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PREFACE.

Almost two years ago, when I resolved to examine the theory of elliptic func-
tions more closely, I came upon certain questions of the greatest weight, which
seemed both to give that theory a new aspect and to advance the whole analytic
art remarkably. When these had been brought to a happy conclusion, hardly
expected on account of the difficulty of the matter, I communicated their first
moments to the Geometers briefly and without demonstration, and soon after-
wards, when it was desired more urgently and credence seemed hardly to be
given to the new discovery, with the demonstration added. At the same time
I was urged to publish the complete system of the questions I had undertaken.
To satisfy this wish at least in part, I have resolved to publish the foundations
on which my questions are built. These new foundations of the theory of elliptic
functions we now commend to the indulgence of the Geometers.

So that the book might come out as free from the printers’ faults as could
be managed, Cl. Scherk! was willing to take charge, to whom I profess myself
greatly obliged in this matter. What remains to be corrected has been added
at the end.

I wrote this in the month of Feb. of the year 1829

at the Univ. of Konigsberg.

L Editorial note: translator’s note: “Cl.” is the honorific Clarissimus, “most distinguished”,
which Jacobi prefixes to the name of a living colleague throughout; it is kept here in his own
abbreviated form.
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ON THE TRANSFORMATION OF ELLIPTIC
FUNCTIONS.

STATEMENT OF THE GENERAL PROBLEM OF TRANS-
FORMATION.

1.

dd
V- 2Sma?’
and which constitute the first species of the so-called Elliptic Functions, depend
on a twofold Argument, both on the Amplitude ¢ and on the Modulus k. By
comparing with one another the values of such a function, which it takes for
different Amplitudes while the Modulus remains the same, Analysts had dis-
covered many excellent things, which concern the Addition and Multiplication
of these. We have recently seen this question carried forward in a marvellous
manner by Cl. Abel in a Memoir, greater than our praise (See Crelle Journal
fir reine und angewandte Mathematik V. II.).

There is another question, of no less moment — indeed, taken in the widest
sense, involving that one — concerning the comparison of Elliptic Functions to
be set up for different Moduli. This question, after the splendid discoveries of
Cl' Legendre — the Founder of the Theory of Elliptic Functions — we were the
first to recall to certain principles, and we have given its general solution (See
Astronomische Nachrichten A. 1827. No. 123. 127). This theory of ours on

The most memorable integrals, which are exhibited by the Formula /

2 Editorial note: The print has ununquemque, a misprint for unumquemque.



Transformation, and whatever else flows from it into the Analysis of Elliptic
Functions, we shall now set forth more fully.

2.

The Problem which we propose to ourselves is this, in general:
A rational Function y of the element x is sought, such that there be:

dy dx
VA +By+Cy?+ Dy + Ey*t A+ Br+ Ca? + Dad + Ex?
We see that this Problem embraces both Multiplication and Transformation.
Innumerable examples had long been established of such rational functions
y, which satisfy the proposed problem. It was first known that, whatever whole

odd number n be given, a rational function y of this kind can be exhibited, such
that there be:

n

dy B ndx _
A+ By + Cy? + Dy3 + Ey* VA+ Bz + Ca? + Da® + Ex?’

which is the theorem on Multiplication. To this end the form must be employed:

_a+adx+ a'z? 4+ a3 + .+ alv) g
b+ ba+ bz +b"x3 4+ ... 4 bnn)gnn
the Coefficients a,a’,a”,....; b,b',b",... being duly determined. It has also
been sufficiently long explored that this form:

)

a+dx+ a'z?

Yo b va+ 072
or this more general one:
Catdztadz?+d"3 + .+ a2
b4+ ba 4+ b"z2 +b"x3 + .. bEM) g2
which takes its origin from repetition of that substitution, can be so determined

as to solve the problem. Quite recently it has also been proved by Cl° Legendre
that this form, duly determined, can be employed to that end:

_ a -+ &/aj + a//x2 + a///xS
y= bbo+b'x2+ g3’
or again, the same substitution being repeated, this more general one:

_atdz+ad?+ad"P 4.+ aB™) 3"
b bao+b'x2 by .. 4+ pB™)g3m
From these forms joined together it is clear that the problem can be satisfied,
with a suitable choice of the Coeflicients, by putting:

a+dz+a'z?+a"23+ ... +aPgp

bt bz + b2+ b7z + .+ bP)ap

provided p be a number of the form 243%(2m + 1)2. In what follows it will
now be proved that the same holds whatever number p may be.

I



PRINCIPLES OF TRANSFORMATION.
3.

Let U, V denote rational integral functions of the element z; let further y = %;
there results:
dy _Vdu -Udv
VA +By+Cy?+ Dy + Byt vY

where for brevity’s sake we have put:
Y =AV'+B'VU+C'V?U? + D'VU? + E'U*.

The fraction 7‘/ v YU v may be reduced to a simpler form whenever Y has
double factors; indeed, when besides four linear factors different from one an-
other there exist among the remaining ones pairs equal to each other, that
fraction returnsd of its own accord to the Differential of an Elliptic Function
x
U\V/A+ Bz + Ca? + Da® + Ex?’
x. Let us examine this case more accurately and see how many and what Con-
ditions it demands for itself.

Let the functions U, V be, the one of the p* order, the other of the m', so
that m < p: then Y will be of the (4p)" order. Now in order that, four linear
factors excepted, of the remaining factors of the function Y, whose number is
4p — 4, pairs may come out equal to each other, (2p — 2) Conditions will have to
be satisfied. For as many double linear factors as the proposed function must
have, so many Conditional Equations must hold among its Coefficients.

But in the functions U, V there are present m+p+2 Constant Indeterminate
Quantities, or rather m+p—+1, since one of their number may be put = 1. Their
number is therefore either equal to the number of Conditions 2p — 2 or exceeds
it, provided it be supposed that m is one of the numbers p—3, p—2, p—1, p, in
which cases the number of Indeterminates becomes respectively 2p — 2, 2p — 1,
2p, 2p + 1. That the two former cases are to be rejected will be demonstrated
below, and it is clear in this way as well. For when functions U, V have been
found which procure for the function Y that prescribed form, if in place of
x there is substituted « + Sz, neither is the order of the functions U, V, Y
changed, nor the number of double factors of the function Y: whence we may
at once introduce two Arbitrary Quantities into the solution found.

Therefore the number of Indeterminates must exceed the number of Condi-

tions by at least two units, whence the cases m = p — 3, m = p — 2 are to be
o+

U denoting a rational function of the element

T
rejected. Further we see that, with put in place of z, the third case is

reduced to the fourth and the fourth is not changed at all, so that in this case
three Indeterminates both remain arbitrary and must remain so.

It is now therefore established, so far as it is permitted to conclude from
comparing the number of Indeterminates and the number of Conditions with



one another, that whatever number p may be, the form:

_ a—&—a’m—&—a”mQ—!—...—!—a(?’)x”.
I e R AP

can be so determined that there be:
dy B dx
VA +B'y+C'y2 + D'y®+ E'y*  MVA+ Bx+ Ca? + Dad + Ext

M denoting a rational function of x; indeed that the solution can involve three
Arbitrary Quantities.

4.

In order that that function M may be determined, let Y = (A + Bx + Ca? +
Dx3 + Ex*)TT, T denoting a rational integral function of the element x: there
will be

. au av
T itself will be of the order (2p — 2)*; nor can Vd— - Ud— be of greater. Now

in certain cases it is established, namely where the nurriqber p has that form
2238(2n + 1)2, that M even becomes Constant. The same will be proved in
general in what follows, whatever number p may be.

We may suppose that the functions U, V do not have a common factor; for

with a common factor added, the fraction % = y is not changed. Let us resolve
the expression
A/ +B/y+0/y2 +D/y3 +E/y4
into linear factors, so that there be:
A+ By+C'y* + D'y’ + Byt = AL (1 —a'y).(1 = B'y)(1 = 7'y)(1 = &'y),
whence also:
Y = AV B'V3U+C'VU+D'VUHE'U* = A(V-'U)(V-BU)(V—+'U)V-5§U).

Now there cannot exist a factor which is common to the quantities V —a'U,
V —pB'U,V—+'U, V — U, either to all or even to only two of their number;
for the same would at once measure both V' and U, which we have supposed
not to have a common factor. Therefore where some linear factor measures the
function Y twice, it is necessary that the same also measure twice some one of
the quantities V —'U, V — /U, V —~'U, V = §'U.



Now let the following equations be noted:

,

V- a’U)% _ AV =dl) ;;‘/U) U= V% - U%

(V- 6’U)% _ AV -FU) df/U) U= V.% - U%

v —W’U)i% - W.U _ % - U‘%
-

(V- 5’U)% - 7d(vdm5 9y - V.% - U%,

from which it follows that a factor which measures some one of the quantities
V—-adU,V—-pU,V—+'U,V —4§U twice, and therefore also its differential,

dUu dv
measures the expression VE -U i well. But the product of all those
factors, which also measure Y itself twice, we have put = T, whence T will
measure V@ - Uﬂ itself. But T is not of lower order than V(Cil—U — UZ—V
T T

x X
itself, whence we see that

_ T
T dU dv
Ve Va

M

passes over into a Constant.
Let us further remark that, where one of the functions U, V had been of

. dU av
lower order than the (p—1)%, V—x -U . itself would also have been of lower

order than T, which nevertheless ought to measure it; since this is absurd, the
cases m = p — 2, m = p — 3 had to be rejected.
It is now therefore demonstrated that the form:

B a+dz+a?+... +aPygP
Y vzt b2+ ... + b0

)

whatever number p may be, can be so determined that there result:

dy dx
VA + By +C'y2 + D'y3 + E'yt "~ VA4 Bz + Ca® + Da® + Ea?t

This is the Fundamental Principle in the Theory of Transformations of Elliptic
Functions.

3 Editorial note: In the print the letter z is missing before the exponent in the terms a’/z2

and b"z? (printed as a”’2 and b""2), and the x of the last terms is set low beside the p.



THE EXPRESSION dy IS PRO-
VE —a)(y—B)y— )y —9)

POSED, TO BE REDUCED TO THE SIMPLER FORM
dx

M=) = k)

5.

4By the aid of the three Arbitrary Constants, which we have seen the solution
of our Problem to admit, the expression A + Bx + Cx? + D2? + Ex* can be
reduced to this simpler one: A(1 — 22)(1 — k%22). In order that this and the

rest which have just been demonstrated may also be shown by examples, let it
be proposed to transform the given expression:

dy
VEY—a)y—B)(y—1)(y —9)

by making the substitution:

a+dx+a'z?

Y S b va v
into this simpler one:
dx
My/(1—22)(1 — k222)
The question is how the substitution to be employed, the Modulus k£ and the
Constant factor M are to be determined from the given quantities «, 3, v, 4.

Let a+dz+a"22=U,b+bax+b'22=V,y= v by the principles just

set forth there must be:
(U—=aV) U —BV)U —=4V)U —6V) = K(1—2*)(1 —k*2%) (1 +mz)*(1 +nzx)?,

K denoting some arbitrary Constant. Hence we see that two of the number of
factors U — aV, U — BV, U —~V, U — 6V, which will be of the second order,
even become squares. Let us therefore put:

U—~V =C(1+mzx)?

U— 6V =D(1+nx)

Now as regards the remaining factors U — oV, U — SV, there can be put
either:

U—aV =A(l—2?%, U- BV =B(1 - k?2?), or:
U—-—aV=A(1-2)1—kzx), U-pBV =B(1+z)(1+kz),

4Editorial note: In the heading above the factor is printed as (1 — z) instead of (1 — z2)
(compare the index and the text of this section); an apparent misprint.



A, B, C, D denoting Constant quantities. The former is to be rejected. For
there would result

U-aV y—a A 1- x2

U-pv B B 1-— k222’

whence it would follow that, the element x being changed into —x, y remains
unchanged, which is clearly absurd from the equations:

U-aV y—a A 1-k?
U-7V  y—~ B (1+maz)?
U—-aV y—a A 1— k2
U—-0V y—6 D (14+nz)?

5 There must therefore be put:
1) U—aV=A1-2).(1-kx)
2) U-pV=B(1l+uz).(1+kx)
3) U—1V =C(1+mz)?
4) U -6V = D(1+nzx)?

It is fitting to remark that of the Constants A, B, C, D one can be determined
at will.

6.
. . . 1
We see from equation 1), both on putting = 1 and on putting x = E’ that
U = V. Hence from the equation:
U-vV C  (1+ma)?
U—-BV B (1+x)(1+kx)
with = = 1 put, there results:
a—y _C (1+m)* m)?
a—B B’ (1 + k)
) 1
with z = % put:
ma 2
a-y_c (1+5)
a—p B’ 1\’
2(14 -
(%)
5 Editorial note: In these two displays the print has 4 - ﬁ and g (11_;#)2, evidently

a misprint for the correct factors é% and 4 U(ﬁ#

list these places). The copy also carries faint hand correctlons in ink (a C over the B and an
added 2?2 in the second display), which are not transcribed.

(the author’s Corrigenda



whence:

(1+m)2:k(1+%)2.

In an entirely similar manner is found:
2
(1+n)2:k(1+%) ,

whence m = vk, n = —Vk. For it is not permitted to put m and n equal; for
U-V _y—vy

U0V y—0o and therefore y itself, would pass over

then the expression

into a Constant.
Now in the equation:

2
U-9V  y—v g 1+ Vkx
U-6V y—6 D’ —Vkux

6 let there be put first = +1, in which case U = aV; then z = —1, in which
case U = BV the two following equations result:

a—7y 1+\f
a—48 D 1-vVk
B—y _CJ1-Vk i
B—6 D\1+vk|

These equations being multiplied into one another, there comes:

C  Jla=y)(B-7)

D \@-—9B-0
whence it is permitted to put:

C=vV(=7)B-7)
D= /(a=6)(B—10);

for of the quantities A, B, C, D one could be determined at will.
From the same equations, the one being divided by the other, we obtain:

1+ VE_ a0,
1-vVEk  {la=0)(B—7)

iz V(a=2)B -9 - e —9({E 1)
\/( )6 8)+ /(a=8) (B )

6 Editorial note: The print has the radicand k.z under one bar in both roots; the author’s
Corrigenda ask for \/Er instead.

whence:
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Let the formula be further noted:

O R/ et Gt R/ G )
TR a0 - Va0 )

)

whence:

1) /@ DF )
S k>(l \/E> N R N CEDI D)

1 4@ =) BF=3)
(”m(”ﬁ) Vo000 V@ 0G-

In order that the Constants A, B may be defined, I observe that from equations
1
1), 2), 3), with # = — put, by which U = §V, there is obtained:”

vk
Al —Vk) (1— }{)

7 4y/(a =) (B =)

1
55 B(1+\/E)<1+\/;>
5 — ’

- 4y/(a=7)(B—")
8 whence:
— — -4
A= 2D L =5 - Via— - )
— -0

5= YOI == - Via— 06—}
7.
From the general principles established above by us it follows that in our example

dUu dv
the expression Vd— - Ud— will be equal to the product (1 + vVkz)(1 — Vkz)
x

multiplied into a constant quantity, which is confirmed by the calculation made
as follows.
There results, as is established by carrying out the expansion:

AU dv d(V - 8U) d(V —4U)

-0 (v - ) == vy

7 Editorial note: The author’s Corrigenda (printed p. 189, for p. 9) direct that U and V
be interchanged throughout this page; the print is reproduced as printed.
8 Editorial note: The denominator of the first fraction is printed 4+/(a — v)(8 — d), while

that of the second is 44/(a — 7v)(8 — v); the derivation would suggest (8 — ) in the first as

well.
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But we have obtained:

V =AU = C(1 + Vk.a)?
V —6U = D(1 —Vk.z)?,

whence:
W —20(1 + Vka)VE
W = —2D(1 — Vk.z)VE.
Whence results:
(v —9) <vdU - Udv) = +4VECD(1 + VE2)(1 — Vk.x).
dx dx
9 All these things being duly collected, we obtain:
dy _ +4Vk [ CD dz .
Ve-a)y =By -y -0 70V —AB/(1—a?)(1 - k%)
whence:
_1-06 [-AB _ (a—4)(B-0) — /(e - 0)(B )
+4vkV CD Wk
_ { Y@=NE=0)+ Y@=F - }
2 b
whence:
dy _ dx _
V- —a)y=B)y—Ny—0) M/(1—2?)(1—k=a?)
dx
R R R G ) A N A A G [
(= |

With (o —7).(8 —0) =G, (o —6)(8 — ) = G’ put, there results:
dx B dz

M.A/(1—22)(1 — k2z?)
V1—1x2 ( 5 5

9 Editorial note: The author’s Corrigenda (printed p. 190) direct that —Vk be replaced by
++k in lines 2, 4 and 6 of this page; the scan shows +4+v/k in all three displays, as given here.
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Let G = mm, G’ = nn, let further:
1

m' = S(m+n),

9 vmn

nl
m' — 5(f,n/ Jrn/), n! — mn,
there will be, with = Sin ¢ put:

dx . d¢
M\/(1 —22)(1 — k222) B V/m"m"” Cos ¢ + n''n'" Sin ¢2

Moreover the value of x is most easily computed by the aid of the formula:

1-Vka _ J(a=NB-1) [y-6
14+ Vk.a (a=08)(B=0) \y—o

where:
\/E B {1/5_ NAel o m'm!" — n!'n’
- {1/5+ \4/@ - m’'m"
8.

The quantities «, 3, 7, d in the proposed formulae may be permuted among
themselves at will. What is placed at our discretion becomes fixed and defined
as soon as the condition is added that, if it can be done, the transformation
succeed by a real substitution. Let us examine this more accurately.

Let us suppose the quantities a, 3, v, d all to be real; let further o > 8 >
v > 4, so that a — 3, a — 7y, a — § are positive quantities. Now a distinction
will have to be made according to the limits between which the value of the
argument y is contained:

1)dand vy, 2)~vyandp, 3)Fand o, 4)«aand?d.

In the last case suppose the passage from « to § to be made through infinity.
1

We see the expression

become real only in the

Vy—a)y—B)y— )y —9)

second and fourth case, the expression
V=(y—a)(y = B)(y — )y —9)

the first and third case. The real substitutions which correspond to those four

cases will be indicated by Table I. Then let us embrace in Table II the formulae
dy

VEY =)y —B)y—7)

simpler one by a real substitution, for the limits between which the value of the

argument y is contained:

only in

which serve for transforming the expression into a

1) —ocandy, 2)yand B, 3)Pandc«w, 4)aand + co.

These formulae can easily be derived from Table I by dividing by § and then
putting § = —o0.

13



TABLE 1.

A dy _ dx
Viy=a)ly=By -y -9 VI-2>VIT- N
L:i‘/(a*v)(ﬂ*5)+§‘/(a*ﬂ)(vfﬁ)
2
R B e I
. L=Nz _ 4/ 555/?47
I. Limits: a.. £00..9: I+ Vs =) =5)
~ L—-Nz 0)(y —9) a—y
II.  Limits: ~.. S ey o B)a=7) 1/
B.
dy
V= —a)ly—B)y -7y —9) \/1—332\/L4 Nig?
[ V=B +Y(e-0B-1)
2
N Ve=)B-9 - /la-05)(B-1)
2
cmits: 5. o LN fla=7B-9) Jy-9
I. Limits: 8....«: I+ Na \/(a—é)(ﬁ—é)'\/y—’y
o  L—-Nz _ Jla=y)(a=0) |[B-y
II. Limits: 6....v: L+Nx_\/(ﬁ—fy)(ﬂ—5) \/a—y
TABLE I1.
A.

dy _ dx
Vi—a)y—B)y—v) V1-a2VLi— Nig?
L: \AL/(T’Y‘F \/4a_/8

2
. \/ﬁ_ﬁ

. L - Nx o — Yy vy
I. Limits a.. o0 :
imits « L+ Nz \/:\/7

L— in
L+Nz  {/(a- ﬁ)(a—v)

II. Limits v....0:

14



dy _ dx
V-—a)y—B)y—v) V1-2>VL - Nz?
_ Vo= + VB

2
_ Vo= -VB—~y

2
L—Nz  /(a=7)(B-7)
LNz -4
—7
—

o L—- Nz o 8-y
II. Limits —o0o0...7: = 1/ .
imits —oo...v L1 Na 3 oy
9.

In these formulae, for the assigned limits, = passes from —1 up to +1 and at the
same time y from one limit to the other. But with the limits which correspond
to formulae I and II interchanged with one another, we see an imaginary value
of the form +iR produced for the expression f;%i, with ¢ = v/—1 put and R
denoting some real quantity; and for x itself the form is procured

L

N

I. Limits g8....a:

Let®  ¢® L—Nz 1—¢® e~
= —; whence =

N o Vk
eifb

The form to which we have been carried on this occasion, x = N let us
dz
(1—22)(1—k2z?)

P P

5 5 ) o
=— 5 :—ztangg.

2 2

L+ Nz 1+4e® -4

substitute in the expression . There results:

dz B ie'®dd _ d®
VI —22)(1 — k22?) \/E\/(l - ezkm,> (1 ke V(0 — ke2i®) (1 — ke-2%)
do do

B V1 —2kcos2® + kk B V(I —k)2cos @2 + (1 + k)2 sin @2

This substitution indeed seems to us sufficiently memorable. From it there also
flows the following more general formula, by putting z = sin :

k" siny?"dy  (cos2n® + isin 2n®) dP
V1—K2sing? V1 —2kcos2® + kk

)

whence for the limits 0 and 7 is obtained, the imaginary part vanishing:

VI KZsng?  Jo vI—2kcos2® +kk  Jo v1-2kcos® + kk’

which is a succinct demonstration of the memorable formula put forth by Cl.
Legendre. From Tables I and II two others may be derived as follows, the limits

/’T k™ sin 2™ dy T cos 2n® dd T cosn® dP
0
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between which the value of y is contained being interchanged, and with « = L]e\;q)

put. For the assigned limits the angle ® increases from 0 up to 7, while y passes
from one limit to the other.

TABLE III.

A.
dy dd

\/(y—a)(y—ﬂ)(y—v)(y—é) B vmm cos ®2 + nn sin O2
m = /(a=7)(8—0)(a—B)(y-0)
V=B =98+ (a-5(H -9

)
I. Limitsy...3: thZ ¢

i W2 ufla=pBla=7) [y—«
II. Limits a...6: tggf B=0)7=9) -
B.
dy _ dd
V= =)y =)y =)y —3) Vmmcos®?+ nnsin &2
m=/(a=7)(8—8)(a—-38)(B—7)
B o) ) R VA ) )
2
i 2 Jla=y)(B-1) [y—9¢
I. Limitsd...v: tg2_\/(a5)(65) \/’yy
mits 3. o te 2o afla=N@=8) Jy—-§
II. Limits 8...a: tg2_\/(5—’y)(ﬁ—5) \/a—y'
TABLE IV.

A.
dy dd

Vi —a)y—B)y—1) - vmm cos ®2 + nn sin G2

m = /(a—=7)(a-p)

o Ya-7+va-p
2

16



o _ —
I. Limitsy...B: tg§:4a 51/%
a—7 -y

P
II. Limitsa...+00: tg— =

dy B d®
\/—(y —a)(y—B)y—7) "~ Vmm cos @2 + nn sin @2

m=+/(a=7)(8 ")

VAtV
2

o
I. Limits —oco...7v: tg§:

o — _
II. Limits 8...a: tg§: {Vg T Y B.
-7 ya—y

We have treated this question at some length, so that a worked example may
be at hand. There remain the cases in which of the quantities «, 8, 7y, d either
two or four are imaginary. The former case itself admits a real solution, which
however suffers from an imaginary appearance. The latter case admits no such
real solution at all. Hence, in order that everything may be brought back to
real quantities, new transformations will be needed, whereby the elegance of the
formulae perishes. We therefore forgo this question.

To the proposed substitution there corresponds another, its inverse, of the
form

a+ a/y + a//y

rT = — =

b+by+b'y

10 which also furnishes most elegant formulae. But since we perhaps already

seem to dwell too long on this question, let us relegate its investigation to
another occasion. We return to the general questions.

)

10 Editorial note: Printed a”y and b'y without the exponent 2 (the Corrigenda read y?); a
small hand-written 2 in ink is not transcribed.
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ON THE TRANSFC?RMATION OF THE EX-
PRESSION y INTO ANOTHER
\/1 —y2\/1 — A\Zy2

SIMILAR TO IT dr .
M1 — 224/1 — k222

10.

We have seen that the given expression:

dy
VA + By +C'y2 + D'y3 + E'yt

can be transformed, by the employed substitution of the kind:

at+dz+ad'z?+....+aPxp U

Y o et b+ ... tb@ar V'

whatever the number p may be, into another similar to it:

dx
VA+ Bx + Cx2 + D3 + Ext

Such a substitution depends both on the given Coefficients A’, B/, C’, D',
E’, and above all on the number p, since this denotes the exponent of the highest
power that is found in the rational functions U, V. Wherefore in what follows
we shall say that such

a substitution or transformation s of the p* order or belongs to the p™™™
order, or more simply pertains to the number p.

Now, being about to examine the nature of these substitutions more accu-
rately, let us set aside that more complex form:

dy
VA+ By +Cy?+ Dy3 + Ey*’

d
w/1—;,2..1//1—A2yz’
and it is known, that the former can be brought back, as it is to be transformed
into another similar to it m.

