = 0 (without boundary curves).
From gg. 21, 22 it follows at once that two such surfaces can always be re-
lated conformally to one another, and that one still has, corresponding to the
concluding formulae of g. 21, three real constants at one’s free disposal.

3) The various cases coming into consideration here which give a total surface
p = 1," we consider together. To them belong first the doubly bounded, doubly
connected surfaces, that is, surfaces which in the simplest case we may imagine
as closed bands. To them belong further the familiar double surfaces with only
one boundary curve, which one obtains when one bends together the two narrow
sides of a rectangular strip of paper after having twisted the strip through 180
degrees. To them belong finally certain unbounded double surfaces. One can
form a picture of them by, say, turning a piece of india-rubber tubing inside
out and now letting it penetrate itself in such a way that, when the ends are
bent together, the outer side comes together with the inner side. Concerning
all these surfaces the earlier theorems state that the mappability of the single
surface upon a second of the same kind presupposes the existence of one, but
only one, equation between the real constants of the surfaces, but that the
mapping, if possible at all, can take place in infinitely many ways, since one has
a double sign and a real constant at one’s free disposal.

4) We now take the general case of a two-sided surface. Let the surface

14 Bditorial note: Printed with a stray period before the comma after ergeben; apparently
a spurious mark.

88



possess m boundary curves and moreover admit p’ retrosections not dividing it,
where either p’ > 0 or m# > 2 must hold. Then the total surface formed from
front and back sides will admit 2p’ + 7 — 1 retrosections not dividing it. For
one can, firstly, now use doubly (on the front side as well as on the back side)
the p’ retrosections possible by hypothesis on the single side of the surface; one
can further make cuts along (7 — 1) of the boundary curves present, without
the total surface ceasing to form a single connected piece of surface. We shall
therefore set p = 2p’ + 7™ — 1 in the theorems of the preceding paragraph, and
have:

Two surfaces of the kind considered can be mapped upon one another, if at
all, only in a finite number of ways. The mappability depends on 6p’ + 3w — 6
equations between the real constants of the surfaces.

5) We have finally the general case of the double surface with = boundary
curves and P retrosections possible, besides the boundary curves, on the surface
thought of as doubled. Leaving aside the three possibilities considered under 2)
and 3) (P =0,7=0or 1, and P =1, 7 = 0), we obtain the same theorem
as under 4), only that everywhere instead of 2p’ + 7 — 1 the sum P + 7 is to
be written, where P may be an even or odd number at will. In particular,
the number of real constants of a double surface which remain unchanged under
arbitrary conformal mapping amounts to 3P + 3w — 3. —

Under the results hereby obtained the general theorems and developments
which Herr Schottky has given in his repeatedly cited treatise are subsumed as
special cases.

g. 24. Concluding remark.

The developments of the last section of this work, now brought to an end,
were, as has repeatedly been said, to correspond to the indications with which
Riemann concluded his dissertation. To be sure, we have restricted ourselves to

one-to-one relation of two surfaces by conformal mapping. Riemann, as he
states, had in mind many-valued relation just as well. One would accordingly
have to imagine each of the two surfaces being compared as covered with several
sheets, and only then relate the many-sheeted surfaces so arising conformally
and one-to-one. The branch points which these many-sheeted surfaces may
possess would furnish as many new complex constants at our disposal. — On
this it is to be remarked that we have already taken into detailed consideration
at least one case of such a relation. By spreading out an arbitrary surface in
many sheets over the plane (g. 15), we have established between surface and
plane a relation which is many-valued on the one side. It is then further to
be emphasised that precisely this special case also allows two arbitrary surfaces
to be related many-valuedly to one another. For once the two surfaces are
mapped upon the plane, they are, through the mediation of the plane, also
related to one another. — With these remarks the question of many-valued
mapping is of course by no means exhausted. But a foundation for its treatment
is nevertheless gained, in that it is shown how it fits into the other function-
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theoretic speculations of Riemann, of which we had here to give an account.
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