When the nature of the proposed question has been duly weighed, the prob-
lem is found to be satisfied, provided that of the functions U, V one is set to
be odd and the other even, which the examples hitherto explored by Analysts
already indicate. In this matter we shall have above all to distinguish between
the case in which the order of the odd function is less than the order of the even
one and that in which it is greater than the order of the even one; or between
the case in which the transformation pertains to an even number and that in
which it pertains to an odd number.

and let us inquire into this simpler one to which we both see,

18



Let us then prove first that the transformation succeeds when a substitution
of even order is employed, or of the form:

T (a +ax2+ad'zr ..+ a(mfl)z2m72) U

1+ Va2 + bzt + ...+ blm)g2m 7

Here the functions V + U, V — U, V + AU, V — AU will themselves be of even
order, whence let us put:

1) V+U=(1Q+2z)(1+kx)AA
2) V-U=(1-=2)(1-kx)BB
3) V+AXU=CC
1) V- AU = DD;

where A, B, C, D denote rational integral functions of the element z. As soon
as these equations are satisfied, there will be obtained, as we have proved:

dy B dx
VI—2/1 =Xy M1 —22V/1—k2?

11 Since, when z is changed into —x, U passes into —U while V is not changed,
from the equations 1), 3) the remaining ones 2), 4) flow of themselves. In order
that the equations 1), 3) may be satisfied, V' + AU must have m times,

and V+U (m—1) times, two equal linear factors; moreover to V+U itself the
factor 1+x must also be assigned. All of which demand of themselves Equations
of Condition in number m + m — 1 + 1 = 2m, which is itself the number of the
Indeterminates a, o, ...a™D; ¥, b”, ...b(™) . Whence the proposed problem
is determinate.

In the second place let us prove that the transformation also succeeds when
a substitution of this kind is employed:

x(a+a’x2+a”x4+...+a(m)x2m) U
14+ ba2+ b2t + .. 4 bmg2m

y:

which pertains to an odd number. Here V. + U, V — U, V 4+ AU, V — AU are
themselves of odd order, whence let us put:

1) V4+U=(1+2)AA
2) V-U=(1-2)BB
3) VA4 =(1+kz)CC
4) V—\U = (1-kz)DD.

Here too only the equations 1), 3) will have to be satisfied, since from them, by
changing x into —x, the two remaining ones flow of themselves. In order that

1 Bditorial note: Printed A2y instead of A2y2 under the second root on the left; an apparent
misprint.
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they may be satisfied, it is necessary that both V' + U and V + AU each have
m times two equal linear factors, to which end 2m Equations of Condition will
have to be satisfied, to which one is added, that moreover V + U acquire (1+ x)
as a factor. Hence we see that the number of Equations of Condition is 2m + 1,
which is itself the number of the Indeterminates a, a’, a”, ..a™; b, b, ... b(™):
whence in this case too the problem is determinate.

11.
Let U’, V' denote rational integral functions of the element y of such a kind
that, on putting z = %, there results:

dz dy

V1= 22\/1— p222 B M’\/l—yz\/l—)\QyQ.

Let the substitution z = % which has been employed be of the order p'*!; and
by another substitution

Yy = %, (where U, V denote, as above, rational integral functions of the
element ,) which may be of the order p', there will result, as above:

dy _ dx
VI—2/1 =32 MV1—22/1—k%?

Now when the value y = % is substituted in the expression z = %, let there
arise z = g—::: this will be one substitution z = g:: , by the employment of which

there results:

dz dx

VI— 21— 222 MM'V1 — 221 — k222

of the order (pp’)t. Thus we see that from several transformations, which per-
tain respectively to the numbers p, p’, p”, ..., employed successively, one can
be composed which pertains to the number pp’p”.... And conversely, which
however we shall not prove at present, a transformation which pertains to some
composite number pp/p”.. can always be composed from others employed suc-
cessively, which pertain respectively to the numbers p, p’, p”’... Wherefore only
those transformations need be investigated which pertain to a prime number,
since from them all the remaining ones can be composed. Now therefore in
what follows let us set aside the first case, which regards an even order of the
transformation, since it can always be composed from a transformation of odd
order and the transformation which pertains to the number 2, repeated again
and again where needed. But the second case, or the transformations of odd

order, let us now examine more closely.
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12.

We see that in that case two functions, the one V even of the 2m" order, the
other U odd of the (2m + 1)* order, are to be so determined that there be:

V4+U=(1+z)AA
V4 AU = (1+ kz)CC.

Now I say, if the functions U, V are so determined that, on putting ﬁ in place
of x,y = % passes into /\iy = % then those equations follow, the one from the
other, of themselves.

Let us put V = ¢(22), U = 2F(2?); we see that the expression y = x(f(;ﬁj),

on putting ﬁ in place of x, passes into

Flgp) _ 2"F(pg)

ko () kea®™ o ()

where 22" F (ﬁ), 2 (ﬁ) are integral functions. In order that this may

become equal to the expression )%y = % = %12, the following equations

must hold:

¢($2) _ prmF <k21x2)
AE(?) = pha®™s ( k;ﬁ) ,

where p denotes a Constant quantity. When in these equations we again put ﬁ
in place of x, we obtain:

1 p 2
¢ <k2x2) = kaxsz(x )
1 pk 2
o+ (i) = o)
When these are compared with the earlier equations, we obtain 27 = 5

whence
p=VAk2m—1,

Hence there results:

¢($2) _ x2m4/>\k2m71 F <k21x2>

k2m+1 1
F(a?) = 2™\ [ = ¢(k2z2>7

of which equations the one follows from the other.

12 Editorial note: Printed ¢x2 without parentheses in the numerator; an apparent misprint
for ¢(x?).
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Now whenever the expression:

V4+U  ¢(a?) +aF(a?)
1+2 14z

is the square of a rational integral function of the element x, the same will also
hold of another, which

is derived from that one by putting é in place of x and multiplying by
22m/Ak2m=1 When this is done we obtain, provided % be a square, the
function:

xzmw‘b(ﬁ) + 5 F ()
1+ 4
VAR2m=T1 p2m p (257) + VAR2ZmAT p2ml g (252)
1+ kx
P(x?) + XeF(z®) V4 AU
1+ kx 1 4kx’

and this too will be a square. Q. E. D.
Thus the problem has been brought back to this, that the expression:

0@?) + 5" (Bm)  vau

14z 14z

be rendered a square, where ¢(x?) denotes an expression of this kind:
p(x2) =V =b4+ba® + "2t + .. b,

Now, on putting U = 2F(2?) = z (a+d'2? +a"2z* + ...+ a™2?™), since

there is
2m+1 1
_ oy _ [T 2m+1 .
Ufa:F(o:)f\/Tx ¢<k2x2)'

13 it comes about that:
\/E b(m) \/E b(m—l) \/E b(m—2)
a=4/—.—; o =4 — o' =\ - —, ...
A Em? A fm—4 A fm—4
k k k
alm = \/: k™ alm=1 = \/: b'Em=2, alm=2) = \/: VML

1415 Now we descend to the examples.

H

13 Editorial note: Under the root, the numerator is printed z2™+1 where k211 is expected,
as in the preceding formula for F(z?); a faint hand-written k in the copy is not transcribed.

14 Editorial note: In the value of a’ the exponent of k in the denominator is printed m — 4
where m — 2 is expected; a hand correction to 2 in the copy is not transcribed.

15 Bditorial note: In the value of a{™) the factor b is not printed, which gives k™ where
bk™ is expected, as in the neighbouring values b’k™~2 and b k™ *%; a gap is left in the print
before k™.
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THE TRANSFORMATION OF THE THIRD ORDER IS
PROPOSED.

13.

Let m = 1, which is the simplest case, V = 1 + b'2?, U = x(a + a’z?). On
putting A = (1 + ax), we find:

AA = (14 ax)? =1+ 20z + o2?, whence:
V4+U=(1+2)AA=1+(1+2a)z + a2+ a)z? + o’z>.

16 Hence there results:
V=a2+a), a=1+2a, d =a’

The equations H g. 12 pass into the following:
\/E A
a=1\<.—; a =1/ —;
AkT A7

Vi3 3
o2+a) 2= k7whencea:4k—

T;)\ ; \/X A

Let vk = u, VA = v; there will be v = %, 1+2a = 1”'1)72“3, a(2+a) = %
Hence the equation:

whence we obtain:

1+ 2a=

1

1420 =a(2+a) 5

passes into the following:

v+2u® u(2v +03)
v v

17 or:
1) ut — ot 4+ 2un(l — u?0?) = 0.

Moreover there results:

a:(1—|—20¢):v+2u3
ub
a’:ozozzv—2
20 + u?

b’a(2+a)u3< : >vu2(v+2u3).

v

16 Editorial note: In the first line the closing parenthesis after 1 + x is printed as a small
comma-like mark, so that the text reads (1 + z, AA; read here as (1 + z)AA.

17 Editorial note: Printed v3 in the numerator on the right where u? is expected; a hand
correction to u3 in the copy is not transcribed.
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Hence we obtain:
(v + 2u)vx + ubz3

vu + v3u(v + 2u)z?’

(1+z)AA
—

[\

) y=
Moreover we obtain, since 1 +y =

1+ 2)(v + udz)?
vu + v3u? (v + 2u3)x?

(1—2)(v—uz)?

vo + v3u? (v + 2u3)2?
5) 1—y_\/1—a?v—u3x
14y Vi4+z v+ude

N V1 —zx(v? —ubz?)

v + v3u3 (v + 2ud)x?’

3) 14+y=

4) 1-—y=

6)

18 Further, on putting in place of x the quantity é = ﬁ, since y passes into
/\iy = v%y, we find the following system of formulae:
) 14uiy = (1 +utz)(1 + uvr)?
1+ vu?(v + 2u3)x?
8) 1—uviy— (1 —u*z)(1 — uvr)?
1+ vu?(v 4 2u3)x?
9) 1—vly  J1—uiz 1—uvx
1+oty  V14wuiz' 14+ wz
T 8.2 2,22
10) m: 1—U8"E2(1—U’U.’L’).
1+ vu?(v + 2ud)z?
14.

On putting V 4+ U = (1 +2)AA, V + U = (1+ k)CCY¥, V —U = (1 — x) BB,
V — AU = (1 — kx)DD, we have seen that there results:

ABCD =M Vﬂ—Uﬂ ,
dx dx

where M denotes a Constant quantity; which one may find out by a comparison
of the Coefficient of one and the same power, set up in each of the two expressions
ABCD, V% — U%. Now on putting V = b+ 2%+ etc., U = ax +a’'z3+ etc.,

2 is expected,

18 Editorial note: In formula 6) the denominator is printed with u3 where u
as in 3) and 4); an apparent misprint.

19 Editorial note: Printed (1 + k)CC without the z; an apparent misprint for (1 + kx)CC.
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in the single expressions A, B, C, D the Constant becomes v/b, whence in the
product compounded from them it is bb; but in the expression V% -U % we
see the Constant become ab; whence:

M =

>~ Q| o

Hence in our example it results, since b =1,
v+2ut w20+ ud)

v v

v v

v+ 2ud  u(20 +ud)’

whence:
dy B (v + 2u?) dx

VI=g)T=0%2) o/ (L= 2?)(1 = ufa?)
The Moduli k, A\, which we have seen depend on each other through an equation
of the fourth degree g. 13. 1), are easily expressed rationally by the same quantity
a. For from the formulae brought forward above:

3 2 2
a:u—; 1420 = a2+ o) :a( + a)
v VEN u2p?
it follows: 5
o= U7; u2o? = 04(2+0l)7
14 2a
whence: 5
8 « (2 + CY) o k'2
14 2«
24+a\’
8 2
= =\~
v (1 + 2a>
1
There results moreover: M = 1520’ whence, on putting y =sin7’, x =sin T,
@
the equation:
dy dx

VI MVI-22Vl- ka2
passes into the following:
a1’ dr
V(1 +2a2)2 — a2+ a)3sinT”2 - V1422 —a3(2+a)sinT?

20 or into this:

a1’ dT

VI +2a)3CosT? + (1 —a)3(1 +a)sinT? /(1 +2a)CosT? + (1 + a)3(1 — a)sin T2’

20 Bditorial note: The print has the exponent 2 on the first factor under the first root, where
3 is expected; the author’s Corrigenda corrects it to 3.
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which is arrived at by the substitution made:

(14 2a)sinT + aasin T3
1+ a(2+ a)sinT?

SinT’ =

THE TRANSFORMATION OF THE FIFTH ORDER IS
PROPOSED.

15.
Now let us pass to the example which is next in simplicity, in which m = 2,
V=142 +0"2*, U=2(a+d2*>+d"z"), A=1+ax+ B>

We find:
AA =1+ 20z + (28 + aa)z? + 20823 + Bpz?

whence:
AA(42) = 14+2(1+20) +22 (20+28+aa)+23 (24+aa+2a8) +* (20 54+86) +B862°.
Hence we obtain:
bV =2a+28+aa, b'=p2a+p)
a=1+2a, o =20+aa+2aB, d =pjp.

The equations H g. 12 become:

kb, \/E ., \/175
a = \/:kz, a = Xb 5 a = 7
From these it follows:
a'a VY
aa’ - N

or, since we have b’ = (2a + ) + (8 + aa), o’ = (1 + 2a) + (B + aa):

{2a+ B) + (B + aq)}? B +2a) + (B + aa)}?

20+ B B(1 + 2a) ’
whence: ) )
20+ B + 7(52;‘?(;) =B(1+42a) + (Bi;rago)é) )

Hence it easily follows:
B(1 4 2a)(2a+ B) = (B + aa)?,
which, expanded and divided by «, passes into:

a® =281+ a+p).
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This equation can also be represented in these two ways:

(ca+ B)(a—28) = B(2 — a)(1 +2a)
(aa+B)(2 — @) = (a —28)(2a + B),

2—a )’ _ 2a+p

a—28)  B(l+2a)
With these preparations made, the rest is easily accomplished. For we find, on
putting k = u*, A = v*:

whence it follows:

200+ 8 veooovyY  ox vt

B(l+2a) aa” dd k ut’

whence also:

2—a v?
a—26  u?
k5 wb
There is moreover 3 = Va” = U whence the equations:
v

2a+8  2-a ﬁ

vt 2—« _ _
u4_(a—26> B(1+2a)" a—28 u?

pass into the following:

200 + u® = uv(1 + 2a)

u?(2 — a) = v(va — 2uP),

or:
200(1 — uv®) = u(v* —ut)

a(vv 4+ uu) = 2u?(1 4 u3v),

whence:
(u? + ) (u* — v*) + duv (1 + uv) (1 — w®) = 0.

When the expansion is made there results:
1) u® — 0% 4 500 (u? — v?) + duv(l — u*v*) = 0.

The rest are found thus. From the equations:

200(1 — uv®) = u(vt — ut)

a(uu 4 vv) = 2u?(1 4+ u3v),
it follows: )
u(vt —ut) 202 (1 +uv)
o = =
20(1 — wwd) u? 4+ v?
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Hence there results:

1 D
a:ma:(”“)

v\ 1—uv3
5 .5
,B+2a:u—+2a:u1)2 oou
v 1 —uwvs
2u® 2u? [ v—ud
9B = 2
a-2f=a v v (u2+v2)

v—u®
Q—Q—QU(M)
0 2Cath)_ (2t

2—« 1 —wuovs

aa+ B =
Hence at length is deduced:

u(u? + v?) (v — ud)

bV =B+2a+aa+ 8=

1—wd
5 5
//_u _ .6 v—u
b _v(2a+ﬁ)_uv<l—uv3)

1/ v—ub
a=~-———
v \ 1 —uv3

u
"
a’ = —-.
02
. 1 1—uv? . .
Now since M = — = v { ——— ], the transformation of the fifth order will be
a v — U

contained in the following theorem:

THEOREM.
On putting:
1) u® — 0% 4 5002 (u? — v?) + duv(l —u*v?) =0

v(v —ud)x + uP(u? + v?) (v — u®)2® + u%(1 — uvd)ad
v2(1 — uv?) + wv?(u? + v2) (v — ud)x? + ubv3(v — ud)a?

2) y=

there results: )
o(l—w®)dy (v —u®)dx

V1= 421 —v8y2 VI — 221 —uBa?
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HOW, BY THE TRANSFORMATION APPLIED TWICE,
ONE ARRIVES AT MULTIPLICATION.

16.

To one inspecting the equations between u and v found in the two proposed
examples:
ut + vt + 2uv(1 — u??) =0
u® — 08 + 5u%0? (u? — v?) + duv(1 — uto?) = 0.
21 it cannot escape notice that they remain unchanged when v is put in place

of u, and —v moreover in place of u. Hence from the theorem found in the first
example, namely on putting:

ut —v* 4+ 2uv(1 — u?v?) =0
(v 4+ 2ud)x + ua?®
2+ v3u2(v + 2ud)x?’

there results:

dy v+ 2u3 dx

\/1—y2\/1—v8y2_ v V1= 221 — uBa?

another is immediately derived from this, that on putting:

o u(u— 20%)y +00y°
u? +udv?(u — 203)y2’

there results:

dz u — 203 dy

VI—22/1—u822  u .\/17y2\/]_7,u8y2.
Now indeed there is:

v+ 2ud u—20"\  2ut —ov?) uv(l —uv?) _3
v u N U 7

22 whence it follows:

dz —3dx

VI—2VT—u¥22 V1—22y1—ufa?

In order that +3 may result in place of —3, either z must be changed into —z,
or z into —z.

21 Editorial note: In the first equation the sign before v* is printed as 4 instead of — (as
in the next equation and the following examples); an apparent misprint, struck through by a
hand correction in the scan.

22 Bditorial note: The factor 1- u2v2) is printed; the product of the two brackets gives
wv(1 — 4u?v?), so 1 — 4u?v? is expected. A hand-written 4 is added above in the scan.
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In a similar way from the theorem proposed in the second example another
is deduced, namely on putting:
w(u+v2)y + v3(u? + v?) (u+ v5)y3 + 0101 + udv)y®
z =
u?(1 + udv) + vv(u? + v2)(u + v°)y? + w3 (u + v5)yt

23

there results:

dz u+v° dy

VI—22V1T—af22  u(l+udv) /T — 2\ /1T o5y

Now since it follows from the equation:

u® — v + 5u?0? (u? — v?) + duv(1 — uv?) = 0,
(u+o°)(v—u’)  w(l—u'v?)— (uf -8
wv(l+udv)(1—uvd)  wo(l+ udv)(1 — uwd)

=5,

we see that there results:

dz _ 5dx
VI=22V1T =4822 V1 — 221 —udz?’

Thus, by the transformation applied twice, one arrives at Multiplication.

These two examples, viz. the transformations of the third and fifth order, I
presented earlier in letters which I gave to Cl. Schumacher in the month of June
of the year 1827. See Nova Astron. 1. 1. And in the same place I also proclaimed
the generality of the method by which they were found. The latter had already
been found two years earlier by Cl. Legendre.

ON THE NEW NOTATION OF ELLIPTIC FUNC-
TIONS.

17.

The algebraic questions having been set aside, let us inquire more accurately into
the analytic nature of our functions. But first it is necessary that we indicate
the manner of notation of which use will be made in what follows.
. do
On putting _—
0 /1 — k2sin¢?
call the angle ¢ the amplitude of the function w. This angle therefore we shall
denote in what follows by: ampl. u or, more briefly, by:

= u, Geometers have been accustomed to

¢ =am.u

23 Editorial note: Printed with 4+ before v3(u24-v?2) in the numerator and before u?v(u?+v?)
in the denominator, where — is expected (substituting v for v and —u for v in the preceding
theorem); an apparent misprint, struck through by hand corrections in the scan.
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v d
Thus, where / z = u, there will be:
o V1-—a2y1— k22

xr = sin.am .u.

Moreover, on putting:

/1 dx /’2‘ dx
= —:I(7
o V1—x2V1— k222 0 1 — k2 sin ¢2

24 we shall call K —u the Complement of the function u; the amplitude of the
Complement we shall denote by coam, so that there is:

am(K — u) = coam .u.

d.
The expression \/1 — k2 sin® amu = %, following the lead of Cl. Leg-
U
endre, we shall denote by

Aamu = V1 — k2 sin® am .

The Complement, as it is called by Cl. Legendre, of the Modulus k£ I shall
designate by k’, so that there is:

kk + k'K = 1.

Further, from our notation there will be:

K’—/gdd).
o \/1— Kk sin¢?

The Modulus, which must be understood where needed, will be added either
enclosed in brackets, or appended in the margin. Where the Modulus is not
added, in what follows you are to understand everywhere the same Modulus k.
The expressions themselves sin am u, sin coam u, cos am .u, cos coam u, A am u,
A coamu, etc. and in general the trigonometric functions of the amplitude, it
is convenient in what follows to distinguish by the name of Elliptic Functions;
so that we assign to that name a certain other notion than has hitherto been
done by Analysts. The quantity u itself we shall call the Argument of the El-
liptic Function, so that on putting r = sinamwu, u = Arg.sinamz. From the

24 Bditorial note: In the second integral the numerator is printed as dz where d¢ is expected
(the author’s Corrigenda give d¢); a hand-written ¢ is added over the z in the scan.
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proposed notation there will be:

. Cos am u
sincoamuy = ———
Aamu
k' sinamu
coscoamuy = —————
Aamu
k/
A coamu =
Aamu
; 1
gcoamuy = ———
k'tgamu
k/
cotgcoamy = ——.
cotgamu

FUNDAMENTAL FORMULAE IN THE ANALYSIS OF
ELLIPTIC FUNCTIONS.

18.

Let us put am .u = a, am.v = b, am(u+v) = o, am.(u—v) = ¥J; the fundamental
formulae for the addition and subtraction of Elliptic Functions are known:

sina cos b Ab + sinbcosa Aa
1 — k2 sin a2 sin b2

sino =

cosacosb — sinasinb Aa Ab
1 — k2 sin a? sin b2

COS .0 =

AaAb— k?sinasinbcosacosb

Ao = 1 — k2 sin a2 sin b2

sin ) — sina cos b Ab — sinbcosa Aa
1 — k2sina? sin b2

cos ) — cosacosb + sinasinb Aa Ab
1 — k?sina?sinb?

Ad — Aa Ab+ k?sinasinbcosacosb

1 — k2 sin a? sin b2

That everything of which there will be use hereafter may be at hand, let us
note down in addition the following formulae, which are easily demonstrated,
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and whose number is easily increased:

2.sina Cos b Ab
1 — k2 sin a? sin b?

1) sino+sind =

2cosa.cosb
1 — k2 sin a? sin b2

2) coso + cosv =

2Aa.Ab
3) Ao+ Ad= 1 — k2 sin a? sin b2
. . 2sinbcosa Aa
4) sino —sind = 1 — k2 sin a? sin b?
2sinasinb Aa Ab

5) cos.} —coso =

1 — k2 sina?. sin b2
2k?sina.sinbcos a. cosb
1 — k2 sin a? sin b2

2

6) AY—Ag=

sin a? — sin b?
1 — k2 sin a? sin b2
Ab? + k2 sina?. cos b?
1 — k2. sin a2 sin b2

7) sino.sind =

8) 1+ k?sino.sind =

cos b? + sin a?Ab?

9) 1+sino.sing = | i snasmi?

25

25 Editorial note: In formula 1) the factor is printed as capital Cos b, where plain cos b is
expected; an apparent misprint.
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cos a® + cos b?
1 — k2 sin a? sin b2
Aa® + Ab?
1 — k2 sin a? sin b2
Aa? + k2 sin b? cos a?
1 — k2 sin a2 sin b?

10) 14 coso.cosd =

11) 14+ Ac.AY =

12) 1—k*sinosing =

cosa? + sin b>Aa?

1 — k2 sin a? sin b2

sin a?Ab? + sin b2 Aa?
1 — k2 sin a? sin b2

13) 1—sinosind =

14) 1—cosocos.¥ =

k2 (sin a? cos b? + sin b? cos a?)

1 1—-AcAY =
5) ? 1 — k2 sin a2 sin b?
. . (cos b =+ sin a Ab)?
16) (1 +sino)(1 £sind) = | 2 sna? s b2
. . (cosa + sinb Aa)?
17) (1 £sino)(1 Fsind) = [ #ZsinaZsin b2
(Ab+ ksinacosb)?

18) (1% ksino)(l+ksind) =

1 — k2 sin a? sin b2

(Aa + ksinbcosa)?

19) (14 ksino)(1F ksind) = | 72 sina sin b2
(cosa = cosb)?

20) (1+coso)(l+tcos¥) = | 72 sn a2 s b2

_ (sina AbF sinb Aa)?
21) (1+£coso)(lFcosv) = |~ 72 sin a2 sin b2
_ (Aa+ Ab)?
22) (1£A0)(1+AY) = 1 — k2 sina?sin b?
k?sin?(a F b)

23) (1+A0)(LF AY) = 1 — k2 sin a? sin b?
sinacosa Ab + sinbcosb Aa

24)  sinocost) = 1 — k2 sin a? sin b?

sina cosa Ab — sinbcosb Aa
1 — k2 sin a2 sin b2

25) sindcoso =

cosbsina Aa + cos asin b Ab

2 inoc AV =
6) sino 1 — k2 sin a? sin b2
cosbsina Aa — cosasinb Ab
2 ind Ao =
7) sin 7 1 — k2 sin a? sin b2
cosacosbAa Ab— k'k' sinasinb
28) cosoAd = 3t k2 sin a2 sin b2
. b Aa A 110 ;
29) cosd Ac — cosacosbAa Ab+ K'k'sinasinb

1 — k2 sin a2 sin b2



26

2sina cos a Ab
1 — k2 sin a2 sin b2
_ 2sinb.cosbAa
" 1 — k2sina?sin b2

30) sin(oc+9) =

31) sin(oc —9)

cosa? — sin a?Ab?
1 — k2 sin a? sin b2
cos b? — sin b2Aa?

33 —9) =
) cos(o ) 1 — k2 sin a2 sin b2

32) cos(oc+9) =

ON THE IMAGINARY VALUES OF ELLIPTIC FUNC-
TIONS. THE PRINCIPLE OF THE DOUBLE PERIOD.

19.
Let us put sin¢ = i tgt, where 7 is put in place of v/—1 according to the usage
i
of most Geometers; then cos¢ = secy) = whence d¢p = ——. Hence
¢

os 1’ cos 1)

there results:

do _ idi _ idi
V1—k2sing?  \/cos9p? + k2 sin )2 \/1—k:’k’sin1/)2.

We see that this passes over, in our notation, into the equation:
1) sinamiu = itangam(u, k).
Hence follows:
2) cosam(iu, k) = secam(u, k')
3) tangam(iu, k) = isinam(u, k')
Aam(u, k') 1
Cosam(u, k') sincoam(u, k')

1
5) sin Coam(iu, k) = m

!/
6) coscoam(iu, k) = z? cos coam (u, k")

4) Aam(iu, k) =

) —1
7) tg Coam(zu, k') = m

8) A coam(iu, k) = k" sin coam(u, k).

26 Bditorial note: In formula 22) the numerator is printed (Aa+Ab)2 with a plain plus sign;
since the left side carries the double sign, (Aa & Ab)? is expected. An apparent misprint.
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27 Another system of formulae, which flows from this, is the following:

9) sinam2iK' =0

10) sinamiK’ = oo, or if you prefer =+ ioo.
11) sinam(u+ 2iK') = +sinamu
12) cosam(u + 2iK') = —cosamu

13) Aam(u+2iK')=—-Aamu

1
14) sinam(u+iK') = T
sinamu

—iAamu —ik’
15 ‘KI — =
) cosam(u+ iK") ksinamwu  kcoscoam u

16) tgam(u—l—iK'):A:r;u

17) Aam(u +iK') = —icotgamu

Aamu 1

18)  sincoam(u + iK/) - k cosamu - k sin coam u

ki
19) coscoam(u +iK') = ——— R
cosamu

20) tgcoam(u+iK') = %A amu

21) Acoam(u +iK') = +ik tg am u.

28 From the preceding formulae, which themselves also ought to be considered
as fundamental in the Analysis of elliptic functions, it is evident:

a. that elliptic functions of an imaginary argument v, with Modulus &, can
be transformed into others of a real argument v, with Modulus k' = /1 — kk;
whence in general the elliptic functions of an imaginary argument u + iv, with
Modulus k, may be composed from elliptic functions of the argument u, with
Modulus k, and others of the argument v, with Modulus &';

b. that elliptic functions enjoy a double period, one real, the other imaginary,
provided the Modulus k is real. Both become imaginary when the Modulus
itself is imaginary. This we shall call the Principle of the Double Period. Since it
embraces the whole Analytic Periodicity that can be conceived, it is evident from
it that elliptic functions ought not to be numbered among other transcendents,
which enjoy certain elegances, perhaps more numerous or greater than these,

27 Editorial note: In formula 4) the denominator is printed as capital Cos am, where plain
cos am is expected; an apparent misprint.

28 Editorial note: In formulae 20) and 21) the print has k without the prime (the author’s
Corrigenda give k’); the faint primes visible in the scan are hand corrections in ink and are
not transcribed.
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but that there is in them a certain appearance of being perfect?® and absolute.

ANALYTICAL THEORY OF THE TRANSFORMATION
OF ELLIPTIC FUNCTIONS.

20.

We have seen in what precedes, whenever rational integral functions A, B, C,
D, U, V of the element = are so determined that

V4U=(1+1)AA
V-U=(1-2)BB
V4 AU = (14 kz)CC
V —\U = (1 - kz)DD,

U
then, on putting y = 7 it will be that

dy B dx
VI—92/1=222  MV1— 221 — k22?2’

where M denotes a Constant quantity. Let us now set forth the general analyt-
ical expressions of those functions.

Let n be any odd number, let m, m’ be any integer numbers, positive or
negative, which however have no common factor that itself also divides the

number n: let us put
mK +m/iK'

)

n
then there results:

v Z (4 xT ) xw ) xx
M sin? am 4w sinam8w,/ sin? am 2(n — 1)w

V = (1-k*sin® amdw.zz) (1 — k*sin® am 8w.zx) .. (1 — k?sin® am 2(n — 1)w.zx)

A=+ —— Y1+ —— ). (1+ .
N sin coam 4w sincoam 8w/ =’ sin coam 2(n — 1)w

B=(1- ) (1- ") (1 =
sin coam 4w sin coam 8w sin coam 2(n — 1)w
C = (1 + ksincoam 4w.z) (1 + ksin coam 8w.x) ... (1 4+ ksincoam 2(n — 1)w.x)

D = (1 — ksincoam4w.z) (1 — ksincoam 8w.x).... (1 — ksincoam2(n — 1)w.x)

29 Bditorial note: Printed profecti, where perfecti is expected; an apparent misprint, cor-
rected by hand in the scan.
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A = k" {sin coam 4w. sin coam 8w. . . . sin coam 2(n — 1)w}"

M= ( 1)%1 {sin coam 4w sin coam 8w. . . . sin coam 2(n — 1)w}2

{sin am 4w sin am 8w. . .. sinam 2(n — 1)w}

With these put, where x = sin am u, there results y = % = sinam (ﬁ, /\).
Before we approach the demonstration of the formulae itself, we shall indicate
a certain transformation of them. To this end we note down the following

formulae, which run at once from the formulae of g. 18.:

2 2

amu — sin” am «

1 — k2 sin? am u sin? am o

1) sinam(u+ «a)sinam(u — a) = S

; 2
%) (1 +sinam(u+a)) (1 +sinam(u—a)) (1+ aeoans)
cos? am o 1 — k2 sin? am u sin? am o
. 2
3) (1 —sinam(u + a)) (1 —sinam(u — a)) (1— aem)
cos? am o 1 — k2 sin? am usin? am a

2 (14 ksinam(u + o)) (1 + ksinam(u — o)) (1 + k sin am u sin coam a)*

A?ama 1 — k2 sin? am u sin? am o

5) (1 —ksinam(u + «)) (1 — ksinam(u —«)) (1 — ksin am u sin coam a)?
A?ama

1 — k2 sin? am u sin® am o
From these formulae there also follows:

cosam(u + o) cosam(u — ) 1- 53131%

6) =
1 — k2 sin? am u sin? am o

cos? am o

7 Aam(u+a)Aam(u—a)  1—k? sin? am u sin? coam o

A2 am o 1 — k2 sin? am u sin? am o

On putting z = sin am u, we obtain from formula 1):

- 5 —sinam(u + «) sinam(u — «)
1 —k2sin?amazz sin? am «

from formulae 2), 3):

(1+ m)z _ (Ixsinam(u + a)) (1 £sinam(u — a))

. b
1 — k222 sin? am o cos? am «

from formulae 4), 5):

(1+kazsincoama)® (1 +ksinam(u + a)) (1 + ksinam(u — a))

1 — k222sin am « A?amq
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Hence, where in place of « there is put successively 4w, 8w, ...2(n — 1)w, and
in place of —a however 4nw — «, we obtain:

M (1 sin? am 4w) (]' sin? am Sw) o (1 sin? am 2(n—1)w)

U
8 P—
) Vo (11— k2a? sin? am 4w) (1 — k?a? sin? am 8w).... (1 —k2a? sin? am 2(n — Dw)
sin am w. sin am(u + 4w) sin am(u + 8w). ...sinam(u + 4(n — 1)w)
{sin coam 4w sin coam 8w. . . . sin coam 2(n — 1)w}?>
2
9) (]. + SU)AA . (1 + ZL’) {(1 + sincoazimllw) (]‘ + sinco;;m Sw) """ (1 + sincoanlg(nfl)w)}

14 (1 — k222 sin® am4w) (1 — k222 sin® am 8w) ... (1 — k222 sin® am 2(n — 1)w)

(1 +sinamu) (1 + sinam(u + 4w)) (1 4+ sinam(u 4+ 8w)) .... (1 + sinam(u + 4(n — 1)w))

{cos am 4w. cosam 8w. . .. cos am 2(n — 1)w}’

2
10) (1 — JZ)BB i (1 o l‘) {(1 B sincozmllw) (1 B SinCO:ZEimSUJ) T <1 B sincoamg(n—l)w>}
%4 © (1 - Kk222sin® am4w) (1 — k222 sin? am 8w) . ... (1 — k222 sin® am 2(n — 1)w)
_ (I —sinamu) (1 —sinam(u 4 4w)) (1 —sinam(u + 8w)) .... (1 — sinam(u + 4(n — 1)w))
{cosam 4w. cosam 8w. .. . cosam 2(n — 1)w}’
1) (14 kx)CC (1 + kx) {(1 4 kxsin coam4w) (1 + kx sincoam 8w) . ... (1 + kx sin coam 2(n — Dw)}?
Vv B (1 — k222 sin® am4w) (1 — k222 sin® am 8w) ... (1 — k222 sin® am 2(n — 1)w)
+ ksinamu + ksimam(u + 4w + ksimam(u + 3w)) ... (1 + ksmam(u + 4(n — 1)w
(I +ksi 1+ ksi 4 1+ ksi 8 1+ ksi 4 1
{Aam4wAam8w... Aam2(n — 1w}’
12) (1 —kx)DD (1 —Fkx){(1 — kasincoam 4w) (1 — kzsincoam 8w) .. .. (1 — kx sin coam 2(n — Dw)}?

Vv (1 — k222 sin® am4w) (1 — k222 sin® am 8w) ... (1 — k222 sin® am 2(n — 1)w)

(1 —ksinamu) (1 — ksinam(u + 4w)) (1 — ksinam(u + 8w)) .... (1 — ksinam(u + 4(n — 1)w))
{Aam4wAam8w... Aam2(n — 1w}’

Hence there also follow the formulae:

mAB (]' " sin? cg(v)fxmélw) (1 " sin? cf)im Bw) T (1 " sin? coarﬁg(nfl)w)
13) ——=+v1-—
) Vv o (1 — k222sin® am4w) (1 — k222 sin® am 8w) . ... (1 — k222 sin® am 2(n — 1)w)

cos am . cos am(u + 4dw) cos am(u + 8w). ... cosam(u + 4(n — 1)w)

{cos am 4w. cos am 8w. . .. cosam 2(n — 1)w}>

V1—k222.CD Nowyer: (1 — k%22 sin® coam 4w) (1 — k222 sin® coam 8w) . . ... (1 — k2z? sin® coam 2(s
= V/1- k222

14) \%4 (1 — k222 sin% am 4w) (1 — k222 sin% am Sw) e (1 — k222 sin% am 2(n —

_ AamuA am(u + 4w)Aam(u + 8w). ... Aam(u + 4(n — 1)w)
{Aam4wA am 8w. ... Aam2(n — 1)w}> .
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DEMONSTRATION OF THE ANALYTICAL FORMU-
LAE FOR THE TRANSFORMATION.

21.

Let us now demonstrate, on putting:

2
{(1 " sin co:;mélw) (1 B sincoﬁm 8w) T (1 T coamIQ(n—l)w>}

l—y=(1—-2).
y=0-2) (1 — k222 sin® am4w) (1 — k222 sin® am 8w) ... (1 — k222 sin” am 2(n — 1)w)

(I —sinamu) (1 —sinam(u + 4w)) (1 — sinam(u + 8w)) ... (1 — sinam(u + 4(n — 1)w))

)

{cos am 4w. cos am 8w. cos am 12w. . . . cos am 2(n — 1)w}”
that the remaining formulae can be derived, and this one:

dy dx
VIV MVI-22V/1- ka2

provided that:

A = k" {sin coam 4w. sin coam 8w. . . . sin coam 2(n — 1)w}"

M= {sin coam 4w. sin coam 8w. . . . sin coam 2(n — 1)w}?

{sinam 4w. sinam 8w. .. .sinam 2(n — 1)w}2

30 From the proposed formula it appears that y is not changed at all whenever
u passes over into u + 4w. For then every factor passes over into the following
one, but the last into the first. Whence in general y is not changed,

provided that in place of u there is put u + 4pw, where p denotes a positive
or negative integer number. But where u = 0, there results:

(1 —sinam4w) (1 —sinam8w) ... (1 —sinam4(n — 1)w) 1

1l—-y=

3

{cosam 4w. cosam 8w . . . cosam 2(n — 1)w}>
or y = 0. For it is easily evident that it will be:
—sinam4(n — 1)w = + sin am 4w

—sinam4(n — 2)w = + sinam 8w,

whence:

2

(1 —sinam4w) (1 — sinam4(n — 1)w) = cos” am 4w

1 — sinam 8w) (1 — sinam 4(n — 2)w) = cos? am 8w
(

(1 —sinam2(n — 1)w) (1 — sinam 2(n + 1)w) = cos? am 2(n — 1)w.

n—

1
30 Editorial note: The factor (—1) "2  before the fraction for M is not printed here (the same
formula for M in the preceding article carries it); the copy supplies it by a faint hand-written
addition in ink, which is not transcribed.
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Now since y = 0 whenever u = 0, and y is not changed where in place of u there
is put u + 4pw, in general y vanishes whenever u takes on the values:

0, 4w, 8w, ..... , 4(n —2)w, 4(n — 1w,
to which correspond the values of the quantity z = sin am w3!:
0, sinam 4w, sinam8w, ...sinam4(n — 2)w, sinam4(n — 1)w,
which it is permitted to exhibit also thus:
0, £sinam4w, +sinam8w, ..., £sinam2(n — 1)w,
or even in this manner:
0, £sinam2w, +sinam4w, ...+ sinam(n — 1)w.

These values of the element x, which it can assume when y vanishes, will all
be different from one another, and their number will be = n. Now from the
supposed equation between x and y, from which we set out, it is evident, on
putting:

V = (1 - k’2z?sin’ am4w) (1 — k*z?sin® am8w) ... (1 — k*z? sin® am 2(n — 1)w)
= (1 — k?2% sin® am 2w) (1 — k?2”% sin® am 4w) e (1 — k?2%sin® am(n — 1)w) ,

y = %, that U becomes a rational integral function of the element x of the
n® order. Since this vanishes together with y for the following values of the
quantity z, n in number and different from one another:

0, £sinam2w, +sinamdw, ...+ sinam(n — 1w,

it necessarily assumes the form:

A Tx . TT ) Tx
M sin? am 2w sinamdw /) sin® am(n — 1w

_e T 1 zT ) xw
M sin? am 4w sinfam8w/ sinam2(n — 1w/’

where M denotes a Constant. Since on putting x = 1 there results 1 — y = 0,
y = 1, we obtain from the equation y = %:

(1—m)(1—m)~-(1—m)

M (1—k? sin® am 2w) (1 — k2 sin® am 4w) .. .. (1— k2 sin? am(n — Dw)

(71)7%1 {sin coam 2w. sin coam 4w. . . . sin coam(n — 1)w}?

M {sin am 2w. sinam 4w. . .. sinam(n — 1)w}’

31 Bditorial note: The print has w here, where u is evidently meant (z = sinamu); kept as
printed.
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whence:

M= (—1)%1 {sin coam 2w. sin coam 4w. . . . sin coam(n — 1)w}2

{sinam 2w. sinam 4w. . ..sinam(n — 1)w}2

Between the functions U, V there intervenes a memorable correlation, that
I mean which was mentioned above, by whose benefit it comes about that, on
putting ﬁ in place of x, y at the same time passes over into /\iy, where A denotes
a Constant.

For on putting é in place of x there passes over:

N zx ) xx ) zT
M sin? am 2w sinfamdw ) sin? am(n — 1)w

into this expression:

n-1 V 1
2

Mz k7 (sinam 2w. sinam 4w. . .. sinam(n — 1)w)®’
But on the other hand, the same substitution being made,
V = (1 - k*2”sin® am 2w) (1 — k*2”sin® am4w) ... (1 — k*2” sin® am(n — 1)w)

passes over into this expression:

(—1)% %M {sinam 2w. sinam 4w. . .. sinam(n — 1)w}?.
x

Whence, with ﬁ put in place of x, y = % passes over into:

V 1

U MM.kn {sinam 2w.sinam 4w . ..sinam(n — 1)w}4,

or y into )%y, provided that there is put:

A = MME" {sinam 2w. sin am 4w. . .. sin am(n — 1)w}*

— k™ {sin coam 2w. sin coam 4w. . . . sin coam(n — 1)w}*

This is what was to be demonstrated.
From the proposed equation:

2
T T T
{(1 " sin coarn4w) (1 " sin coam Sw) Tttt (1 " sincoam 2(n—1)w>}

-y = (1—
y={1-2) (1 — k222 sin® am4w) (1 — k222 sin® am8w) . ... (1 — k222 sin® am 2(n — 1)w)’

on putting ﬁ in place of z, )\iy in place of y, which is allowed by what precedes,
we derive:
1 11—k

/\—y—l =7 {(1 — ka sin coam 4w) (1 — kx sin coam 8w) . . . . (1 — ka sin coam 2(n — 1)w)}?
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which multiplied by Ay = 3%, yields:

{(1 — ka sin coam 4w) (1 — kz sin coam 8w) . . . (1 — kx sin coam 2(n — 1)w)}>

1=y = (1—kx) %

Moreover it is evident that y = % passes over into —y where = is changed into
—ux; this being done, we therefore obtain at once also 1 +y, 1 + Ay from 1 —y,
1-—Ay.

Now therefore we have found such rational integral functions U, V' of the
element z that it is:

V4+U=V(1+y =(1+x2)AA
V-U=V(l-y)=(1-2)BB
V4+AN=V(1+X\y)=(14kz)CC
V-AU=V(1-Xy)=(1-kz)DD,
where A, B, C, D themselves denote rational integral functions of the element
x. Hence, however, according to the Principles of Transformation established

at the beginning, there follows at once:
dy _ dx
VI—2/1T= 222 M1 —22V1— k222
The Multiplier M, as we shall call it, we obtain from the observation made

in g. 15. Whence all the general analytical formulae that concern the theory of
the transformation of elliptic functions have now been demonstrated.

22,

The proposed demonstration is derived from the one which we gave in the New
Astronomical Notices published by CIl. Schumacher, No. 127, where w is put in
place of %, all else remaining unchanged. The general analytical theorem on
Transformation itself, in a somewhat different form, I had already communicated
earlier to analysts in the same journal, No. 123. CI. Legendre, the foremost judge
in this doctrine, kindly and splendidly wished to review the demonstration in
the same place, No. 130. The man, venerable on many counts, observes there

that the equation:
Vd—U —Ud—V _ ABCD _ 1)

dx dx M M
by whose aid the demonstration is completed, and which followed for us from
purely algebraic principles of transformation, can be proved analytically even
without them. Since, in the opinion of the distinguished man himself, this casts
excellent light on our theorem, let us, following his lead, demonstrate it briefly
in the following manner.

The proposed equation:
dau dav.  ABCD T

Ve Ve ™ T
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can also be exhibited thus:
dU _ av. dlogU B dlogV.  ABCD T
Udr Vdez  dx de ~ MUV — MUV’

But we have found:

T T T T
v="1(1-—-" J(1- "2 YV (1
M ( sin? am 2w> < sin? am 4w) ( sin? am(n — 1)w>

V = (1 - k*2?sin® am2w) (1 — k*2? sin® am4w) ... (1 — k*2? sin® am(n — 1)w),

whence:
dlogU dlogV 1 —2x 2k2 2 sin? am 2qw
- =—+X ) + ) ;
dx dz z sin“am2qw — zxz 1 — k222 sin” am 2qw

the number ¢ designated in the sum being assigned the values 1,2, 3, ..., 2L,

2
Further we have found:

= (1= Y (1 e ) (1 )
sin” coam 2w sin“ coam 4w sin“ coam(n — 1)w

CD = (1 — k*2” sin® coam 2w) (1 — k*z” sin® coam 4w) . . .. (1 — k*z” sin® coam(n — 1)w) ,

whence:

T Apcp vl (1 — m,,afm) (1 — k222 sin? coam2pw)
MUV~ MUV 2211 (1 e ) (1 — k222 ¢in% am 2pw)

sin? am 2pw

provided that in the products, denoted for brevity by the prefixed sign II, the
element p is assigned the values 1,2,3, ... ., ”51. This expression can be resolved

into simple fractions, so that it takes the form:

1 AD B@yg

-+ . 92 + 2.2 ’

T sin“am2qw — xzx 1 — k222 sin” am 2qw
and having done this, in order that we may have established what was proposed,
it must be demonstrated that:

AD = 9 B@ —92k2¢in?am 2qw.

3

In what follows we shall denote by the prefixed sign I1(9) a product so formed
that the element p is assigned the values 1,2,3, ..., "7_1, the value p = ¢ how-
ever being omitted. Hence, from the rules of the theory of simple fractions,

abundantly known, it follows that:

1— sin2 am 2qw
I sin2 coam 2pw
1—k2 sin? am 2qw. sin? am 2pw

1— sin2 am 2qw
H(q) sin? am 2pw
1—k2 sin? am 2qw. sin? coam 2pw

AlD) = (1 — k2 sin? am 2qw. sin” coam 2qw)
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Now from the formulae exhibited by us above there results:

sin® am 2
1= Scoam S;’w _ cosam(2q + 2p)w. cosam(2q — 2p)w
1 — k2 sin® am 2qw sin? am 2pw cos? am 2pw
sin® am 2
— HoTam 2;1,% _ cos coam(2p + 2q)w. cos coam(2p — 2q)w
1 — k2 sin? am 2qw. sin’ coam 2pw cos? coam 2pw '

But it is easily evident, the factors that are found the same in the denomi-
nator and numerator having been removed, that there results:

s am(2q + 2p)w cosam(2q — 2p)w +1
cos? am 2pw ~ cosam 2qw
() €0 coam(2q + 2p)w cos coam(2p — 2q)w Fl cos? coam 2qw _ F cos coam 2qw
cos? coam 2pw ~ coscoam2qw’ coscoam4qw  coscoamdqw
whence:

4@ — = (1 — k2 sin? am 2qw sin? coam qu) cos coam 4qw

cos am 2qw cos coam 2quw
But by the known formula for duplication there results:

2k’ sin am 2qw cos am 2qwA am 2qw

cos coam 4qw =
7 1 — 2k2 sin? am 2qw + k2 sin* am 2qw

2k’ sin am 2qw cos am 2qwA am 2qw

~ A2am2qw — k2 sin? am 2qw cos? am 2qw

2 cos am 2qw cos coam 2qw

- . . 9
1 — k2 sin? am 2qw sin? coam 2qw

whence at length, which was to be demonstrated, A9 = —2. In an entirely
similar manner the other equation: B(? = 2k? sin? am 2qw can be proved; this
however, A9 = —2 having now been found, is done more easily as follows.

It is easily evident that, when ﬁ is put in place of z, the expression is not
changed:

2 .
il (1 - setmas ) (1 — K% sin’ coam 2pw)
(1 — k222 gin? am2pw) (1 — m)

which we saw can be set equal to the expression:

—92 B(@) 2

+X .
sin? am 2qw — 22 1 — k2 sin? am 2qw 22

14+%
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But this expression, ﬁ being put in place of x, passes into this:

) —B@
1+X — +3 — =
1 — k222 sin® am 2qw k? (sin® am 2qw — x?)
B@ 2%k2 12 sin? 2 _B@ 2
Len(ae B Y e B0 2
k2 sin” am 2qw 1 — k222 sin® am 2qw k2 sin“ am 2qw sin® am 2qw — 2

whence, in order that it may remain unchanged, as it must, it is necessary that
there result:
B = 22 sin? am 2qw.

Q. E. D.

23.
From formula 14) of g. 20 it follows:

(1 — k222 sin?

CD (1 — k222 sin? coam Qw) (1 — k222 sin? coam 4w)
12202 = /1 — k222 22 — /1 — k242
\/ A%y \/ v 1% ﬁ (1 — k222 ¢in? am 2w) (1 — k222sin? am 4w)

Putting = 1, whence also y = 1, and /1 — A\ = X, there results:

Vo A coam 2wA coam 4w . .. A coam(n — 1w ) >
N Aam2wAamdw... Aam(n — 1w

Now however we have:
k/
Aamu’

A coamu =

whence:

kln
B {Aam2w.Aamdw. ... Aam(n — 1)w}*

Further, the formulae being brought into use:

1) N

2) A = k" {sin coam 2w. sin coam 4w. . . . sin coam(n — 1)w}"*

no1 {sin coam 2w. sin coam 4w. . . . sin coam(n — 1w}’

3) M= (-1)

{sinam 2w.sinam4w. ...sinam(n — 1w?}
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32 we obtain:

n—1

-7z /A
4) % e {sin am 2w. sinam 4w. . .. sinam(n — 1)w}’

)\k/’l’b
5) N {cos am 2w cos am 4w. . . . cosam(n — 1)w}?
k./n 2
6) S {Aam2wAamiw... Aam(n — 1)w}
-1 [N
7) % o = {tgam 2w. tgam 4w . .. tgam(n — 1)w}?

[ A
8) = {sin coam 2w. sin coam 4w . . . sin coam(n — 1)w}”

n

(-1 [ANEm

9 M k'E'En

= {cos coam 2w cos coam 4w. . . . cos coam(n — 1)w}>

10) VNE™=2 = {A coam 2wA coam 4w . . . A coam(n — 1)w}?

n—1 1
11) (=1) = M,/ =t {tg coam 2w tg coam 4w . . . tg coam(n — 1)w}>.

By the aid of these formulae, formulae 1), 4), 5) pass into the following:

kn
12) sinam (%, )\) =V sin am u sin am(u + 4w) sin am(u + 8w). ...sinam(u + 4(n — 1)w)

[N Ekm
13) cosam (%, )\) =\ i Cosamu cos am(u + 4w) cos am(u + 8w). . ..cosam(u + 4(n — 1)w)

/
14) Aam ( Y /\> =14/ %A amuA am(u + 4w)A am(u + 8w)....Aam(u + 4(n — 1)w),

M;

whence also:

kl’l’L
15) tgam (%, )\) =4/ 5 tgamu tgam(u+4w) tg am(u+8w). . .. tgam(u+4(n—1)w).

Another system of formulae is found as follows. From equation 4) it follows:

A
M2k
32 Editorial note: In the denominator of formula 3) the closing parenthesis after n — 1 is

missing and the exponent 2, which belongs after the closing brace, is printed on w instead; an
apparent misprint for (n — 1)w with the exponent 2 on the brace.

. . . 2
= {sinam 2wsinam4w....sinam(n — 1)w}",
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33 whence:

. ( u /\) T 1- m kM I zx — sin? am 2pw
=sinam (—,\ ) = — : =" . 7
Y M M "1 — k222 sin? am 2pw A xx — m
or:
A U 1
0= zII (22 — sin® am 2pw ——sinam(—,A)H [ —
( p) kM M k2 sin? am 2pw

The roots of this equation of the n* order are:
x = sinamu, sinam(u + 4w), sinam(u + 8w), ...., sinam(u + 4(n — 1)w),
whence we obtain the identical equation:
A U 1
zII (22 — sin® am 2pw) — —— sinam (—,)\) {2’ ——— ) =
( p) kM M k2 sin? am 2pw
(r —sinamu) (x — sinam(u + 4w)) (z — sinam(u + 8w)) ... (z — sinam(u + 4(n — 1)w)).

Hence comes forth the sum of the roots

A
16) Xsinam(u + 4qw) = i sin am (%7 )\) .

In the same way is found:

17) X cosam(u + 4qw) =

18) YAam(u+ 4qw) = iA am (— A)

19) Ztgam(u+ 4qw) = g team (%,)\) ;

in which formulae the number ¢ is assigned the values 0,1,2,3,...n — 1. These
formulae it is convenient to represent also in this manner:

A
Vi sin am (%7 )\) =sinamu + ¥ {sin am(u + 4qw) + sinam(u — 4qw)}

et
( k)M cos am (—, /\) = cosamu + 3 {cosam(u + 4qw) + cosam(u — 4qw)}
ﬁAam (i A) =Aamu+ X {Aam(u + 4qw) + Aam(u — 4qw)}
M M’

’
u
— tgam (—, A) =tgamu + X {tgam(u + 4qw) + tgam(u — 4qw)},
k' M M
33 Bditorial note: The exponent is printed 2, where 4 is expected (squaring formula 4) gives
the fourth power); a hand correction to 4 in ink is not transcribed.
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where the number ¢ is assigned the values 1,2,3,... "T_l Now let the following
formulae be noted:

2 cos am 4qw A am 4qw sin am v

sinam(u + 4qw) + sinam(u — 4qw) =
( @) ( @) 1 — k2 sin® am 4qw sin® am u

2 cos am 4qw cos am u

cosam(u + 4quw) + cosam(u = dgw) = 1 — k2 sin® am 4qw sin® am u

2A am 4qwA am

1 — k2 sin? am 4qw sin® am u

Aam(u + 4qw) + Aam(u — dqw) =

2A am 4qw sin am u cos am u )

tgam(u + 4qw) + tgam(u — 4quw) =
g am( qw) + tg am( aw) cos? am 4qw — A2 am 4qw sin® am u

*) Cf. g. 18 formulae 1), 2), 3); the last formula flows from formulae 10),
30), where you reflect that tgo + tgd = S2lotd)

cosocosd’

by whose aid formulae 16) — 19) pass into these:

2 cosam 4qw A am 4qw sinam u

20) Lsinam (l /\) =sinamu + 3

kM M’ 1 — k2 sin? am 4qw sin® am u

(=)= A u 2 cosam 4qw cosam u
21) ————cosam (—,)\) =cosamu + X
) kM M 1 — k2 sin? am 4qw sin® am u
n—1
(=)= u 2A am4qw Aamu
22) —————Aam (—,x\) =Aamu+ X
) M M 1 — k2 sin? am 4qw sin® am u
! u 2A am 4qw sin am u cos am u
23) ——t am(—,)\):t amu + X ,
) WM 8 M & 1 — k2 sin” am 4qw sin? am u

which are also obtained when the formulae proposed above are resolved into
simple fractions by known methods.

ON THE VARIOUS TRANSFORMATIONS OF
THE SAME ORDER.

TWO REAL TRANSFORMATIONS, OF THE GREATER
MODULUS INTO THE LESSER AND OF THE LESSER
INTO THE GREATER.

24.
We have seen that the element w can be assigned any value of the scheme
mK + m/'iK’

n
whenever n is a composite number, have no common factor with n. But it is

, m, m' denoting positive or negative integers, which however,
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gmK + qm'iK' .

— will
n

not exhibit different substitutions. Hence, when n itself is a prime number, the

values of the element w which furnish different transformations will be all of

these:

easily evident that, when ¢ is prime to n, the values w =

K iK' K+iK' K+2K' K+ 3iK K+ (n— 1)iK’

n’ n’ n n ’ n . n ’
or also:

K iK' K+iK 2K +iK' 3K +iK' (n— DK +iK’

n’ n’ n n ’ n o n ’

or, if it pleases:

K iK' K+iK' K+2iK' K+3iK' K+ 251K
;, n 3 n 3 n 5 n ’....#’
34
or also:
K iK' K+iK' 2K +iK' 3K +iK' 21K 4+ iK'
n’on’ n n ’ n T n ’

of which the number is n + 1. And in fact we saw that in the transformations
of the third and fifth order, proposed above as examples, the equations between
u = vk and v = v/, which we shall call Modular Equations, ascended respec-
tively to the fourth and sixth degree. But whenever n is a composite number,
this number is greatly increased; for there are added the cases in which either
m, or m’, or even both have a factor in common with n, provided only that it
is not the same factor that m and m’ both have in common with n. In general,
however, the theorem holds:

the number of substitutions of the n'' order different from one another, by
whose aid it is permitted to transform elliptic functions, equals the sum of the
factors of n, which number, however, whenever n is divisible by a square, em-
braces also substitutions mized of transformation and multiplication; and so,
whenever n itself is a square, multiplication itself."

That sum of factors, therefore, will designate the degree to which, for a
given number n, the Modular Equation will ascend, where it is to be noted
that, whenever n is a square number, one of the roots will present £k = A, and
in general, whenever n = m?v, m? denoting the least square by which it is
permitted to divide the number n, among the roots will also be all the roots of
the Modular Equation which belongs to v itself.

Among the values of the element w proposed above, which, in the case where
n is prime (to which, since the remaining ones return into it, it is convenient to

34 Editorial note: Printed iK instead of iK’ in the last term; the prime is missing, an
apparent misprint or dropped ink.

35 Editorial note: Printed as such: numerum substitutionem (where substitutionum is ex-
pected) and substisutiones (where substitutiones is expected).
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attend either solely or before the rest), supply the entire multitude of transfor-
mations, only two, generally speaking *), are found which furnish real transfor-
iK'
mations; these I call w = —, w = ——. The former we shall call in what follows
n n
the first transformation, the latter the second; and the moduli which correspond
to them we shall designate respectively by A, A, and their Complements by \’,

/\f . The arguments of amplitude g which correspond to these moduli, (which

Cl. Legendre calls complete functions,) we shall designate by A, A, A", A’. Our
general formulae for these cases turn out to be the following.

*) For in infinitely many cases, for special Moduli, it happens that a pair
of imaginary roots of the Modular Equations becomes equal to itself and so
becomes real.

I.

FORMULAE FOR THE FIRST REAL TRANSFORMA-
TION OF THE MODULUS k£ INTO THE MODULUS .

*
n | 2K . 4 . n—1)K
A = k"™ < sincoam — sincoam —. .. .. sin coam ———
n n n
)\/ kl’ﬁ,
= 1
1)K
{AamQKAam% ..... Aam =V }
2
. 1)K
M sin coam & sin coam ﬂ .. sin coam %
= ; “1K
sin am % sin am ﬁ .sinam %

sinam u 1— sin? am u 1— sin? am u 1— sin? am u
M sin? am 2K sin? am 4K Tt sin2 am M

U
sinam ( —,\ | = %
( — k2sin% am % sin® am u) (1 — k2sin? am % sin? am u) e ( — k2sin? am u si1
km 4K\ . 8K ) 4n—- 1)K
=(-1)"7 7/~ sinamusinam | u+ — | sinam (u+ — ) ....sinam (u+ ———
A n n n
.2
SIII am u _ blIl am u _ SN~ am u
( U \ Nkn cosamu (1 sin? coam & ) (1 sin? coam & ) e (1 sin2 coam (nnl)K)
cosam | —, ) = .
m . . . . . —1).
M Ak (1 — k2 sin? am%st amu) (1 — k2 gin? am%sm2 amu) (1 — k2 gin? am%

36

36 Editorial note: The exponent after the closing brace of the first formula (for \) is printed
as an asterisk-like mark where the exponent 4 is expected (as in the formula for A\’); no footnote

exists. The author’s Corrigenda for this page say that in the expression for cos am (M , )\) the
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2K 2 2K 2

. (1 — k2 sin?

w [N Aamu (1—k? sin? coam 2£ sin? am u) (1— k2 sin? coam 2% sin? am u) ..
Aam (M, )\) = an

(1 — k2sin? am % sin® am u) (1 — k2sin% am % sin? am u) o

37

sin coam =2 sin coam =2

(1 — k2sin% am ¢

2(n—1)K )

1— sinam u ) (1 ___sinamwu ) (1 . sinam u
4K SK -

Sin coam

1:|:Sinam(%,>\) _\/1—sinamu
1isinam(]%,)\) ~ V14sinamu

=

1

+

(
(
\/1$)\smam(

M>
1+ Asinam (% )\)

4K

2(n I)K)
g3

sin am u 14+ sinam u 14+ sin am u
sin coam % sin coam % e sin coam =

K .
sinamu

4K _ % ~ ks 2n=DK
\/m (1 — ksin coam £ sinam u) (1 — k sin coam 3£ sinam ) . . (1 k sin coam ="—
1+ ksinamu (1 + k sin coam % Sinamu) (1 + k sin coam % sinamu) . (1 + k sin coam =——~—

(— 1)‘1 cos am qKAam M sinam u

2qK
== sm2 amu

A
—— sinam (%,)\) =sinamu + 2%

kM — k2 sin? am

(—1)7 cosam 24X cosamu

3R
== sin? am u

A
—— cosam (%,/\) = cosamu + 2%

kM 1 — k2sin? am

AamMAamu
2K 2

1
—Aam (ﬂ,/\> = Aamu—l—QZ

M M — k2 sin? am 225 gin? am u
N ¢ U N ; Loy A am —2‘1[( sin am u cos am u
g am (—, ) =tgamu
k' M M cos? am 2q — A2am 2K K sinamu’

factor 1/ 225" is to be deleted and a second expression with that factor and the product of

)\k/n
. 4(n—1K
the cosines of u, u + T’ up to u+ M

the second expression.
37 Editorial note: In the numerator the second factor is printed with %, repeating the first

is to be added; the print has the factor and lacks

factor, where % is expected; an apparent misprint.
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II.

A. FORMULAE FOR THE SECOND REAL TRANSFOR-
MATION, OF THE MODULUS £ INTO THE MODULUS
A, IN IMAGINARY FORM.

. . . 4
. UK, 4K’ . (n—1)iK’
A = k" 4 sin coam sin coam ....sincoam ——
’ n
A/ k/’n,
’ 2K’ 4K (n—1)ik’ A
Aam 2~ Aam = . Aam-—>—
n n n
. 2
. K s K . —1)iK’
n—1 | sincoam £ sin coam 2 . . . si ALt UL
M = (—1) 215 471{ sin coam { n)
= (— Pl J L
) . N A N . 1)K’
sin am 2’5 sin am % ...sinam %

sin? 2 o2 . 2
sinamu (1 — —sinamu 1 — _sin“amu (1= Lﬂl%
. ( u ) ( sin? am % sin? am Lf, sin2 am W
S11 am
)

77 =

M 1— sin? am u 1— sin? am u 1— sin? am u
- — = - — ] ... - —
sin? am & sin? am Lff sin2 am i)LK

s
n

kn
=4/ T sinamusinam(u + 4iK") sinam(u + 8 K")....sinam(u + 4(n — 1)iK")

38

38 Editorial note: The arguments u + 4iK’, u + 8K’, up to u + 4(n — 1)iK’ are printed

4if/ and so on are expected; left as printed.

without the denominator n, where u +
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o o L
cosamu (1 — —sin"amu ) (¢ _ sinamw ) (1 _ ___sin"amu
< y ( sin? coam 21K/ Sin2 coam 41K’ sin2 coam%
COS am
M’
;

1 sin? am u 1 sin2 am u 1 sin? am u
— s KT — 7 | e - —
sin? am £ sin? am LK sin? am O fi)zK

)\’k" 4i K’ iK'’ 4(n — 1)iK’
= .cosamucosam ( u + —— | cosam | u + ....cosam | u+ —
AEm n n n

.2 .2 2
SN~ am u SN~ am uw SN~ am u
Aamu (1 ! i ) (1 —S T ) | 1= —; (=i
A U A SIn“ coam o SIn“ coam o sSin“ coam —
am
R
)

1 _ _sinamu 1 _ _sin®amu 1_ _ sinamu
7 " ——7 e o7
sin? am £ sin? am 3£ sin2 am (20K

n

!/
=1/ k)%"A amuAam(u + 41K )Aam(u + 8 K')....Aam(u+ 4(n — 1)iK’)

39

_ g U
1 smam(M

)\):
\)

1+ sinam (ﬁ

14+ sin am u 14+ sin am u 14+ sin am u

(n—1)iK’
n

1—|—sinamu'<

2i K/

sin coam 24 sin coam ‘“K

sin coam

1— sin am u 1— sin am u 1— sinam u
\/]_ —sinamu sin coam 2"TK/ sin coam 4if/ e sin coam %

1— A sinam (ﬁ /\)
(A

(1 _ sin amu ) (1 _ sin am u ) 1— sin am u
N N 3k “ e N7d
\/1 — k‘ Sinam u K s1n coam % sin coam %

1+k81namu 1+ sinam u 14+ sin am u 14+ sin am u
sin coam lK sin coam LKI e sin coam 4("*?”{’

14 A sinam

2q—1)iK’ 2q—1)iK’' .

U 2 _cosam ZITVIE N gy Qe DK G ama
A n n
» A,

—_— =sinamu — —
M SH At u (TSN

kM k sm am Sin- amu

39 Editorial note: As in the sine formula on the previous page, the arguments u + 4iK’,
u + 8iK’, and so on are printed without the denominator n; left as printed.
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(—1)"7 A, wo 2(—1)”'51z<*1>qsinam(2q DU A am DU cosam u
Wcosam M’, , | =cosamu + ik (2q—1)iK’ . 2

sm am? Sin- amu

—
\
—_
=
‘:
S
L

A am (u7>\7> _ Aamust 2(71)%1E(—l)qsinamMcosam(zq_TMAamu

; 2q—1)iK .
? sin am(qi)7 sin? am u

)

)\/
k’M tgam <J\Z’>\’> =tgamu + 2%

2qiK’
(—1)7Aam == sinamu cosam u
2qu

2qiK’ :
cos? am — A%am == sin® am u

B. FORMULAE FOR THE SECOND REAL TRANSFOR-
MATION IN REAL FORM.

>\:

)

L
{A am (271(/,19’) Aam (4K/7k’) ....Aam ((n*n&,k’) }4

! 2 _ 7 4
N =kK" {sincoam <2K ,k’) sin coam <4K ,k’) ....sin coam (ml)K,k’>}
: n n n

. ’ . ' . —-1)K’
sin coam (%7 k:’) sin coam (%, k’) ....sincoam (% k')

)

. ’ . ’ . 1)K’
sinam (25 &) sinam (4 k') ... sinam (%,k’)

M’:

. 2 a2 a2
sinamu (] 4 sin® am u 1+ sin® am u 1+ sin® am u
oz i (14 ity ) (1w o (T )
sinam ([ —,\ | =
2 in2 . in2 ;
1 sin am u 1 sin? am u 1 sin? am u
( + tg2 am( k’) + tg2 am({—f’,k’) + tg2 am(("*n#’)wk)

40

u cos am u (1 + sin? amu A% am (271(',145’)) (1 + sin? am u A% am (4TK/,I<:’)) (1 + sin? am
cosam | —,\ | =
< s ’) 1+ sin? am u 1+ sin? am u 1+ sin? am u \
tg? am(KT,,k’) tg? am(%w,k’) e tg2 am(i(n_i)K/ ,k’) )
u Aamu (1 + sin? am u A% am (%,k’)) (1 + sin? amu A2 am (3TK/,I<:’)) (1 +sin amu
Aam ( A) =
M’ sin? am u sin? am u sin? am u
(1 + tg?2 am(%’,k,’) 1+ tg2 a111(37—ff/,k/> T tg2 am(%,k’)

40 Bditorial note: In the last denominator factor the modulus is printed k instead of k’; an
apparent misprint.
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7

1 —sinam(

E\: i\:

1 +sinam(

5

(1 —sinamuAam(

(n—1)K’'
N

\/m (1—SinamuAam (%,k’)) (1—SlnamuAam (L, ')) (n=LR
1+sinamu’ (1+smamuAam(2K k’)) (1+sinamuAam( k’)) (1+SinamuAam(7("7i)K,,k’

1— A sinam (ﬁ )

A
1+)\}sinam<ﬂi )\) -

(1 — Aam (M,k’) sin a;

\/m (1-aam (&) simamu) (1- Aam (2, 5) sinamu) ..
1+ ksinamu (1 + Aam (%,k’) sinamu) (1 + Aam (371(/,16’) sinamu) ..

Aam (M_TDK/,/{’) sinamu

. (1 + Aam (& k’) sin am

A 2
—— sinam <J\Z,’)\’) =sinamu + X

kM, k' sin? am (W,k’) + cos? am (W,k’) sin? am u
(71)"7*1)\. w 2(71)’%1 (=1)%sinam (meM,k’) A am (mffw,k’) COS an
cos am JA | =cosamu — DX
kM o k sin? am (M k,) 1 cos? am (M k,> sin? am

(=1)?sinam (M_TM, k’) Aamu

)\/

sin? am (M k’) + cos? am (W, k’) sin? am u

’ ’
(—1)?cosam (%,k’) Aam (%J{:’) sinam u cosam u

tham <]\1;,)\'> =tgamu + 2%

In the formulae for the first transformation, (—1)% M has been put in place
of M. I have chosen to present the formulae for the second transformation in

two ways, both under the imaginary form and under the real form, in which
K’ ) 2mi K’

moreover, in place of ksinam , ksin coam , etc., there is every-
n n
-1 1
where written . = omyik (= 2m)iK’ etc. This, like the
sinam ————  sincoam ————

n n ,
reduction to the real form, is easily accomplished by means of the formulae of g'
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-1
19. Where the ambiguous sign + is put, the upper + is to be chosen when i

1
is an odd number; for the sign F

. n—
is an even number, the lower — when

the opposite holds. In the sums designated by the prefixed X, the number ¢ is

1
to be given the values 1, 2, 3, .... n

From the formulae set forth for the first transformation it is evident that,
whenever u becomes successively:

OK2K3K4K

n n n n
am (%/\) will be:
3
2 b

T
0, =, 2, ...
9 T T

whence we obtain:

K J—
nM
On the other hand we see that in the second transformation, whenever u be-

comes: 0, K, 2K, 3K, ... or amu: 0, g, m, 3%, ..., am (57)\7) also becomes
=0, f7 m, 31, ..., whence in this case:
2 2
K
— =A.
M ’

Moreover, from the formulae exhibited for the Moduli A, A, A, A it is clear
that, as n increases, the Moduli A, A’ converge rapidly to zero, and thus at the
same time the Moduli X', A\ approach very closely to unity. It is therefore fitting
to call the first transformation of the Modulus that of the greater into the less,
the second that of the less into the greater.

ON THE COMPLEMENTARY TRANSFORMA-
TIONS

g. HOW FROM THE TRANSFORMATION OF A MOD-
ULUS INTO A MODULUS ANOTHER IS DERIVED, OF
THE COMPLEMENT INTO THE COMPLEMENT.

25.

In the formula found above:

m

tg am (%, )\) =\ tgamu tg am(u+4w) tg am(u+8w). . .. tgam(ut+4(n—1)w)
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let us put u = 1/, w = iw’, so that w = mK + m/iK’, w' = m'K' — miK. Now
indeed (g. 19) we have

tgam(iu', k) = isinam(u’, k')

tgam(iu’, \) = isinam(u’, \'),

whence we see the cited formula pass into the following:

/ nei k/n
sinam (;\2, )\) =(=1)=2 4/ 5 sinam v sin am(u’'+4w’) sin am(u'+8w’). . .. sinam(u’'+4(n—1)w’). {Mod £’} .

Further, we have found the formulae:

)\/ B k/n
{Aam2wAamdw. ... Aam(n — 1)w}*
M= (_1)%—1 {sin coam 2w sin coam 4w. . . . sin coam(n — 1)w}” ,

{sinam 2w sinam 4w. . ..sinam(n — 1)w}2
which by means of the formulae:

1
A u k) = ———
am(iu, k) sin coam (u, k')
sin coam(iu, k) = _
7 Aam(u, k)’
whence there also follows:
sin coam(iu, k) —i . sin coam(u, k')
= = —1
sin am(iu, k) tgam(u, k')A am(u, k') sinam(u, k')

pass into the following:
N = k'™ {sin coam 2w’ sin coam 4w’. . . . sin coam(n — 1)’} {Mod ¥’}

M= {sin coam 2w’ sin coam 4w’ . . . sin coam(n — 1)w'}?

Mod £} .
{sinam 2w’ sinam 4. . .. sinam(n — 1)w'}> { }

Comparing these formulae with those which serve for the transformation of
the Modulus k into the Modulus A:

kn
sin am (%, )\) =1/ Y sin am v sin am(w 4 4w) sin am(w 4 8w). . ..sinam(u + 4(n — 1)w)

A = k™ {sin coam 2w sin coam 4w. . . . sin coam(n — 1)w}”

. . . 2
M= (—1) n-1 [ sincoam 2w sin coam 4w. . . . sin coam(n — 1)w
sin am 2w sin am 4w. . . . sinam(n — 1)w ’
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there emerges a Theorem which must be reckoned of the greatest moment in
the Theory of Transformation:

Whatever formulae can be set forth concerning the Transformation of the
Modulus k into the Modulus X\, the same hold, on changing k into k', X into X,
w intow’ = g,, M into (—1) “3* M." The transformation of the Complement into
the Complement, derived in the said manner from the proposed transformation,
we shall call the Complementary Transformation.

It is readily evident that the complementary transformations of the real
transformations of the Modulus k& are the real transformations of the Modulus
k', in such a way, however, that the complementary of the first of the Modulus
k is the second of the Modulus k', and the complementary of the second of the
Modulus & is the first of the Modulus &’. For where in the theorem just set forth

+K +iK’
one puts w = —, w = , which correspond to the first and second trans-
n
w  FiK w TK’
formations of the Modulus k, there results w’ = — = , W= —-=—-—

which correspond to the transformations of the Moﬁulus kT’L, the SeCOIlZd and grst
respectively. Also, since as the Modulus increases the Complement decreases
and vice versa, the transformation of Modulus into Modulus, where it is that
of the greater into the less, must be the transformation of Complement into
Complement, or the complementary transformation, of the less into the greater,
and vice versa. We see therefore that, on changing k into k’, A passes into )\f ,
and A into A'. Also the Multiplier M, common to the first transformation and
its complementary *), will pass

*) This holds generally only if the sign be neglected; for we have seen that
what was M in the one transformation is (—1)”771M in the complementary;
but in our cases, because in the first transformation (—1)%1M has been put
in place of M (see above), the ambiguity of sign is removed, so that for the
complementary real transformations the Multiplier M is wholly the same.

into M, which belongs to the second transformation and its complementary,
and vice versa M into M. Hence from the formulae found above:

K K
A=— A =—
nM’ M’
these follow:
v KK
’ nM,7 M’

whence arise the formulae of the highest moment in this theory:

N K AN 1K

—=n—; —2=—.—.

A K A n K
These formulae constitute the genuine character of the proposed transformation,
whence it is evident that we have rightly referred the individual transformations
to the individual numbers n. I shall remark that, whenever n is a composite
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number = n’n’”, from the individual real roots of the Modular Equations, or from
the individual real Moduli into which a given Modulus k£ may be transformed
by a substitution of the n" order, equations of this kind arise:
A/ n/ K/
AWK
which correspond to the individual resolutions of the number n into two factors.
Among the number of these, therefore, whenever n is a square number, there
will also be this one:
N K
— = —, whence A =k,
A K

which teaches that, in the case where n is a square, among the number of
substitutions there is one which supplies a multiplication.

ON THE TRANSFORMATIONS SUPPLEMEN-
TARY TO MULTIPLICATION.

26.

Let us recall the formulae:

N K N 1K
A, _

A K’ K n K’

which, written in this manner:

N K
XK
KN
KA

s

make it clear that the Modulus A depends on the Modulus k in the same way
as the Modulus k on the Modulus X, or that the Modulus k depends on the
Modulus A in the same way as the Modulus A on the Modulus k. Therefore
by the first transformation, or that of the greater into the less, by which k is
transformed into A, A\ will be transformed into k; by the second transformation,
or that of the less into the greater, by which k is transformed into A, A will
be transformed into k. Therefore after the first transformation the second is
applied, or after the second the first, the Modulus k returns into itself, or the
first and second transformations applied successively, in whichever order one
pleases, yield Multiplication.

Let us call M’ the Multiplier which depends on A in the same way as M, on
k; My’ the Multiplier which depends on A in the same way as M on k; so that
the equations are obtained:
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dy 1 _ dx
VI—y2 122 MVI-22V1— k222

dz 1 dy

VI—22 V1 — k222 M’\/l—yQ\/lf)@z27

of which the one corresponds to the transformation of the Modulus & into
the Modulus A by the first transformation, the other to the transformation of
the Modulus A into the Modulus k£ by the second transformation. From these
equations there results:

41

dz _ dx
VI =22)(1-k222)  MM'\/(1-22)(1 - k2z?)

s s )
] ence z =smam | —— | .
P Whenee Z = MM’

K
But from the equation A = v on changing k into A, by which change K

)

A
passes into A, A into k, A into K, M into M’, there is obtained K = ik

= n, whence:

nd

K 1
e €S
BV A
dz ndz

VA =221 —k222) (1 —22)(1 — k2a?)

K
In the same way from the equation A = " changing k into A, by
n
which change K passes into A, A into k, A into K, M into M, there results

this equation, compared with the equation A =

)

A K
= , and this equation, compared with the equation A, = —, gives
nM’ ’ M

1
M M’
applied successively, the Argument is multiplied by the number n.

Where after the transformation of the Modulus k into the Modulus A the
Modulus A is transformed again into the Modulus &, so that Multiplication
results, we shall call this transformation the one supplementary to multiplication
of that former, or simply supplementary.

Let us set down, both by way of example and for use in what follows, the
formulae for the transformation supplementary to the first, that is, of the Mod-
ulus A into the Modulus k, which will be the second of ) itself, yet only under
the one imaginary form, since the reduction to the real is ready to hand. We
obtain these formulae at once when in those which were set forth above for the
second transformation of the Modulus k (see Table II. A. g. 24) we put A in

)

= n; whence we see that in those two cases, after two transformations

place of k, k in place of A, % in place of u, M’ = —— in place of M, whence

41 Bditorial note: In the last radical of the second equation the print has z2 where y? is
expected; an apparent misprint.

61



u
!’

A will be understood, unless the Modulus k is expressly added; moreover, for

= nu in place of 2 In these formulae, but in these only, the Modulus

U
brevity’s sake I have put y = sinam (M’ )\); the number ¢ is to be given, as

n—1
2
FORMULAE FOR THE TRANSFORMATION
OF THE MODULUS ) INTO THE MODULUS
k, OR THE ONE SUPPLEMENTARY TO THE
FIRST.

above, the values: 1, 2, 3, ...,

27.
25N 43N\’ —1)iN’
k= \" {sin coam ! sin coam ! .. sin coam (n)z}
n
K = AT
230’ 43N — 1A
{Aam ! A am ! ....Aam(n)l}*
n n n
, 2N 4iN , (n—1)iA’ 2
1 sin coam sin coam .. sin coam ~———-—
_ n n n
nM 2N 4N (n—1)iN
sin am sin am ..sinam ~————
n
vy yy vy
M 1 1—-—1... 11—
naty ,  2iN 4N 5 (n— 1)l
sin” am sin? am sin® am ~——%—
sinam(nu, k) = n n n
TR A | P A
9 1A (n — 2)iA
sin” am — sin? arn sinam ———
n n
[A u o u L 4iN’ u SZA/ Ly 4(n —1)iN
=4/ —sinam — sinam | — sin am .sin am
k M M n n
Yy vy yy
T—yy|1- L A— 1—
4 i 2N L 4N L
sin” coam sin® coam sin” coam
cosam(nu, k) = L L
Ly L Yy L Yy
. 9 Iy 9 3N 9 (n — 2)iA’
sin® am — sin” am sin® am
n n n
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= wcosamicosam £+4iA/ cos am £+8iA/ cos am E—FM
~ Vi M M n M n ) M n

A—2eyy |1- — Y9 IR _ vy
1-Xyy |1 N 1 sn | 1 (

c 2 .2 .92 n — 2)ZA/
sin® coam — sin” coam sin” coam
Aam(nu, k) = n " "
1-— o i-—2 |- Y
Lo A .o 3iA .o (m—=2)iA
sin® am — sin® am sin® am ————
n n

k! u u 4N u 8N u  4(n—1)AN
= )\/nAamMAam<M—|— - )Aam(M—i— - )...Aam(M—l—)

Y ) Y
b |V || CERN
1 — sinam(nu, k) 1—y sin coam sin coam sin coam ~—————
R n n n
1 +sinam(nu, k) \/;
Y Y Y
1+ — 14— 1
" sin coam 2\ ’ sin coam S ’ sin coam M
n
) Y Y
e 1 e R (=2
1 — ksinam(nu, k) 1-y sin coam —— sin coam sin coam ~—————
R n n n
1+ ksinam(nu, k) \[ 14+ My’
Y Y Y
o sin coam A/ o sin coam S 1+ sin coam M
n n
cos am (24 = UiA/A am (2 = ik
sin am(nu, k) = Ay 2 4 - 1
knM  knM o (2g—1)iN
Sin” am ~———— —yy
_ (2q— 1) (2q — 1)iN’
n—1 _ q o A
1 Wi 2. /1= (—=1)9sinam am
cosam(nu, k) = (=D = A L \/ Y9y, n _ n
knM iknM .o (2g—1)iA
sin” am ~————— — yy
n
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(2¢ — 1)iN (2q — 1)iN’

n—1 —1)9si -~ - 7
_1)% 29 /1T~ 2 (=1)?sinam cos am
Aam(nu, k) = G 1— Nyy - Y n — n
nM inM .o (2g—1)iA
Sin” am ~————— — yy
2qi\’
tgam(nu, k) = o e T 2l 2gi
" Y " cos?am —L— — A2 am “1 gin? amu
n n

42

The general analytic Theorem concerning that transformation supplemen-
tary to the first I communicated to Cl. Legendre as early as the beginning of
August 1827, and he also wished to make mention of it in the Note cited above
(Nova Astr. a. 1827. no. 130). A similar system of formulae could have been
established for the other transformation, supplementary to the second, or the
transformation of the Modulus A into the Modulus k. That all these things
may become clearer, I have chosen to add a table setting before the eye the
fundamental formulae for the first and second transformations, and for their
complementary and supplementary ones.

Moreover, of the number of imaginary transformations, each one has its
supplementary one pertaining to Multiplication. Let us suppose, as is per-
mitted, that the numbers m, m’ of g 20 have no common factor; let further
my — pm’ = 1, with u, ¢/ denoting positive or negative integers. Now if
in our general formulae proposed in g. 20 sqq. on transformation one puts

pK 4 p iK' . .
w = —r and k and A are interchanged, one obtains the formulae
which pertain to the supplementary of the transforn}atic/)n. Witl? m= 1/, m =0
put, there results p = 0, ¢/ = 1, whence M = i = i, which
nM nM n
affords the supplementary of the first, as we have seen.

GENERAL ANALYTIC FORMULAE FOR THE
MULTIPLICATION OF ELLIPTIC FUNCTIONS.

28.

From the two Supplementary Transformations the formulae for Multiplication
itself can be composed, or the formulae by which the elliptic functions of the
Argument nu are expressed by elliptic functions of the Argument u. To demon-
strate this by an example, let us compose the Multiplication from the first
transformation and its supplementary. To this end let the formula be recalled:

42 Bditorial note: The last term of the denominator is printed with sin? am u, where yy is
expected (the author’s Corrigenda give yy); a hand correction in ink is not transcribed.
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, u P I , 4K\ . 8K , 4(n - 1)K
Sin am (—,)\) =(-1)">2 —smmamusinam | v+ — |sinam |4+ — | ...slnam (u + ——— |,
M A n n n

which can also be represented in this manner:

n—1 . u km . 2mK
(-1 &nam(M,)\)—\/)\Hsmam(u—l- - ),
1

where m denotes the numbers 0, £1, +2, ..., in — In this formula
miK' u . u  2mliK'
let us put u + in place of u, whence — passes into — + =
. M M n
U m'i
— : th sults 43
i ere results
ne 2m/i\’ [k 2mK + 2m/iK’
(—I)Tlsinam i—k me A | =14/ —IIsinam u+—m +em .
M n A n
-1
Now when the values 0, +1, +2, .. + 07 24 assigned to m’ itself as

n
well, so that to both m, m’ those values are appropriate, on forming the product
we obtain:

e 2m’iN’ knn 2mK + 2m/i K’
(1) I sin am (M““,A) — T sinam (Hm*m);
M n AT n

where in the one product the number m/, in the other both m, m’, are to be
n—1
assigned the values 0, +1, +2, .., + .

But we saw in the preceding g° that:

sinam(nu, k) = V T sin am (i) sinam ( o + AN sinam | — + S sinam | — + An = D’ {a

a formula which can also be represented thus:
An 2m/1 N
sinam(nu, k) = 4/ - ITsin am (]\Z + mnl,)\> ,

43 Editorial note: Printed % in the first term, where QTLXIKI is expected so that it
equals 2m7/LiA,; an apparent misprint (the factor M is missing).
44 Bditorial note: Printed i% instead of i%; an apparent misprint.

whence now:
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n—1 2 K 2 /'K/
1) sinamnu=(—1>2¢w*—1nsmam(u+m+m).

n
In the same way one finds:

E\™! omK + 2m/iK’
2) cosamnu = <k’) Hcosam(u—i—m)
n

1\t 2mK + 2m/iK’
3) Aamnu = <k:’> HAam(querm).
n

These formulae are also easily reduced to this form:

1 sin® am u
.o 2mK 4 2m/iK’
sin®am —mM8MMM——
4) sinamnu = usinam u II n
) - 2mK +2miK |,
1 —k2sin*am ——— sin“amu
n
.2
) sin® am u
o 2mK + 2m/iK’
sin® coam ——8M—
5) cosamnu = cosamu Il 7
) 5 2 2mK +2m/iK' | 4
1—k?sin“am —— sin“amwu
n
45
. 2mK +2m/iK' .
1—k%2sin?coam ——— """ sinamu
6) Aamnu = Aamull n__
) 5 2 2mK +2miK' |,
1 — k2sinam ———  sin“amu
n

To these it pleases me to add the following:
2mK 4 2m/iK’  (—1)"7 "

nn—1

n k p)

7) IIsin® am

nn—1

1 !/ !
8) Ilcos®am ImK o 2miKT <k>

k

n

15 !/
9) TIAZam 2mK + 2mhi K EVETEY
n

45 Bditorial note: In formula 4) the print has u where n is expected before the first sin am u;
an apparent misprint.
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n—1
In the last six formulae only the positive values 0, 1, 2, 3, ..., —— are appro-
priate to the number m, yet so that whenever m = 0, only the positive values
n—1
1,2, 3, ..., —— are assigned to m’ itself. Both these and other formulae for

Multiplication had already been proposed earlier by Cl. Abel, with the necessary
changes made, whence it was permitted to us to be briefer.

ON THE PROPERTIES OF MODULAR EQUA-
TIONS.

29.

Since in the same manner A depends on k and k£ on A, and likewise A’ on k',
k' on /\f ; it is evident, when according to the same law one constructs scales
of Moduli which can be transformed into one another, the one containing the
Modulus k, the other its Complement k', that in them the terms will follow one
another in the same order:

ca A kAL
L NUELN L

This was already observed earlier by Cl. Legendre in the transformations of the
second and third order and confirmed by calculation. Since similar things hold
for all transformed and imaginary Moduli, it is evident that, with A denoting any
transformed Modulus, the algebraic equations between k and A, or between u =
vk and v = v\, which we have called Modular Equations, remain unchanged,

1) when k and X are interchanged,

2) when k’ is put in place of k, X’ in place of .

The former we have already observed above in the Modular equations which
pertain to the transformations of the third and fifth order:

1) ut — ot 4 2uv(1 — u®0?) =0
2)  u® — 08 + 5uv? (u? — v?) + duv(l — utv?) = 0

and by means of that observation we have exhibited the algebraic expressions
for the supplementary transformations. That the latter also may be verified by
these examples, let us transform those equations into others between kk = u®
and A\ = v8, which is not done without a lengthy calculation. This having been
performed, the equations are obtained:

1) (k2 = 22)* = 128k202(1 — ) (1 — A?)(2 — k2 — A% + 2Kk%)\%)
2) (K> —=X)%=512k*2(1 - k*)(1 = M) {L - L'k* + L"k* — L'k},

provided that in the second one puts:
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L =128 —192)% + 78)\* — 7X6
L' =192 + 252)\% — 423)\* — 78\°
L' = 784 423)\% — 2520% — 192)\6
L' = 7— 78\% —192\% — 128\°.
46 These equations pass into a much more convenient form on introducing the

quantities ¢ = 1 — 2k2, [ = 1 — 2A2. This done, the proposed equations come
out as:

1) (¢—1)*=64(1—qq)(1 — 1) {3+ ql}

2) (q—1°=256(1—qq)(1 — 1) {16¢l(9 — ql)* +9(45 — ql)(q — 1)*}
= 256(1 — qq)(1 — 11) {405(qq + Il) + 4864l — 9ql(qq + UI) — 270qqll + 16¢°1* } .

These equations remain unchanged when %’ is put in place of k, A’ in place of
A, whence g passes into —¢q, | into —[; which was to be demonstrated.

Corollary. Since we have seen that the Modular Equations proposed between
g=1-2k? and | = 1 — 2)2 assume a sufficiently convenient form, it may be of
interest also to expand the functions K, K’ themselves according to the quantity
q. This is done not inelegantly by the series:

24 2468 24.6.8.10.12

7w (q 334> 3377¢°  3377111L4"
2J \2 246  24.68.10 24.6.8.10.12.14

2 5.5.q% 5.5.9.9.¢°
K=1J (1 Iy 204 a )

2 4 6
q 5.5.q 5.5.9.9.¢q
K=J(1+>—
( + 2.4 * 2.4.6.8  2.4.6.8.10.12 )

7r (q 3.3.¢> 3.3.77.¢° 3.3.7.7.1111.4" >

to7 27 246 T 246810 " 2468101214

where for the sake of brevity it is put

/fdi‘ﬁ:l
0 1/1—}sin¢2
2

With easier labour, for the transformation of the third order the equation:

30.

46 B ditorial note: In the last line the print has —192\%; the author’s Corrigenda give +192\%
(a hand correction in ink appears in this copy).
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ut — vt 2uv(1 —u?v?) =0

can be so transformed that that correlation between the Moduli and Comple-
ments shines forth. For we obtain from it:

1 —uh(1+0?) =1 —uo? + 2uv(l — u?v?) = (1 — w?0?) (1 + uv)?
(1+uh)(1 -2 =1—wu? = 2uv(l —u?0?) = (1 — u*0?)(1 — w)?,
and on multiplying these equations into one another there results:
(1—u®)(1 - %) = (1 — v
Now let:
1—u® =Kk =u®
1—0® =N =%
roots having been extracted, there results:
W0 =1 — u?,

or

u?0? + W = VEN+FVEN =1,

a most elegant formula which Cl. Legendre has already exhibited. Nor is it
proved inelegantly by our analytic formulae. For from them in the case n = 3
there flows:

]{/’/3
A = k3 sin? coam 4w; N = Ao’
whence:
9 . 9 k% cos? am 4w
VEkN = k*sin“ coam4w = —————
A? am 4w

VEN = K

A2 am4w’

whence, since

'k + kk cos® am 4w = 1 — kksin? am 4w = A? am 4w,

we obtain, what was to be demonstrated:

VEX+VEN = 1.

That I may derive a simpler equation between u, v, u’, v’ for the second
example, I proceed thus. The proposed equation:
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u® — 0% + 5u%? (u? — v?) + duv(l — utv?) =0
I exhibit as follows:
(u? — v?)(u* + 6u*0? +v*) + duv(l — uto*) = 0,
which, it is easily evident, can assume the two following forms:
(u? —v?)(u+v)? = —duv(l — u*)(1 4 v*)
(u? — v} (u—v) = —duv(1 +u?)(1 — o),
and on multiplying these equations into one another there results:
(u? —v?)% = 16u%0v? (1 — u®)(1 — v®) = 16uvu/Sv’®.

Since at the same time, as was proved above, u® passes into v, v® into v'8, we
obtain also:

(UIQ _ u12>6 — 16U/2U/2(1 _ u/S)(l _ U/8) — 16U/2U/2U8U8-
Hence, on division and extraction of roots, is derived:

2 2 i

u? —v u'v
g =y O uv(u? —v?) = /v (v? — u'?),
or
VX (Vi = V) = VIOV (VA = V)
31.

Another remarkable property of the Modular equations

ut — vt 4+ 2uv(1 — u?v?) =0
ub — 0% 4 5uv? (u? — v?) + duv(1 — uot) = 0
is found even at first sight, viz. that they remain unchanged if in place of u, v

11
one puts —, —. That this may be demonstrated generally for Modular equations,

u v
let the following be noted, which can be of use for other questions also.
When y = kx is put, one obtains:

dy kdx

\/(1 —v?) (1 - ZZ) VI —a?) (1 - ka?)

whence, since simultaneously z =0, y = 0:
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Hence on putting

* dx
= u, there results:
0 V- )1 - Fa?)

dy

/0 \/(1—y2) (1—22)

1
whence z = sinam(u, k), y = sinam (ku, k:) Hence arises the equation:

1
. k. —
smam( U,

) = ksinam(u, k), whence also
1
cos am (ku, k) = Aam(u, k)
1
A am (kju, k) = cosam(u, k)
t k N _k (u, k)
gam | ku, - | = -5 cos coam(u,
sincoam | k L !
in coam - =—=
Uk sin coam (u, k)
1 17
cos coam | ku, )= ik" tgam(u, k)

1 ik’
A o
coatl (k% k) k cosam(u, k)

: 1 1 —1
m )=
§con ok cos coam(u, k)

1
Further, by putting su in place of u, since the Complement of the Modulus z
1./

becomes %7 we obtain with the aid of the formulae of g' 19:
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: ik’ /
sinam | ku, = ) =cos coam(u, k')
AN )
cosam | ku, -+ ) =sin coam(u, k')
ik’ 1
A ku,— | = ——
am( “ % ) Aam(u, k)
ik ,
tgam ( ku, 5 )= cotg coam(u, k')
”
sin coam <ku, Zk> = cosam(u, k')
cos coam ( ) sin am(u, k')

Acoam (b, 5 ) = 22D

tg coam (k‘u : > = cotg am(u, k').

Now let us investigate what K, K’ or arg. am(g, k), arg. am(g, k') become,
1
if in place of k one puts —; or let us investigate the value of the expressions arg.
m 1 w ik ) . . .
am 5% , arg. am 5 , which expressions, in the notation employed by

1 K
Cl. Legendre, would be F! <k) F! (Zk > First, however, there results:

dy dy

1 ! _ [ 1 '
g (2 k:> /0\/(1?/2)(1%2) /O\/(lyz)<1zz>+/k \/(1_3/2)(1—%2)

With y = kx put, there results

dy

/ok \/(1 ) <1 j y2> N k/ol V(- x?cjz — k2a?)
k.2

= kK.

That the other integral

may be derived, let us put

1 dy
/k \/(1—y2) (1-%)
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dy —kdx

2 VA= 22)(1 = KE2?)
\/(1_y2) (12_1> V= 27)( )

Now since z increases from 0 up to 1 while y decreases from 1 down to k, we
obtain:

dy

/Wuw (1‘1’2)% Juyjy(“ ) e

/

51

k2

T 1

Hence results arg. am (2, k:> =k {arg. am (g,k) +iarg. am (g,k’)} =k{K +iK'},

1
or when k is changed into o K passes into k{K +iK'}.
Secondly, with y = cos ¢ put, there results:

1 s
/ dy :k/2 ]% :kK/, whence:
0 k'K’ 0 — sin
1— 2 1 2
w 7 (1+5e)
1./
arg. am (g,%ﬁ) = karg. am (g,k') =kK',

1
or when k is changed into e K’ passes into kK'.

1
In general, therefore, when k is changed into —, mK + im/ K’ passes into
p(mK +m/'iK’)
n

k K ViK' 1
k{mK+(m—l—m/)iK’},whencesincoam{ p(mK + (m + m)iK') },

, k} into sin coam { z

n b
. . 1 1
which comes about from the formula sincoam (| ku, - | = ——————:
k sin coam (u, k)

) kp(mK + (m+m)iK') 1 1
sin coam ,— = 7 .
n . {p(mK+(m+m)1K) }
sin coam k
n
K K’ K iK'
Now therefore, with mA FmiR w, mK + (m + m)i = w, put, the
n n
expression

4

)

A = k"™ {sin coam 2w sin coam 4w sin coam 6w. . . . sin coam(n — 1)w}
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1
when k is changed into T passes into this:

1 1

: : : : 1 ’
k™ {sin coam 2w_ sin coam 4w, sin coam 6w, ... sin coam(n — 1)w } H

where p is itself a root of the Modular equation, or is among the number of
Moduli into which the proposed Modulus k can be transformed by a transfor-
mation of the n¥ order. For among the values which w can assume, in order
that a transformed Modulus result, that w will also be. Whence now the reason
is evident why in general Modular Equations must remain unchanged when k
is changed into —, A into —.

I shall note in addition that, when according to the same law of transforma-
tion k is simultaneously transformed into (™), X into A", whenever k(™) is
put in place of k, \ also passes into A(™); whence the Modular equations, when
k is simultancously changed into k(™ and X into A(™) | must remain unchanged.
Thus e.g. the equation vEX + vk’ = 1, which is for the transformation of the
third order, must remain unchanged when in place of k, A there is put resp.

1-kK 1-XN 2VE 2V N
T TN whence in place of k/, X’ there will be put 1-&-\/;’7 H\F)\” which

it is known comes about by the transformation of the second order. For the
equation vVkA 4+ VEk'N =1 passes into this:

(1—k)(1—N) 2VEN B
(1+ &)1+ N) A+k)I+N)

, or

WVEN = /(I +E) 1+ N)— /0= k) (1= N).

On multiplying this into itself there results:

AVEN =21+ KN) —2k\, or kA =1+KN — 2VEN,

which, roots having been extracted, returns to the proposed:

VEA=1—-VE'XN or VEX+VE'N =1.

This example was already proposed by Cl. Legendre. In general, however, con-
cerning the composition of transformations it can be proved that, when two or
more transformations are applied successively, one arrives at the same result, in
whatever order they are applied.

32.

But among the properties of the Modular Equations that seems to me the most
memorable and singular which I think I perceive, that they all satisfy the same
Differential Equation of the Third Order. The investigation of this, however,
will have to be taken up from somewhat further back.
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It is sufficiently well known *), with aK 4+ bK’ = @ put, that:

2
k(1 — k%% +(1— 31&% =kQ,

with a, b denoting any Constants whatever. Thus also with o/ K + bV K' = Q'
put, with a’, ¥’ denoting any other Constants whatever, there will be

2Q dQ
k2 dk

k(1 — k%) + (1 — 3k?) L EQ'.

These equations being combined, one obtains:

a*Q’ d? dQ’ d
k(l—kQ){Q dg - ’dkcf}+(1—3k2){cg dcli - ’dg}:o,

whence, integration having been performed:

dK’ dK

dQ - K'} = (ab'—d'b) C.

k(lkZ){Q o Q’dQ} = (ab'—a'b)k(1—k?) {K

dk dk dk
The Constant C' was found by Cl. Legendre from a special case to be = —g,

whence now

Q" ,dQ _ —3m(ab — a’b)

@k dk k(1 -k?)

or

Q —Lr(at — a'b) dk

“ _ "3
Q k(1 - k*)QQ

Similarly, with A denoting any other Modulus whatever, with aA + A’ = L,

o'A + 'A = L' put, there will be,

d£/ _ —3m(af’ — o/ B)dA
L A1 - X2)LL
Let A be the Modulus into which k is transformed by the first transformation
of the n'' order; let further Q = K, Q' = K’, L= A, L' = A’; there will be:

I A K
*) Cf. Legendre Traité des F. E. Tom. I. Cap. XIIL.
whence

L AN nK' Q'

ndk d\
k1 —E2)KK ~ A(1— A2)AA

(6]



K
But we have found for that transformation A = —%7, whence now:

uM
1 M1 —22)dk
MM=— ————.
n k(1 —k2)d\
In th dt f ti thtA: 1K/A h
n the second transformation we saw tha Iy =- M= M, whence:
dk ndi,

K1-K)KK A (1-A)AA

[

whence here too:

a2 A (1= 22)dk
T k(L= k2)dN

In general, however, whatever the Modulus A be, whether real or imaginary,
into which the proposed Modulus k£ can be transformed by a transformation of
the n% order, the equation will hold:

1 k(1 — k%) dA
n N1 =A%) dk’

That this may be proved, I shall note that in general equations of the form are
obtained:

MM =

K +ibK'’
A+ipp =220
al +if I
"K' +ib'K
/A/ . /A:a’
o' N +ip i

with a, d/, a, o/ denoting odd numbers, b, b/, 8, 8 even numbers, both kinds
positive or negative, of such a sort that aa’ + b’ =1, aa’ + " =1 *). Hence,
with the following put:

aK +ibK' =Q, dK' +ibVK=Q'
aA+iN =L, oAN+if/A=1L",
we obtain, because aa’ + bb' =1, acd/ + 8 = 1:
g9 —nmdk L —mdh
Q 2k(1-k)QQ L 2X1-A)LL’

*) A more accurate determination of the numbers a, a', b, b’ etc. ete. for
the individual transformations of the same order seems to labour under grave
difficulties. Indeed this determination, unless we are greatly mistaken, depends
chiefly on the limits between which the Modulus £ lies, so that for different

47 Editorial note: The print has u in the denominator where n is expected; an apparent
misprint.
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limits it comes out wholly different. How intricate this renders the question, he
who has tried it will recognise. Above all, however, it seems that the nature of
imaginary Moduli must be inquired into more accurately; this question as yet
lies wholly untouched.

! L/
whence, since % =7 L= %7 in general there results:
1 M1 —22)dk
MM=— ——-—.
n k(1 —k2)d\

I shall note in addition that the equation found can also be exhibited thus:

1 A2(1—A2)d(k?) 1 N2(1—N?)d(k™)
n 21—k dA2)  n k21— k2?)d(N?)’

48 whence we see that the expression MM is not changed when in place of k, A
the Complements k', A\’ are put, or, what we demonstrated above, that for com-
plementary transformations, no account being taken of sign, the multiplier M is
the same. Further, by changing &k into A, A into k, whereby the transformation
passes into the supplementary, M M is changed into

MM =

1 k(1 — k2) dA 1 it L
—. = r M into ——
n AM1—-X)dk nnMM’ nM’

which too was itself proved above.

33.
With Q = aK + bK', L = aA + SA’ put, the Constants a, b, a, 8 can always
be so determined that L = %, or @ = M L. Further, one has the equations:

1 (k- k%% +(1 731{2)% —-kQ=0
2) (A — )\3)% +(1- 3)\2)% — AL =0,
which can also be represented in this manner:
(k — k%) dQ
3) d % —kQ =0
(A= X3 dL
4) d $ — AL =0.

Let us substitute in the equation:

48 Bditorial note: The print sets k2 in the last denominator, where k’2 is expected; the
author’s Corrigenda list this misprint.
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?Q dQ
_ 3\ _ 2\ _
(k k)de—i-(l 3k)dk kQ =20

Q = M L; there results:

d>M dM dL dM d*L

L — k3 1—3k¥)— — kM p+—<3 2(k — k%) — 1—-3k)M M — =

{(k )dk2+( 3)dk k }+dk{(k )dk+( 3k?) }+(k k)Mdk2 0
which, multiplied by M, gives us:

(k — k¥ M2dL
d>M dM
5) LM (k—k 1-3k) " kM +d—dk  _
) {( ) H =3y }+ dk 0

But from the antecedent g° there results:

o (A —A3) dk (k—k3M?*dL (A —\3)dL
= h = .
n(k— k3 o dk nd\
Further, from equation 4) there results:
— ) dL
d M = ALd)\, whence
dA
(k — k*)M?*dL (A =A%) dL
d dk 4 d\ _ AL dX
dk ndk ndk
Hence equation 5), divided by L, passes into this:
d*>M dM Ad)
6) M (k—kK 1-3k*)—— — kM + —— =0.
) {(k k)dk2+( 3)dk k}+ndk 0
When in this equation the value of M from the equation M?2 = m
4 4 = nlk — k%) dx

is substituted, a differential equation between the Moduli k£, A themselves is
obtained, which, it is easily evident, ascends to the third order. By a somewhat
troublesome calculation there is found:

py €N 20X A a3 [ 14k forexy av]
dk* dk "dk3  dk? k— k3 A=A Tdk2
In this equation dk has been considered as a constant differential. Where it

pleases to transform it into another, in which no differential is put constant,
there will have to be put:

8
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PA_EA Dk

dk?  dk? dk?

@N N 3PNk Ak | 3\ &R
Ak~ dk* T dk? dk? dk?

whence:

3d%\? _ 2dA d‘i)\ B 3d2\? B 3d\2d%k? n 2d\2d3k _2dA d3\
dk?* dk "dk3  dk* dkS dkb dk*
Hence equation 7), multiplied by dk®, passes into the following, in which no

differential is put constant, or in which any one whatever that one pleases may
be considered as such:

2 2
8) 3{dk*d’\* — dN’d*k*}—2dk d\ {dk d®X — d\ d*k }+dk*dN? LN e (LAY el g
k— k3 A— A3 o

It is evident that this equation, the elements k and A being interchanged, remains
unchanged, which we proved above of the Modular Equations.

It is worth the labour to investigate that differential equation of the third
order by yet another method. To this end let us introduce into the equation
from which we set out:

?Q dQ

the quantity (k — k®)QQ = s. There results

Z*Z = (1-3k)QQ +2(k — kS)Q%
% = —6kQQ +4(1 — 31&@% +2(k — k%) (ﬁf ok — k) 657622.
In this equation, when one puts:
(k= kg)%? =kQ—(1- 3k2>% there results
327‘; = —4kQQ +2(1 - 3k2)Q% 2k — K (Cfﬁf)z
— 2% {(1 = 3k)Q + (k — k?’)‘jlg} —48QO.

This equation, multiplied into 2s = 2(k — k3)QQ, gives:
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25d?%s B 3 ~dQ 2 3y dQ 2 2y )4
=2k - K)QTE {2(13k )QQ +2(k — k )Qdk}sk (1-k%)Q4,
or, since
dQ ds
0t 85 L gy
2(k — k7) 7 = dk (1-3K°)QQ
2(1 - 3K2)QQ + 20k — K)QUL = L (1 _312)00,
dk dk
we obtain:
2sd?s . @ 27(173]€2)2Q4*8k2(1*k2)Q4* @ 2*(14’]{32)2@4 o
k2~ \dk ~ \dk o
2s5d%s ds\? 1+E2\°
o) LS (dk) ¥ (k_kg) I
!
Now indeed, having put o’ K + VK’ = @', 0 = t, we have seen that
dt m m m dk

, m denoting a Constant; whence s = . Let us

dk ~ k—-EHQQ s dt
transform equation 9) into another, in which dt is put constant. There will be
ds max @k ds max @k mar @k and when these are substituted, there
— = — = - ; and when re substitu T
dk dtdk’ dk? dt dk? dtdk3’ ’
results from equation 9):

203k 3d2k> 14+ k2\? dk? .
— _— T
dt2dk ~ dt2dk? " \k—k3) dz

14 k2\”
10) 2d%k dk — 3d*k? dk* = 0;
) \roe
where differentiation is to be made with respect to ¢, which has come out of the
equation.

a/A + /B/A/
al + BN
formed Modulus, can be so determined that ¢ = w; and in a similar way we

obtain:

Putting = w, the Constants «a, 3, o, 5’, whenever \ is a trans-

A= A3
in which equation too differentiation will have to be made with respect to w =

t. Let equation 10) be multiplied by d)\2, equation 11) by dk?: on subtraction
one obtains:

1422
11) 2d3Xd\ — 3d°\? + ( + ) d\* =0,

49

49 Bditorial note: The print omits the exponent 2 after the parenthesis; compare 10) and
the author’s Corrigenda.
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1452\
12)  2dkd\ {d\d*k — dk d*X} =3 {dN*d*k* — dk*d® N* }+dk>d N { ( i > dk? — (

k—k3

But this equation agrees with equation 8), in which we know that any differential
one pleases can be considered as constant, and therefore, although it has been
found on the supposition that dt is a constant differential, it will also hold
whichever other is considered as such.

Behold, therefore, a differential equation of the third order, which has innu-
merable algebraic solutions, yet particular ones, namely the Equations we have
called Modular. But the complete Integral depends on elliptic functions; for it
dK+VK' oA+ p'N
aK +bK'  aA+ BN’

ist=w, or which equation can also be represented

thus:

mKA+m'K'N +m"KAN +m""K'A =0,
m, m’, m”, m"" denoting Arbitrary Constants. This integration we deem to be
of the deepest investigation.

We could inquire whether the Modular Equations for the transformations of
the third and fifth orders in fact satisfy, as they must, our differential equation
of the third order. But since this seems to demand overly long calculations, let
it suffice to demonstrate the same for the transformation of the second order,

1-k
where \ = T
Let dk’ be considered as constant; there results:
1—K 2
= — = —]_ —_— kk klk/ = ].
14k + 14k +
ax -2 dk -k

dk' — (1+k)?2  dE Tk

d?\ 4 ek -1 KE -1

PR e R A S By =

d3\ —12 k3K

dk’3 — (L+ k)% dk3 T kS

50 Hence there is:

dR*d* N —dN\*d*k* 16K’k 4
dk'6 - E2(1+ k)6 kS(1+ k)4

B 4{]&34]{}/2 _ (1 +k/)2} B 4{]{3/2(1 _ k/)2 _ 1}
B kS(1 4 k)6 T RS+ k)

!
50 Bditorial note: The last fraction is printed without the minus sign, as %; the author’s
3k’

Corrigenda give -5
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51

Further one obtains:

dkd®A—d\dk 12K 6k 6K {201 - k)% +1}

dk' KA+ E)Y  BATRE BT K)?

dkd) {dkd®X — dNPE) 1262 {2(1 — k)2 — 1}
Ak’ - KSA+E)

whence

3{dk2d®\? — dN2d?k?} — 2dk dX\ {dk dPX — dAdPk}  12(2K2 — 1)
k'S TSI+ KA

52 Further there is

dk2 - kA k2

1+ k2\? dk?  (1+K2)?
k— k3

1+A\?dx? 4 LR\ 14K (14 K2)?
A=X) dk? T (4 k)T —H 2k f T K2k

whence:

{1+k2}2 dk? {1+/\2 }2 d\2 3(1— 2k

E—k3 [ dk2  \A—X[ a\N? kA2

dk2dN? [ (1+ K2\ dR? (1402 dA? | 12(1 - 2kP)
dk'* k—k3) dk'? A=X3 ) dN2 [ ES(1L4+ k)4

53

Hence at last there results, as it must:
3{dk*d?N? — dN*d?k?} — 2dk d\ {dk d*X — dX\ d®k}
dk’6

LN [ (14 R Ak (14NN | 120267 1) | 1201 - 2k7)
Iz k— k3 A—A\3 ) dk”

Y (I

dk'2

51 Editorial note: Printed with the factor 4 outside the braces and not before k*k’? and
k2(1 — k')? inside them; the author’s Corrigenda give 4k*k’2 and 4k'2(1 — k')2.

52 Editorial note: Printed (14 k’)4 with the exponent set on the baseline instead of raised;
an apparent misprint for (1 + &')%.

53 Bditorial note: Printed dA’? for dk’? in both denominators, and in the second row the
exponent 2 after the bracket of the A term is missing; apparent misprints.
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If expeditious methods were at hand for bringing out all the algebraic solutions
that a differential equation has, then from the differential equation proposed
by us alone we could elicit all the Modular Equations that concern the single
orders of transformations. Yet apart from Cl. Condorcet, I know of no one who
has touched this arduous subject, which is worthy of the attention of Analysts.

34.

The equation found above:

1AL\ dk
n k(1 —kk) d\’

by whose aid, from a Modular Equation that has been found, the quantity M
too can at once be determined, seems worthy of our dwelling on it a little longer.
It is not evident at first sight how the values of the quantity M found in the
transformations of the third and fifth orders agree with that equation. Let us
therefore examine this more accurately:

a) In the transformation of the third order, putting u = VEk, v =V we
found:

MM =

1wt — ot 4 2uv(1 — u?v?) =0,

which equation we also exhibited thus in g. 16:

3 (v +v2u3> (u —uw) .

Further we saw that there results:

v 203 —u
3) M= = .
) v+ 2u3 3u

Equation 1) being differentiated, we obtain:

d7u B 203 — u + 3uv?
dv  2ud + v — 3u2v3’

L. . v+ 2ud 203 —u
or, putting in place of 3 the expression ( ) ( :
v U

du 203 —u 1+ u?v? + 2ubv
dv 2u3+v 1+ w202 — 2uvd’

4)

From equation 1) it follows:
1—u® = (1+u*) {1 —v"+2uv(l —u®?)}
=1— vl +u — v 4+ 2uv(1 + u?)(1 — u?0?

=1 —u*v" +2u°v(1 — u*v?) = (1 — u®0?)(1 + u?v? + 2u°).
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54 Tn the same way one finds:
1 -8 = (1 —u?0?)(1 + v?v? — 2uv®),
whence

1—0% 14+ u?0? — 2ud .
v roae e B from equation 4):

1—8 du _ 20% —u
1—ud'dv  2ud+v
This equation being multiplied by

v v
3u (2ud +v) (203 —u)’

there results:

1 — 8 - 2
7.11(1 v)'dﬂzl'k(l )\/\).%: v — MM,
3 u(l—wud) dv 3 k(1—kk) dr v+ 2u3

Q. E. D.
b) In the transformation of the fifth order, putting u = VE, v =V, we
found:

1) u® — 0% 4 5u0? (u? — v?) + duv(1 — utv?) =0,
which equation we also exhibited in these ways in gg. 16. 30:

2) u+v° . v—u® _5
u(l+ udv) v(l — uvd)

3)  (u? —v?)% = 16u*v?(1 — u®)(1 — ov®).
Further we found:

v(1 — uv?) u+v°

) v —ud S5u(l + udv)

Equation 3) being differentiated, we obtain:

6uv(l — u®)(1 —v®) (udu —vdv) =
u(u? — v?) (1 —u®)(1 - 50%) dv + v(u? — v?)(1 — v®)(1 — 5u®) du,

or:

5) v(1—v®) {5u? — u'® +v? — 5uBv?} du = u(1-u®) {5v° — 0" + u? — 5u®v®} dv.

2

54 Bditorial note: The closing bracket after u2v? is missing in the second row of the print.
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Equation 1) being multiplied by u?, v, there is elicited:
5u? — u'? +v? — 5ubv? = (1 — utv®)(v? + 5u? 4 4un®)
502 — 0% 4 u? — 5ue® = (1 — utv?)(u? + 5v? — duv®),
whence equation 5) passes into this:

v(1—0%) du  u?+ 502 — 4ur®

6) - —v) T

w(l—ud) dv  v?+5u? +4ubv’
Let u+v° =A, u+uv*v=B,v—u’=C, v—uv?= D, so that:

AC

@—5, or AC =5BD
b_A4_
C 5B

u? 4+ 502 — duv® = uAd + 50D

v? + 5u? + 4u®v = vC + 5uB,
there will be:

v(1—v®) du  uA+50D  uAB+vAC D

7 @ - Rt
) u(l—u8) dv vC+5uB vCD+uAC B
uB+vC AD AD
= —— =" =5MM.
vD+uA BC BC g
For there is:
uB +vC = vD + uA = uu + vv.
Whence also:
_ 8 _
MM = v(l —v®) du _ A1 =2\ dk

THEORY OF THE EXPANSION OF ELLIPTIC
FUNCTIONS.

ON THE EXPANSION OF ELLIPTIC FUNCTIONS INTO
INFINITE PRODUCTS.

35.

A real Modulus k, less than unity, being proposed, we see that the Modulus
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(n — 1)K}4’

. 2 . .
A = k™ < sin coam —. sin coam —. . sin coam
n n n

into which that Modulus is changed by the first transformation of the nt! order,
converges most rapidly to nothing as the number n increases; and hence for the

limit n = oo there results A = 0. Then there will be A = g7 am(u, \) = u,

K K’

whence from the formulae A = ——, A’ = — we shall obtain:
nM M

2K N K’ K’

nM=— —= =

0 n nM 2K
Let us now put, in the formulae for the supplementary transformation of the first

U

u U 2K
y = sinam (—, A) into sin oY further am(nu) into am(u). Hence from those

g. 26, % in place of u, and n = oo: am (%, A) passes into am (nLM’ )\) =

formulae we arrive at the following:

LYy LWy LWy
sin? iK' <in? 2imtK'’ <in? JirK'
2K . . .
sinamu = y K K K
0
LW LW LW
.o K’ .o JirK' .o DimK'
sin” . sin” . sin” .
2K 2K 2K
LWy LWy LWy
, iK' , 2imK' , SITK'
coS cos? . cos? .
cosamu = /1 — yy.
o o w V[ w
. o imK' . o JimK’ . o DimK’
sin . = sin® . — sin’ . —
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ow e ) w
- / . ! - !
cos? .MK cos? .SWK cos? .5Z7TK
Aamu — 2K 2K 2K
LW LYy oy
sin? irK' sin? 3irK' sin? SirK'
in“. in”. .
2K 2K 2K
Y Y
1— 1— 1—
iK'’ 2i7rK') irK'
\/1—sinamu_ 1—y COoS. 7 CoS 7 COS. I
1 +sinamu 149y’
Y Y Y
L+ iK' 1+ 2irK’ 1+ 3irK'
COoS. cos cos
K K K
Y Y Y
1-— 1-— 1-—
K’ irK' ( 5im K’
1—ksinamu COS. 5K COoS. ¥oe cos Yoo
V1+ksinamu
Y Y Y
1+ —— 1 1
* imK' + iK' + 5K’
CoS. 5K cos e CoS. ¥
imK' iK' 5K’
cos CoS. COS.
sinamu = — —~ _ 2,K + _ 2[,( - 21,( +..
kK | . 5 K . o JimK .o K
sin” . — sin” . — sin” . —
ok Y 2K o Y
iK' 3irK' 5imK’
ivI—yym sin m sin. o sin . 271'
cosamu = Y- 2K — 2K + 2K _
kK itK' . o JimK’ . o DinK’
- sin” . — sin —yy
2K 2K 2K
rK’ 2K
In what follows let us put e~ R = q, % = x, or u = a:7 whence
y = sin % = sin x; there is:
sin mitK' _ g —q ™ _ i(1—¢*>™)
K 2i 2¢™

COS.

mirK' ¢ +q ™ 14 ¢*™

2
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whence:

1 by . 4¢°" sinx? 1 —2¢*" cos 2z + ¢
sin? mim K’ (I—¢*m)? (1—¢?m)2
K
1 vy 4™ sinz? 1+ 2¢°™ cos 2z + ¢*™
cos? M (1+q2m)2 (1+ ¢2m)?
K
1+ Y _1i2qm81n$_1i2qm51n$+q2m
cos MK T Lk gm 1+ g2m
K
. mit K’
— COS T B qu(l +q2m)
gin? mitK' B T 1 2q2m cos 2z + q4m
K
.. mirK’
7.811 . K _ 2q7n(1 _ qgm)
K’ 1 —2¢%mcos?2 am”
sin? 'ml.;; —yy q>™ cos2x + ¢

These things having been prepared, and having put for the sake of brevity:

(-9 -1 -¢)..
A‘{u—ﬁa—fm—fy}

(-9 -1-¢).. "
B_{O+fXHqﬂG+f%}

(-9 -1 -¢).\?
C_{O+@O+¢W+&%}’

there come forth the fundamental expansions of the Elliptic Functions into In-
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finite Products:

, 2Kz 2AK . (1 —2¢%cos2z + ¢*)(1 — 2¢* cos 2z + ¢®)(1 — 2¢° cos 2z + ¢*2) ..
1) sinam = sin z.
T T (1 —2qcos2z + ¢2)(1 — 2¢3 cos 2z + ¢5)(1 — 2¢° cos 2z + ¢10) ..
2Kz (1 +2¢% cos 2x + ¢*)(1 + 2¢* cos 2z + ¢®) (1 + 2¢° cos 2x + ¢*2) ..
2) cosam —— = Bcosz. 5
T (1 —2gcos2z + q2)(1 — 2¢3 cos 2z + ¢%)(1 — 2¢° cos 2z + ¢10) ..
3) A 2Kz o (1 + 2qcos 2z + ¢?)(1 + 2¢3 cos 2z + ¢5) (1 + 2¢° cos 2z + ¢'V) ..
am =C. ,
T (1 —2gcos2z + q?)(1 — 2¢3 cos 2z + ¢%)(1 — 2¢° cos 2z + ¢10) ..
. 2Kz
1 = sinam —— I—sinz (1—2gsinz +¢2)(1 —2¢%sinz + ¢*)(1 — 2¢®sinz + ¢°) ..
4) 2Kz 1+sinz (14 2¢sinx + ¢2)(1 4+ 2¢%sinz + ¢*)(1 + 2¢3 sinz + ¢°)
1+ sinam —~ .
T
Kz

1 —ksi . g X
5) S am —- :(1—Qﬂblnx—&—q)(l—2\/q3blnx+q3)(1—2\/q551nx—|—q5)..

14 ksinam 252 (1+2y/gsinz +¢)(1 +2y/¢Psinz + ¢3)(1+ 2/ sinz + ¢°) ..
T

And also another system of formulae, which supplies the resolution of the
proposed ones into simple fractions:

6 2Kz 27rin$< Va(l+q) N VA + ) .\ Ve + %) +_.>

e 1—2gcos2z+q2  1—2¢3cos2x+¢qb 1 —2¢°cos2x + ¢0
7) cosamQKx:Ecosx Vall —aq) - /a'(1 — ¢°) + ¢ -q) -
™ kK 1—2gcos2x+¢q?> 1—2¢3cos2x+¢® 1—2¢5cos2x+q0 ~)°
To these we add, flowing from the same source:
1+q s (1+¢ s(1+4°
8 1-A 2Kz  4msinz? e 1—g¢q 1 1—¢3 e 1—¢°
— Aam = - -
0 K 1—2gcos2x+¢q%2 1—2¢3cos2x+q% 1—2¢5cos2x+ g1
2K 1 t L+¢%)t 1+¢°)t
9) am—x:ﬂ:x+2Arctg.w—2Arctg.w+2Arctg.w—..
7r 1—g 1-¢3 1—¢°

In the last formula the upper sign is to be chosen whenever you stop the com-
putation at a negative term, the lower whenever at a positive term.

36.

Let us contemplate formulae 1)—3), in which first of all the values of the quan-
tities that we have designated by A, B, C are to be elicited. It is indeed easily
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found, putting x = g, from formulae 3), 1):

whence C = VE';

™

| _ 24K {(1 + @)1 +gH1+45). .. }2 24K ¢ 2VFAK
B (1+q)(1+¢3)(1+ ¢ - 7 ‘B @B
2VE' AK
whence B = ————. But in order that the value of A itself be elicited, we
7r
must take refuge in other devices.

!

Let us put e’ = U: where x is changed into 2 + ——,

K U passes into /qU,

T .
into

) (2[(&:
sin am
T

From formula 1), however, we obtain:

SinamQKm:M(U_U_l>{( U1 = q'U?). {1 - U1 - ¢'U?) .}

and sin am

N 1
2Kx -~

ksinam ——
T

™ i {1=qU?)(1=¢’0?). H{(1 —qU2)(1 = ¢3U2). .} ’
whence, changing = into x + z‘;r;((’:
1 _AK (aU - VU \ {1 - @) (1 -¢°U%). 3} {1 -qU (1 -¢U?) ..}
rsinam 2K7 T i (1= @0 (1= 0% {1 -0 (1 -0 %)}’

and these equations being multiplied together, since there is:

VAU — /g 'U™ —1 1-qU?

0T iU U
there results:
2 4 2.4
1 = L <AK> , or A= V4 ;  whence @ = \/E
ko Va VEK 7T vk



2VE'AK [k
Hence there will be B = ——— = 2/q T Now therefore there results:
0

. 2Kx 1 2\4/§sinac(1—2q2 cos 2 + q*)(1 — 2¢* cos 2z + ¢®)(1 — 2¢8 cos 2z + ¢'2) ...
sinam —— = —.
™ vk (1 —2qcos2x + ¢2)(1 — 2¢3 cos 2z + ¢8)(1 — 2¢° cos 2z + ¢10) ...

2Kz [k 2¢/qcosx(l 4 2¢° cos 2z + ¢*)(1 + 2¢* cos 2z + ¢*)(1 + 2¢° cos 2z + ¢'2) . ..
T VE

cosam (1 —2qcos2x + ¢2)(1 — 2¢3 cos 2z + ¢5)(1 — ¢° cos 2z + ¢19) ...

A 2Kz N (1 + 2qcos 2z + ¢2)(1 + 2¢3 cos 2z + ¢5) (1 + 2¢° cos 2z + ¢19) . ..
am —— = . .
T (1 —2qcos2z + ¢2)(1 — 2¢3 cos 2z + ¢)(1 — 2¢® cos 2z + ¢10) ...

55

The equations being multiplied together:

ﬂ—qxr—fx1—f%.}2

k/
b=y :{O+fXHwﬂO+f%

O :{u—mu—&xrw%:}{

there results: 4
2k {1-9(1-¢)0-¢°). .}
NG {1+91+e(1+¢%). )

Now indeed, according to Euler in the Introd. (on the Partition of Numbers),
there is:

(1—¢*)(1—g")(1—-¢%...
(1=l —-¢>)(1—-¢%...

1
1-q)Q-¢*)(1-q)...

1+ +¢*)1+¢%)...=

whence we obtain:

D {0-00-@-@a-d).} = 205

The formula being called in:

3 5 2
A TV { (1-9(1-¢)(1-¢).. }
- - ’
VEE (1 =¢)1—-¢")(1-¢%..
55 Editorial note: In the second of these three formulae the print has the last denominator
factor as (1 — q° cos 2z + ¢'0), the factor 2 before ¢° being missing (author’s Corrigenda, p.
88 line 11: read —2¢°).
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there is:
2>{u—ﬁu—ﬁa—ﬁu—ﬁ”f=ﬁ3§,

whence also:

WEEEK?
3 1-q)(1—¢*)(1—¢*(1 - = :
) {0-9-A)1-g)1-¢". .} = v
To these one may add the formulae which follow easily:
2
B {0+ 0+ O+ = 2
k
WE /g

Vk
2k W

5) {(1+¢)1+¢)1+¢)1+%)..}° =

6) {1+q)(1+¢)1+)1+q".. )" =

From these is also gathered:

_ 1+ +¢)1+¢%). "
" k‘“@{u+mu+¢xuwwu}

9)2K{ufmfxlqﬁur{a+mu+fxuqaur
™ 1-q)(1-¢*(1—-¢°).. I+g)(A+egH)(1+4¢5)..

2%K 1-g1 -1 —q2). >
10) ‘“@{u—qx o wwn}
¢%)
)

WK  [((1—g)(1—¢)(1—-¢*.. "

w 2 )
WEE . _[(1-¢)(1-¢)(1-¢%.\"
) 2 v e
B)2¢HK{ufx1q%af»~F_

T A+¢)1+e¢H)(1+45)...
From formulae 7), 8) follows a fairly abstruse identical equation:

14) {(1-=g1 -1 —¢")..} +16¢ {1+ A1 +¢")(1+)..}°

{1+ +A)1+¢)..}°.
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37.

We have seen above, where the properties of the Modular equations were dealt

1
with, that when k is changed into —
further that there results:
ik

sin am (k‘u, k‘) = cos coam (u, k")

ik’ i ,
cosam | ku, -+ ) =sin coam(u, k")

ik’ 1
A — =
am (k‘u, k ) Aam(u, k')

, K passes into k(K +iK'), K' into kK';

1
k and k' being interchanged, it follows hence, where k' passes into — or k into

k/

ik
—, that at the same time K passes into k'K, K’ into &'(K' +iK); further that

there results:

sin am (k:’u ) — COs coam u

ik
COS aIm ( kf = S coam u

Aam (k:’ k) ,
Tk amu

k
(k'u ;,) = g — coam u.

whence also:

But K being changed into k'K, K’ into ¥'(K' +iK), q

—q, whence conversely flows
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THEOREM 1.

When g is changed into —g there pass:
ik
k into ok k' into =

K into ¥'K, K’ into k'(K' +iK)

. T . 2Kx
sin am into coscoam ——
™
. . 2Kx
cos am into sincoam ——
s
2Kz
Aam into
T 2Kz
Aam ——
T
Kz . T 2Kz
am into — — coam ;
T 2 T

T
when at the same time ¢ is changed into —¢q, x into 5~ x, there pass:

Kz . T 2Kx
am into — —am
2 T
. 2Kx 2Kz
sin am into cosam ——
™
T . . 2Kz
cos am into sinam ——
™
2K«x 1 2Kz
Aam into —Aam ——.
T k! T

Let us inquire further what changes the Elliptic Functions undergo when ¢
is changed either into ¢® or into V4

We have seen above that the Modulus A, derived from the Modulus & by the
real first transformation of the n'' order, enjoys this remarkable property, that
there is: N K

XK

whence, k being changed into A\, ¢ = e 5 passes into ¢". The same, which we
have proved generally for the transformations

of odd order, was already long ago proved by Cl. Legerlldre for the transfor-

mation of the second order, namely, having put A = there results:

14+ k"
1+ K A K’
A= K N=01+KK' — =2.—
COT TN S
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_ L/
whence we see that, k& being changed into T g passes into 2. Hence

conversely we obtain

THEOREM II.

1-K 1+ K
When ¢ is changed into ¢2, k passes into T 5 K into ( —; ) K,

whence also:

. 2V k! . 2
k’mt01+k/ 1+k1nt01+k/
R . 2K
k'K into VE'K 1—k into ——

1+ K

. k s (T+VE)?
Vk into T 1+ K" into T

kK 1 —VE)?

VE.K into — 1 — k" into g
2 1+ K

From the inversion of this theorem the second is obtained

THEOREM III.

2Vk
When ¢ is changed into /g, k passes into 1\—£€’ K into (1+ k)K"

whence also:

1-k 1 k)2
k' into 1+ k into (L+VE)
+ k 1+k
4 1—vk)?
Vk/int01+k lklnto(l—i_\/ik)
. /. 2
kK into 2vVk.K 1+ k" into
1+ k
VEK into k'K 1 — k' into .
14+ k

These three theorems are confirmed in many ways by the expansions proposed
in gg. 35. 36, and find in what follows their most frequent application. Indeed
by their aid one may either derive other formulae from others, or those found
elsewhere are conveniently confirmed.
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38.

Let us designate the quantities into which k, k', K pass when ¢ is put in place
of ¢ by k(™) k(M) K(m) g0 that k(™ is the Modulus elicited by the real first
transformation of the n® order, and k(™) its complement. Let us put in the

equation:
(-9 -1 -1 -q)..\*
\/E_{(1+q)(1+q3)(1+q5)(1+q7)...}

in place of ¢ successively ¢2, ¢, ¢®, ¢'%, etc.; there results, after infinite multi-
plication has been made:

e L [0 =) -1 —-¢*)...\"
R e (Ex (e e el

but we have found:

{(1 — )1 —g)(1-¢%)(1—¢%... }2 WK

)

14+¢)A+¢H(1+4¢%1+¢8)... T
whence:
o 2K \/ k@@ E®) a6y
) &= ¥ '
!
Since k(2 = 2k there is from 1):

14+ k"

2k \? 1 2VF 2k 2VE@ 2VEEY
) R 1+ K 14+ k@ T k@ T kG

T
whence, division having been made by 1):

2K 2 2 2 2
T TR TR 1 kO T 1 R

2)

This formula is also obtained from the fact that there is:

2K 2K®) 2
T o1 1+K

2K 2Kg® 2
s T 1+ k@

2K@W  2K®) 2
7r r 14+ k@
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2K (m)
whence, since, as m increases to infinity, the limit of the expression
is 1, when the infinite product is formed, 2) results. Having put:

m=1 n=Fk

, m+n

n =+mn
!
m +n
12 1
m =——— n’'=vmn
7
n

= vVm/'"n"

there results:

k(4), _ 2\/W TLH

TR T

o _ 2V

T 1+ E@ T

56 whence:

2 m 2 m’ 2 m/’

Tk m’ I+k® w11 EA
and therefore:

or, if  denotes the common limit to which m®, n(®) converge as n increases
to infinity:®”
2K 1
3) — =-—.
T
These things are abundantly well known.
Let us put again in the formula:

Aam 2Kz Vi (1 + 2qcos 2z + ¢?)(1 + 2¢3 cos 2z + ¢5) (1 + 2¢° cos 2z + 1Y) ...

T (1 —2gcos2x + ¢2)(1 — 2¢3 cos 2z + ¢5)(1 — 2¢° cos 2z + ¢'9) ...

56 Fditorial note: The third line is printed with k(6) on the left, where k(®) is expected
(the Corrigenda correct it to k(®)’; a hand correction in ink is also visible on the scan).

57 Editorial mote: Printed n as the growing index; presumably p (the index of mP) and
n(P)) is meant.
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in place of ¢ successively ¢2, ¢*, ¢®, etc.; and further let:
2K® 2K@ 2K®)
S:Aam( x,k(Q))Aam( x,k(‘l))Aam(x,k(s))....
77 T i

When the infinite product is formed, since:

WEK
iy

= VE@ K@) L(8) (16) .

we obtain:

2WVE'K (14 242 cos 2z + ¢*)(1 + 2¢* cos 2x + ¢%) (1 + 2¢° cos 2z + ¢'?) . ..

S = :
7 (1 —=2¢%cos2z 4 ¢*)(1 — 2¢* cos 2z 4 ¢8)(1 — 2¢0 cos 2z + ¢12) . ..

Now from the formulae:

. 2Kz
sin am =
T

2 Ygsinz(l —2¢2 cos 2z + ¢*) (1 — 2¢* cos 2z + ¢®)(1 — 2¢° cos 2z + ¢'?) . ..
Vk (1 —2gcos2x + ¢2)(1 — 2¢3 cos 2z + ¢%) (1 — 2¢° cos 2z + ¢10) ...

2K«x
cosam —— =
T

/k’ g cos x( 1+ 2¢% cos 2z + ¢*)(1 + 2¢* cos 2z + ¢®)(1 + 2¢° cos 2z + ¢*2) . ..
(1 —2¢cos2z + ¢?)(1 — 2¢3 cos 2z + ¢5)(1 — 2¢° cos 2z + ¢'0) ...

we obtain:

2
tang am =
0

1 tang.x(1 — 22 cos2x + ¢*)(1 — 2¢* cos 22 + ¢®)(1 — 2¢° cos 22 + ¢'?) . ..
VE (1 +2¢2cos2x + q2)(1 + 2¢* cos 2z + ¢8)(1 + 2¢6 cos 2z + ¢12) . ..

whence the memorable formula results:

2K
S. tgam—x
_ yis
4) tangz = 5i
v

To demonstrate the same by known formulae, let us call in the formula for
the transformation of the second order, such as Cl. Gauss has exhibited in the
Memoir entitled: Determinatio Attractionis" etc.:

2K (2)
(1 + k@) sinam ( x,k:@))
m

(2) ’
1+ k@ sin? am (2K x,k@))
T

2Kz

sin am =
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which, for the sake of brevity, on putting:

™

™

is thus exhibited:
(14 k@) sin ¢

Sln¢ = 1 i k(2) Sinz ¢(2) )
whence also:
coS ¢(2)A(2)
cos¢ = 1+ k@ sin? (2
1 — k@ sin? ¢
A(¢) = T o) -2 o
1+ k3 sin® ¢(2)
14 k®) tg ¢
tgo = Ly k) g™

A2)
The last formula can also be represented thus:

tgg  tgo® 1
2K~ og® A®
s

™

whence, on putting successively ¢2, ¢*, ¢%, ... in place of ¢, by which k, K, ¢
pass into k&), k4 £® - K@ K& KO 6@ @) $B)  we obtain:
2K (2) 2K " AM)

s ™

2K 4) 2K " AB)

s s

oKk ® — 9 (16) T A(16)

m m

Now the limit of the expression

2K Py
t k()
tg ¢(p) _ gam ( T )

oKk 2K () ’

™ s
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as p increases to infinity, is
tang x;

for then k) =0, K® = g, am(u, k) = u; whence, when the infinite product

is now formed and, as above, S = AGA®A®) s put, there results:

tgo  tgz
2K~ S
T

which is the formula to be demonstrated.
From the formula:

8T = 55—

™

a not inelegant Algorithm can be sought for computing the indefinite Elliptic
Integrals of the first species; and this by the aid of the formula, easy to prove:

2N+ k)

A =\ AT Ay

To this end we propose

THEOREM.

Having put
d¢

@
/ "
0 y/mm Cos $2 + nn Sin ¢2

v/mm Cos ¢% + nn Sin ¢2 = A,

let the expressions be formed:

m-+n ,

_ o , [mm/(A+n)
5 =m vmn=mn A= 7m+A

/ i A 1 / /
m +n —m mn = n' A — mm(AJrn)
2 m' + A’
1 1 12 " 1 i
m’+n —m" /m/,n/, — A — mrm (A +n )
2 m// _|_ A//

t

and let ;1 denote the common limit to which the quantities m®, A®) n®)
converge most rapidly as p increases; there will be:
A/A//A/// X

—— . tang ®.

tang u® =
mm/m/’ .
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By the same methods which we have used in what precedes, the value of the

infinite product
2¢q 2/¢% 2/q* 2+/¢8

is also found. To this end we cite the formulae of g. 36, 4), 5):

[+ 90+ A+ ) +q).. ) = jg
[+ A+ A+ )1 +4Y.. )" = 4\/;\/6

of which the latter arises from the former by putting successively ¢2, ¢*, ¢® etc.
in place of ¢ and forming the infinite product, whence we obtain:

T A A

WK G VEDER VEOE® E®EE)

2K [k@g@rg®)y
T K ’

5 VE 2K 201 0YF 2YE 2F

200 ™ VE VE® VED VE®
Although these things may seem foreign to our undertaking, since they are
not lacking in elegance and contribute greatly to perceiving the nature of the
expansions proposed, it is pleasing to have set them down °8.

Now we have derived 1):

whence:

58 Bditorial note: So printed (opposuisse); the author’s Corrigenda read apposuisse.
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EXPANSION OF ELLIPTIC FUNCTIONS INTO SERIES
PROCEEDING ACCORDING TO THE SINES OR COSINES
OF MULTIPLES OF THE ARGUMENT.

39.

From the formulae delivered above:

. 2Kz 2/q . (1—2¢%cos2x + ¢*)(1 — 2¢* cos 2z + ¢°) (1 — 2¢° cos 22 4 ¢'?) . ..
1) sinam = sinz.
T VE (1 —2qcos2x + ¢%)(1 — 2¢3 cos 2x + ¢°)(1 — 2¢° cos 2x + ¢'0) ..
2Kz 2y/qVk (1 +2¢% cos 2z + ¢*)(1 4 2¢" cos 2z + ¢®)(1 + 2¢° cos 2z + ¢'?) . ..

2 = .
) cosam ™ vk v (1 —2gcos2z + ¢2)(1 — 2¢3 cos 2z + ¢5)(1 — 2¢° cos 2z + ¢19) ...

Aa 2Kz \/E(1—|—2qcos2:z:+q2)(1—|—2q3cos2x—|—q6)(1—|—2q5cos2x+q10)...
1m =
T (1 —2qcos2z + ¢2)(1 — 2¢3 cos 2z + ¢)(1 — 2¢° cos 2z + ¢10) ...

3)

2K«x

Y 1 — sinam 2}; _ /1fS?na:'(l—QqS%nerqz)(l—2q2s%nx+qi)(1—2qis?nx+q2)...
1+ sinam 25% 1+sinz (14+2¢sinz + ¢2)(1+2¢%2sinz + ¢*)(1 +2¢3sinz 4 ¢%) ...
T

. 2Kx
5) 1 — ksinam = :\/P(1—2\/§sinmc~¢-q)(1—2\/(]7351nac-¢-q?>)(1_2\/(1755111564_(15)'”7
1+ksinam2KI (1+2/gsinz + q)(1 +2/¢®sinx + ¢3)(1 +2y/¢® sinz + ¢) . ..
™

59 the logarithms of the single factors in either member of the equations being
expanded, after obvious reductions, the following ensue:

6) logsinam 2Kz ~log { 2Yqsinx } 2gcos2x  2¢%cosdxr  2¢°cosbx
T

NG 1+4+¢ 2(1+ ¢?) 3(1+¢3)

2gcos2x  2¢%cosdr  2¢>cosbx
l—q¢  2(1+¢) 3(1-¢°)

2K K
7) logcosamx:log{2\‘y§ kcosx}-i—
™

2Kx 4qcos2x  4q3cos6x  4¢° cos10x
log Aam —— =1 K
8) logAam - og VK + —— = + 30— ¢%) T 51— q10)

. 2Kz
9) log % _ log\/m+ dgsinz 4¢3 sin 3z n 4¢5 sin 5 _
2Kx 1 —sinx 1—¢q 31—¢3) ' 5(1—¢°)

1 — sinam
T

59 Editorial note: In 4) the exponent 3 of q in the third numerator factor is lost in a blot in
the scan; read as 2¢° sinz by analogy with the denominator.
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2Kz
1— ksinam —— : 3 5
10) log ~  _ 4/gsinz  4y/¢*sin3x  4./¢°sinbz -

- _ o — 3 _ 5
1+ ksinam —QKJC 1-q 31 -¢%) 5(1-¢%)
T

By differentiating these formulae, where we note the differential formulae, easy
to prove,

4 loe si 2Kx 2Kx
.log sinam —— cos am
& T _ 2K .
dx T 2Kx
cos coam ——
™
a1 Kz . 2Kx 4Kx
.log cos am sinam —— am ——
_dlog 2K ST ok (e
dzx s . 2Kx T 2
sin coam
i
2Kx
d-logAam——  op2p0 9y 2Kz
— = .sin am sin coam
dx
. 2Kx
14 sinam ——
d.log 2;;3:
1 — sinam ——
sinam — 9K 1
dx oo 2Kz
sin coam ——
T
2K
1+ ksinam <
T
d.log . K7
- sman %K 2Kz
= sin coam ——,
dx
we shall derive the following:
2Kx !
2K/ K cosam /- 4qsin2x  4¢®*sindr 4¢3 sin 6z
11) = cotgx — — - - ..
2K 1+gq 1+¢? 1+¢
cos coam ——
T
. 2Kz
12) g sinam ;Kx ~tgx+ 4qlsin 2z 4(]12 sin;lx 4q13 sinfa:
sin coam —— —4 +ta 4
T
2k2K . 2Kz | 2Kz 8¢sin2x 8¢®sinb6r  8¢°sin 10z
13) .sinam sin coam =
™ 1—¢2 1—¢b 1—¢q10

103



2K 1 dgcosx  4qdcos3xz  4qP cosbx

14 = —..
) . 2Kz cosx+ 1—gq 1—¢3 + 1—¢°
7 sin coam ——
71'
15) 2kK.sincoam 2Kz _ 4y/qeosx  44/q3 cos3z n 4v/q° cosbr
71' 71' 1—gq 1-¢3 1—¢b

When in these formulae g — x is put in place of z, there is derived:

2Kx
16) 2k K Coscoanm — ; 4qsin2x  4¢®sindr  4¢>sin bz
=tgr — - ,
2K 2 3
cosam 22T 1+g¢q 1+gq 1+¢
0
. 2Kz !
1) 2K Smcoam = _ cotgz+ dgsin2z 4¢? sin 4x N 4¢°sinbz -
. 2Kz 1—¢q 1+ ¢2 1—¢g3
sinam ——
™
18) 2K 1 dgsinz  4¢>sin3x  4¢°sinbx
2Kx i _ _ g3 — 5
~sinam x sinx 1—gq 1—¢q 1—g¢q
2kK 2K 4,/qsin 4+/q3sin 3 44/¢5sinb
19) sinam z _ Vst x+ q3 sin x+ q° sin x+“
T T 1—¢q 1—¢3 1—¢°

0
Formula 13) remains unchanged on putting — — z in place of x.

On changing ¢ into —¢g, by Theorem I. g. 37 the formulae 11), 12) pass into
17), 16); 13) remains unchanged; from the formulae 14), 15), 18), 19) we obtain:

20) 2k'K 1 4qcosx  4q3cos3x  4¢° cosbx
2Kx B — 3 5
oS am T cos T 1+g¢ 1—gq 1+gq
T
21) ZkK.Cosam 2Kz _ 4,/qcosx  4y/q3cos3z  4+/¢° cosbx
7 1+g¢ 1+¢3 1+¢°
29) 2k'K 1 4gsinx  4¢3sin3x  4¢°sinb5x
Kz sinz 1+¢ 1+¢3 14+¢°
7T COS coam
v
2kK 2K 4 i 4+/q3sin 3 41/¢°sin5
23) cos conm 2ET _ Vasinz  4./¢*sin 3z V@®sinbr ’
1+q 1+¢° l+¢°

Formulae 19), 21) can also easily be derived, by known expansions, from
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those which we cited above in g. 35. 6), 7):

. 2Kz _ 27 Va(l+q) V@l +¢°) Va1 +¢°)

sinam —— = —= SINT + - +

T kK 1—-2gcos2x+qg2 1—2¢3cos2x+qb 1 —2¢°cos2x + ¢10
cos am e 2 cos T Vil —aq) — ¢’(1— ") + ¢~ )

T kK 1—2gcos2z+q2 1—2¢3cos2x+¢qb 1 —2¢°cos2x + ¢10
From formula 9) g. 35:

2Kx
am —— =
T

+..>
_>

1 1+¢° 1+¢°
+x 4+ 2 Arctg ((1:3) tgx) —2Arctg ((11_;,)) tgm) + 2 Arctg <(1i—35> tga:) —-..

there follows further:
24) 2Kx n 2¢sin2x  2¢®sindx  2¢3sin 6z
am =z
™ 1+¢  2(1+4q")  3(1+4°%

For it is permitted to represent the same, according to the nature of the am-
biguous sign, thus:

1+q)t 1+ ¢3)t 1+¢°)t
—l—av—i—QArctg.u—2Arctg.w—i—2Arctg.w—..7
1—g¢q ]_—q3 ]__q5
—2z + 2z — 2z + ..,

provided that for brevity ¢ = tgxz. But there results:

1 t 1 t—(1—q)t
Arctg.ﬂ—x:Arctg. (1+gt—(-4) =
1—¢q 1—qg+ (1+qg)tt
2qt qsin2x
Arctg. = Arctg. { ——————
reve {1+ttq(1tt)} reve {1qcos2z}’
2Kx
whence am —— =
7r
qsin 2x ¢®sin 22 ¢°sin 22
2Arctg. ————— — 2Arctg.————— + 2 Arctg. ——— — ..
T+ 2arctg 1 — qcos2x rete 1—q3(3082:1:+ rere 1 — ¢®cos 2z ’
or, since
gsin 2z . ¢*sindxr  ¢3sin6zx
Arctg.——————— = ¢gsin2 .
rete 1 — qcos2x gsin 2z + 2 3 ’
Kz

there results am —— =
T

2¢sin2r  2¢®sindx  2¢3sin 6z
L+¢>  2(1+4q")  3(1+¢°%
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which is formula 24). From the differentiation of this there arises:

25) %.AamQszl_i_élqcoszx 4q2005:1x 443 cos 6z
T T 1+g¢ 1+g¢ 1445

whence also, on putting —¢ in place of ¢ or g — z in place of x:

2K'K dgcos2x  4q%cosdxr 4¢3 cosbx

Skr - 2 1 6
wAam—x 1+¢ 1+¢q 14¢
i

26)
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40.

From the formulae proposed, by putting z = 0 or by other means, the following
are easily derived:

4q 4¢® 4g° 4g*
1) logk =log4\/q— + — + —..
) log S I Sl Yo e T ey
8¢ 8¢ 8¢° 8¢"

2 —logk’ = ..
e e T s T - T -
2K 4q 4q° 4q° 447
3 log — = + + + —+ ..
) - 1+q 3(1+¢®) 51+¢) T7(1+4q")
2K 4q 4¢3 4q°
4) — =1 — ..

) 71' Jr1—q 1—q3+1—q5Jr
4q 4q° 4g°
=1 ..
+1+q2+1+q4+1+q6+

5) 2kK 4./q 4\/q3+4\/q5
T 1l-q 1-¢3 1-¢5
4G A AP
= e~
1+q 1+4¢ 1+g¢q
2k'K 4 4¢3 4¢°
6) S P U . S—
71' 1+q 1+4+¢> 1+4°
4 4q¢? 4¢3
S s WAL W
1+q¢2 1+4+¢* 1448
2VE'K 4¢? 445 4q10
p MK A A g0
T 1+g¢q 14+¢6 14410
4q¢? 4q* 445
G R I R
1+q4 1+q8 1+q12
4KK 8q 164> 2443
8 =1 ..
) T +1—q+1—|—q2+1—q3+
8 8¢ 8¢
=1+ 1 1 7 5.

A-¢f U+ (1-)P

107



4kkKK 16q 48¢3 80¢°

9 = ..
) T 1—q2+1—q6+1—q10+
_ 16q(1+¢%)  166°(1+¢°)  164°(1+¢™)
B (1 —¢2)2 (1—q°)2 (1 —¢10)2 o
4K KK 8 164> 2443
jo) WWEK 8¢ | 16" g
T 1+q 1+4+¢*> 1+¢3
8¢ 8¢ 8¢°

T e T Axen

1) kKKK 4,4 12f 205

. l4q 1+ 1+q
41+ q) AV P+ ¢P) 4\/q5(1+qs)Jr
(1+4q)? (14¢3)2 (14¢°)2 B
A'KK 2 1644 2445
12) SR S
T 1+ ¢2 1+¢* 1+
8¢ 8q* 8¢°
=1- q22Jr q427 q62+"
(1+¢*?  (1+4g¢")* (1+4¢5
1y WEE _AVa 128 2005
T 1—q 1—¢g3 1—q o
_4al+a) VPO WP+ |

(1-4q) (1—Q) (1—Q)
60 Formulae 4) - 13) we have represented in a twofold manner; but the one
representation follows easily from the other, when the single denominators are
expanded into series. Let us note further that, according to the theorems pro-
posed in g. 37, all of them can be derived from two of their number, the 4%
and the 8. For on putting /g in place of ¢, since K passes into (1 + k)K, by
subtracting from formula 4) there results 5); then on putting —g in place of ¢, K
passes into k'K, whence from the formulae 4), 8) there result 6), 10); 5) remains
unchanged. On putting ¢2 in place of ¢, k'K passes into vVA'K, whence from
6), 10) there result 7), 12). From 8), 10), because kk + k'K’ = 1, there results
9). On putting /g in place of ¢, kK passes into 2VkK, whence from 9) there
results 13). On putting —¢ in place of ¢, kKK passes into ikk’ KK, whence
from 13) there results 11). Moreover, for the Modulus itself or the Complement

60 Editorial note: In the second line of 10) the first denominator is printed (1 + ¢?) instead
of (14 ¢)?; an apparent misprint.
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no series of this kind appear to exist.
The formulae proposed being expanded into powers of g, we obtain:

16 24 32 3 52 36
14) logk =logdy/q—4q+6¢* — —¢* +3¢* — =" +8¢° — Z¢" + ¢ - ¢’ + —¢°...
3 5 7 2 9 5
32 48 64 104 96 112 192
15) —logk' —8 e ST D BT P AT D BT § il & B i LI
) —log e e B TR A T T
2K 16 24 16 32 52 24
16) log=— =4 —4¢* + —¢® —4¢" + —¢° — ¢S + Z¢" 4%+ =¢® — ¢+ ...
)ogﬂ (=4 + 5~ 4+ ¢~ o g A+ g - e+

2K
17) — =1 +4q +4¢® +4q* +8¢° +4¢° + 4¢° + 8¢™° +8¢" +4¢'° + 8¢M +4¢" + ..

18) AL 4/ + 8V P + 4/ + 8V g1 + 8\ T +121/¢25 + 8/ + 85T + ..

™

19) 2B g ag 1 agt 8¢ 1 4g® — 40 180" — 8 1 4q" — 8¢ 4 4¢' ..
20) 2\/?( =1—4¢" +4¢" +4¢° — 8¢"% + 4¢"° — 4¢" +8¢® —8¢°° +4¢™ . ..
21) % =14 8¢ +24q® +32¢° + 24q¢* + 48¢° + 964¢° + 6447 + 24¢° + ...
22) % = 16q + 64¢> + 96¢° + 128¢" + 208¢° + 192¢™ + 2244¢"3 + 384¢"° + ..
23) % =1 — 8¢+ 24¢°® — 32¢> + 24¢* — 48¢° + 964¢° — 64¢" + 244" . ..

!
24) % = 4/q — 16V/¢3 4+ 24V/¢5 — 32V/q7 + 52v/¢° — 48/ + 56/¢13 — . ..

IWKK
25) = 1 — 8¢ + 24¢"* — 3245 + 24¢% — 48¢"° 4 964" — 64¢™ + 24¢6 — 104¢"® + . ..
IRKK
26) ——— = 47+ 16V + 24/ + 32/47 + 520/ +48V/gT 4561/ + ...

61

That the law and principle of these series may be better perceived, we shall
denote them by the summatory sign ¥ prefixed to their general term. Let us

61 Editorial note: In 16) the last coefficient is printed %; by formula 29) it should be %,
an apparent misprint (the author’s Corrigenda list this). A hand correction in ink is not

transcribed.
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suppose that p is an odd number, and ¢(p) the sum of the factors of p. Then
there results:
¢(p)

27) logk =log4\/q — 427 {qp

3¢ 3 4 35 3 g
I TS

28) —logk' = 8E¢;p)qp

2K
29) log — = 42¢§3p) {¢" —¢* —q"" — ¢ — "% — ..},

Further let n be an odd number, all of whose prime factors have the form 4a+1,
¥(n) the number of factors of n; I, m all numbers from 0 up to co: we obtain:

2K !
30) = = 144Zp(n)g?

2kK m—1)2n
81) T =dmpm)g T
2k'K
32) = 1= 454 (n)g VT 4T (n)g?
2VE' K
33) \/kT —1_ 42w(n)q2(4m—1)2n +42w(n)q2l+2(4m—1)2n-
Vs

p denoting again an odd number, ¢(p) the sum of the factors of p: there results

4KK
34) — = =1+8%6(p) {q” + 3¢°" + 3¢™" + 3¢* + 3¢'P + ..}

4kkKK
35) = 163¢(p)g”
T
4K KK
36) — =1+ 85¢(p) {—q” + 3¢°" + 3¢™ + 3¢*" + 3¢'P + ..}
4kk'KK P
37) ———— =45(-1) 7 o(p)VeP
Yiwis
4 KK
38) =1+48%¢(p) {—¢* +3¢" + 3¢ + 3¢'P + 3¢*P + ..}
4kKK
39) ——— = 4%0(p)VeP.

Let us demonstrate formula 27). We have found 1):

4q n 4q2 4q3
1+q 2(1+¢%) 3(1+¢)

log k = log4./q — +..
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which let us put = log4,/q + 4 A®)g* Let x be an odd number p = mm/;

q P

from any term ————— there results 1, whence it is evident that A®) =
m(l+ ¢™) m

—@. Now let = be an even number = 2!p = 2'mm/: from the terms
p
l
_qm N q2m N q4m N qu - q2 m
A+ am)  2m( @) dm(+ ) | Sm ) T 21+ )

there results
z 1 1 1 1 1 @
o f 111 U B Gl
m 2 4 8 =1 = 9l 2lm

whence A®) = , which furnishes the formula proposed.

Let us demonstrate formula 30). We have found 4):

2K 4q 4¢3 4q° .
| - — .. =1+45A40g",
T +1—q 1—q3+1—q5 + ¢

Let B be the number of factors of z which have the form 4m + 1, C'*®)
the number of factors which have the form 4m + 3; it is readily evident that
A = B@) — 0@ Let 2 = 2'nn/, so that n is an odd number all of whose
prime factors have the form 4m + 1, and n’ an odd number all of whose prime
factors have the form 4m — 1; it is easily proved that, unless n’ is a square
number, there will always be B(*) — C(®) = 0, but where n’ is a square number,
there will be B®) — C®) = B = 4)(n), formula 30) flows.%?
Lastly let us prove formula 34). We have found 8):

4KK 14 8q 1642 2443 32¢*

=14+ 8%A® g,
— 1_q+1+q2+1_q3+1+q4+ + q

x denoting an odd number, it is readily evident that A®) = ¢(x); but where x
is an even number = 2'p, p denoting an odd number, for every m a factor of p,
from the terms

mag™ om 2m Am 4m 8m. 8m 2lm 2'm
gd 4 cmd o a2
]__qm 1+qm 1+qm 1_|_qm 1+q2m

there results 8mg” {1 —2—-4—-8—..— 271 4 2'} = 24mq”, whence in that
case A(®) = 3¢(p), which suggests the formula proposed. The remaining ones
are demonstrated similarly or can be deduced from these.

62 Editorial note: The author’s Corrigenda ask for “unde formula 30)”; the word unde is
added by hand in ink above the line and is not transcribed.
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2Kz A 2Kx 1
y Sam T 2Kz

cosam ——
™

being expanded into

The expressions cos am

12K\ 1 [2kK)\?
powers of =, we obtain the Coefficient of 2293 respectively —3 () _— () ,
T T

1 (2K? .

+§ ) , whence from the formulae 21), 20), 24) of the preceding g' we see
T

that the following are derived:

40) k(ﬂ(>3_4{ V4 +9\/q>3+25\/$+49\/q>7+“}:

™ ) 1+q 14+¢d 1+¢ 0 1447

4{\/6(1+6q+q2) VP64 +4°) | VP (1460 +q') _”}

1-¢3 (1-¢)? (1-¢5)3
2K \*? q 9¢° 25¢° 4947
41) K (Z2) =144 - _ U
) (77) + {1+q 14—(13—1—1+q5 1+q7+

- 4{q(1 —6¢>+4¢*)  ¢(1-6¢"+¢°)  ¢*(1-6¢°+4¢"%) }
(1+¢2)3 (14 ¢%)3 (1+45) N

2K \° q 4¢> 9¢3 164¢*
42) kk(Z=) =16 b=
) <7r> {1—#(12+1+q4+1+qﬁ+1—|—q8+

16{Q(1+Q) ¢(1+q°) q5(1+q5)+”}

(=qf  A-gp =gy

64 From these, putting —q in place of ¢, we obtain:

oo 2K\ Va9V E | 25y/¢  494/q7
43) kKK (=) =4 — -+ = — =+ ..
s 1—-q 1—g¢q 1—gq 1—g¢q
2K \* q 9¢3 25¢° 4947
44) KK (=) =1-14 — - »
) (F) {1q —¢ T-¢ 1-g }

2K \* q 44> 9¢° 164¢*
45) Kkk|— ) =16 — — cip
) <7T> {1+q2 T+g 1+¢ T+g | }

2K\ °
By adding the formulae 42), 44), we obtain <> ; by subtracting 40) and
T

63 Editorial note: The author’s Corrigenda ask for “evolutae” and “nanciscuntur” here, in
place of the printed evolutas and nanciscimur; a hand correction in ink is not transcribed.

64 Bditorial note: In 42) the exponent of % is printed 5 instead of 3; an apparent misprint
(the author’s Corrigenda list this), with a hand correction in ink that is not transcribed.
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2kK 2k'K
43), 41) and 45), we obtain < ) ( ) from which, on putting resp.

7r
3
2VE'K AVEK
VO ¢? in place of ¢, there results ( > ( VK ) ; from ( v ) ,
0

VEE'K

s

on putting —¢q in place of ¢, is obtained

Finally, putting k£ = sin, let us expand ¥ = Arc.sin k itself. We have seen

1 —
that on putting /g in place of ¢, k" passes into 1 ; let us again put —q in

+k
ik

place of g, then k passes into 7 or into i.tang; so that on putting i,/q in
!/

place of ¢, the expression

is changed into
i

ll 1 —itangd
24 8 1+ itang

8¢ 8¢° 8¢° 8q7
—logk' = N
BT T B0 T

Hence from formula 2)

we derive:

5
46) 19=Arcsink:4\/a— We We - 4\F

I+q 3(1+¢3) 5(1+q5) 7(1+q) o

which is easily transformed into this:

47) Z = Arctg/q — Arctg/¢® + Arctg /¢° — Arctg\/¢" + ...,

which must be counted among the most elegant formulae.

41.
Let us multiply the equation exhibited above:
2EK 2Kz 4\/§sinx 4+/¢3 sin 3z 4\/ sin 595
sin am =
m us 1—g¢q 1-¢3 1—¢b

into itself. On substituting everywhere cos(m — n)x — cos(m + n)x in place of
2 sin max sin nx, the product assumes the form:

2kK 2K
(> sinam =% — A + A’ cos 2z + A" cosdx + A" cosbx + ... .
T T

One finds: 5 .
8 8 8
q q + 4 + ..

S R R SR i s
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Further there results:

A = 16BM) — g0 =8 {QB(") - C(")} :

if one puts:
n+1 n+3 n+5
B™ = g + q + q +etc. to inf.
(1-q)(1—¢*t) (1—¢*)(1—¢**3) (1—¢°)(1—¢**5)
c = a + a + d +. .+ q

- =g (1-¢)A-¢?) (1-¢°)(1—¢>?) (1—gH(1—-q)

Now since

(1 _ q7n)<1 _ q2n+m) - 1— q2n

_ an 1— q2n+m

qn+m qn { qm q2n+m }
1 3

there results B =

n 3 5
q{q-i-q-i-q—f—..}

=g (1-=¢q 1-¢® 1-¢°
qn q2n+1 q2n+3 q2n+5
11— |1 g2t + 1—¢2nt3 1 — @205 + ’

or, the terms which destroy one another being removed:

n 3 2n—1
g — _4 q q 3 q .
1_q2n 1_q+1_q3+ +1_q2n—1

Further there results:

n n m 2n—m
q q q q
_ ),
(I=gm@—¢* ™) 1=g¢ { L—gm 1—gm ™

whence
n n 3 2n—1
(n) _ "4 2q q q q
¢ 1_q2n+1_q2n 1 q+1_q3+"+1_q2n—1 '
Hence at length there results:
A _ g {2 B _ c<">} _ —8ng”
1— q2n’

whence now:

1) 2kK QSinQamZKJC:A—S qcos22x+2q2cosfa:+3q3cos66x+“ .
s s 1—gq 1—g¢q 1—¢

In a similar manner, or from 1), one finds:

2
2) 2kK cos? am 2Kx _ B4g qcos2x n 2¢2 cos 4z n 3q° cos 6z +o b
s s 1—¢2 1—¢* 1—¢f
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where:
3 5

o q q q
A‘8{<1—q>2+<1—q3>2+<1—q5>2+“}

q ¢ q°
B=%8 + + I
{(1+Q)2 (I+¢%?2  (14¢%)? }

By a well-known theorem of the Integral Calculus, whenever

¢r = A+ A cos2x + A” cosdx + A" cos 6z + . .,

the first or constant term is:

™

2 2
A=— .dz,
/0 6(x). dz

™

whence in the present case we obtain:

2 [(2kK\? [% 2K
A= —. (> / sin? am—x.d:c.
™ T 0 ™

2 (2kK\? [ 2K
B=— () / cos? am —x.dx.
T T 0 T

Let us put, with Cl. Legendre
/ i A6 2K / de A2 am 2Kac

2K 2K 2K 2F!

then there will be:

A= 22 2 27
iy i iy v
2K 2E! 2%/ K\ 2

b2 (2
™ s T

Hence also, since on changing ¢ into —¢q, A passes into —B, K into k'K, it
i

follows at the same time that E! passes into —
Let us remark besides that from formula 1) there follows:

2K q 23q2 33q3
3) kk =16
) (W) {1—q2+1—q4+1—q 1—618Jr

_16{q(1+4q+q2) FCA+4°+¢%) | P+44° +q1° L

(1—q)* (1—¢?)?* (1-¢)
whence also, on changing ¢ into —g¢:

)
i
1) kK2 <2K)4:16{ ¢ 2 3¢ +. }
)

1—q2 1—¢* " 1—¢f 1—q

_16{q(1—4q+q2) Gl -4 +¢%) | ¢°(1 —4¢° +q1° L

(1+q)* (T+¢3)4 (1—-4¢°
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65 Formula 4) being subtracted from 3), there results:

UK 4 q2 23q4 33q6 43q8
5) (ﬂ) 256{1_q4+ 1—q8+1—q12 + 1—q16+"}

_one[CATAC +dY) (14" +q7) ¢ +4g° +¢*)
(1-¢)* (1—¢%* (1—¢'0)* )

which® you also obtain from 3), on changing ¢ into ¢2.

42.

By a method similar to that by which formula 1) was found, we could inquire
into the expansion in series of the expression

2K \?
N/
. 9 2Kx
SN~ am

™

if formula 18) g. 39 were multiplied into itself. This, however, is accomplished
more easily from 1) itself by the following consideration.
For if the formula:

2K 2K
d.logsinam@ oK \/1— (1—l—k;k)sinQaurnigU—I—k;k:sin‘lalrn—aj
T _ _ T T

dz T . 2Kz
sinam —=
T

is differentiated again, we obtain, after making the reductions:

Kx

2
d?.logsinam —= 2K\ 2 2K 1
1) T =(— kk sin? am ——— —

dx? ™ T

sin“ am

Now, however, we found in g. 39, 6):

2¥/q . gcos2x g% cosdx q° cos 6z
+log sin x+2 + +
\/E> ¢ { Tvq 20+¢) 30+

. 2Kz
log sinam —— = log
0

whence:

2K
d? log sin am e 1
7T J—
x {

gcos2x  2¢%cosdx  3q° cosbx }
3 )

dx? sin 1+¢ 1+ ¢2 1+4¢3

65 Editorial note: The third denominator is printed (1 — ¢°)* where (1 4+ ¢°)* is expected;
an apparent misprint.
66 Editorial note: Printed “quem”; the author’s Corrigenda give “quam” here.
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Further we have, g. 41, 1):

(2kK>2 ., 2Kz
— ST am —— =

s s

%% %LEI 3 gcos2x  2¢°%cosdx 3q3cos6x+
1*(]2 1,q4 1,q6 .

whence, since from formula 1) there is:

2
2K ) 2o i 2Kz
77 (21<:K> .o 2Kz 0g stain —-
sin” am —

> 2Kz T dz? ’

. ™
Sl am

T
there results what we seek:

<2K)2
T
2) . 9 oKz
sin® am ——
T

2K 2K gLEI_i_ 1 g q?cos2x  2q¢*cosdx 3q6cos6x+
1—¢q? 1—q* 1—¢ e

If ¢ is changed into —q and at the same time x into 5 — x, whence K passes
1

E 2K
into k'K, E" into o g. 41, and sin am <
T
2):

X <2kﬂK) )

2Kz —

. 2Kz
into cosam ——, there results from
7r

cos? am

1—¢2 1—qgt 1—¢b

T T T cos? x

<2k’K) > 2K 2F! 1 g { q*>cos2x  2q¢*cosdxr  3q°cosbx }
To these I add the following, which follow easily from g. 41. 1):

2K\ 2 2Kz 2K 2E" gcos2x  2q%cosdxr  3q° cosbx
4 — ) A? — = —.—+38
) ( ) o i {1q2 1—q 1—¢°

m s s ™

1—¢2 1—q* 1—¢

2K ’
AZam Az .7
T

2 K\
5) s 2K 2FE! 3 { gcos2x  2¢%cosdx  3¢°cos6x }

87 Editorial note: The numerators are printed g2 cos 2z, 2¢q* cos 4z, 3¢® cos 6z where ¢ cos 2z,
2q2 cos 4z, 3¢® cos 6z are expected (compare formula 1 of §. 41); an apparent misprint, repeated
in formula 3).
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of which 5) follows from 4), on changing = into § — x or ¢ into +gq.

2K
Putting y = sinam —x, V(1 —yy)(1 — k2yy) = R, there results:
7

dy 2K
P
d2y 2K\ °
- == 1+ kk — 2k2y?
dx? <7r> y(L+ v)
d3y 2K\ 2,2
ZJ (22 1 —
703 <7r>(+kk 6k“y“)R
dy 2K \* 4 2 2\, 2 4,4
== y (1+ 14kk + k* — 20k%(1 + k?)y? + 24k*y*) R
d®y 2K\ ° 4 2 2y, 2 4,4
il (14 14kk + k* — 60k*(1 4+ k*)y* + 120k"y") R

etc. etc.

)

whence:

oKz 2Kz 1+ k2 (21@:)3 1+14k2+k:4(2K;z:>5

y=smamT o = T o - 2345 p

and therefore:

. 9 2Kx  xx
sin? am ——

2K\’
T 1 1+ kEN /2K\? 1—kk+k* /2K\*
—_—t = — | — ) — ) +t— =) Z+...,
3 T 15 T
™

and this formula being compared with 2), we derive:

1+kk\ (2K\> 1 [2K\® 2K 2E! V& 2" 3¢5
—) =z+|— ) ——.—/-38 + + +..p,
3 T 3 T O 1—¢2 1—q* 1-—¢f

or:

2K\ ? 2K 2E!
2 4 6 8 I+ — ) 2—kk)— —.—
q n 2q n 3q n 4q L= T T
1—q2 1—q¢* 1—¢5 1—¢8 2.3.4

6)

68 Further there results:

11—k + kY 2K\ 1 2 2¢t 33
(+>(> +16{ 9 24 429 79 +}

15 ) 15 I—@ "1 " 1-¢5 " 1-¢8

I
2K 2B . the author’s

68 Editorial note: The numerator is printed without the factor 3 before -l

1
Corrigenda (p. 114, line 12) ask for —3 % %, and the scan carries that 3 as a hand-inked
correction.

118



or, since 15 = 2.2% — 1:

2K 4 23q2 43q4 63q6 ]3 qs
1-K+H[(=—) =1+21 ..
( " )(7?> * 6{1—(12+1—q4+1—qﬁ+1—q8Jr }

iy g2 . 9344 s 3340 . 4348 .
1—q2 1—¢q¢* 1—-¢5 1—-¢8 "

From this formula let the following, g. 41. 3), be subtracted:

2K\ * 2342 3.3 434
k2<> :16{ q2+ q4+3q6+ q8+..},
s 1—gq 1—g¢q 1—¢ 1—g¢q

the remainder is:

2wU' K 4 232 333 434
7) —1-16{+L =94 24 =4 , 1
™ 1—-q¢ 1—-¢*> 1-¢3 1-—¢*

whence also, on changing ¢ into —¢:

2K 4 q 23q2 33q3 43q4
— | =141 ..
8) <W> + 6{1+q+1—q2+1+q3+1—q4+ }

which were the formulae more difficult to investigate. If you join these to those

2K 2kK
which we found above, you now have the first four powers of —,
T

expanded
in fairly neat series.

GENERAL FORMULAE Ii‘OR EXPANDING THE FUNC-

TIONS sin” am 22, IN SERIES, PROCEED-
T

o 2Kzx
sin™ am ——
T
ING ACCORDING TO THE SINES OR COSINES OF

MULTIPLES OF z ITSELF.

43.
The expansions of the functions:
y 2Kx 2 2Kx 1 1
sin am p sin“ am , . Kz ; KT
S1n am

sin“ am ——
T

having been found, the question now presents itself of carrying out the expan-
sions of the higher powers of

. 2Kz 1
sin am — ' SR T
sin am
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In Analytic Trigonometry, indeed, an easy way is known, by which, the expan-
sion of sin z, cos z having been found, you may proceed to the expansion of the
expressions sin” z, cos™ z; namely, this succeeds by the help of known formulae,
by which sin” &, cos™ z are exhibited linearly through the sines or cosines of
multiples of . But in the theory of Elliptic Functions

that aid fails; recourse will have to be had to another, which we shall set
forth in what follows.

The formula, which is evident from the elements:

dsin™ amwu
du

69 differentiated again, gives:

= nsin” ' am u\/l — (14 kk)sin? am u + kksin® am u,

d?sin™ am u
du?
Putting successively n = 1, 3, 5, 7. ., n = 2,4, 6, 8 . ., a double series of

equations may be formed from this:

1) = n(n—1)sin""? am u—nn(1+k?) sin™ am u+n(n+1)k? sin™ 2 am u.

I
d?sinamu o . 5 . 3
—————— = —(1+k%)sinamu + 2k°sin” am u
du?
d2 -3
% = 6sinamu — 9(1 + £?) sin® am u + 12k? sin® amu
u
d2 -5
% = 20sin® amu — 25(1 + k) sin® am u + 30k sin” amu
u
d2 7
EERE — 42sin amu — 49(1+ k%) sin” amu + 5647 sin’ am u
u
etc. etc.
1I.

d? sin® am u

e =2 — 4(1 + k?) sin? am u + 6k? sin* am u

d? sin* am u

T = 12sin® amu — 16(1 + k%) sin® am u + 20k? sin® am u
u

d? sin® am u

e = 30sin* amu — 36(1 + &%) sin® am u + 42k? sin® am u
u

d? sin® am u

T3 = o6sin® amu — 64(1 + k?) sin® amu 4 72k” sin' amu
u

etc. etc.

69 EBditorial note: The last term under the root is printed kk sin? am u where kk sin® am v is
expected (compare the equations 1) below); an apparent misprint.
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From the equations I. you derive successively, putting I[In = 1.2.3..n:
L a.

d?.sinamu

112.k2 sin® =
Sin- am u du2

+ (14 kY sinamu

d*. sinamu d?.sinamu

M4.k* sin® am u = Jul +10(1 + k?) e +3(3 + 2k* + 3k*) sinam u
dS.sinamu d*. sinamu d?. sinamu
6 i 7 _ 2 2 4
I16.k° sin” am u = 706 +35(1+ k%) T + 7(37 + 38k“ + 37k") T

+45(5 4 3k? + 3k* + 5k°%) sinam u

d®. sinamu
dud

d®.sinamu
dub

d*. sinamu

I18.%8 sin” =
Sin- amu du4

+ 84(1 + k?) + 42(47 + 58Kk? + 4Tk*)

d?.sinamu

+4(3229 + 3315k* + 3315k* + 3329k°) —

+315(35 + 20k% + 18k* + 20k° + 35k%) sinam u

etc. etc.
70
1I. a.

d?.sin? amu

I13.%? sin® amu = +4(1 + k?) sin® am u — 2

du?
d*. sin® d?. sin®
I15.k* sin® amu = W +20(1 + k%% + 8(8 4 7k? + 8k*) sin® am u — 32(1 + k?)
d®. sin? amu d*. sin® amu d?.sin? amu
107.k% sin® = 14 k%) ——————— + 112 k2 ) —————
7.k° sin® am u 76 +56(1 + k%) gl + 112(7 + 8k* + 7k*) e

+128(18 + 15k% + 15k 4 18k5) sin® am u — 48(24 + 32k* + 24k%)

etc. etc.

71

70 Editorial note: In the factor of the term with d? the last coefficient is printed 3329 where
3229 is expected by the symmetry of the polynomial (the author’s Corrigenda give 3229); an
apparent misprint, corrected by hand in ink in the scan.

"1 Bditorial note: In the last term of the II7 formula the middle coefficient is printed 32
where 23 is expected (the author’s Corrigenda give 23); an apparent misprint, corrected by
hand in ink in the scan.
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Thus we see that it may be generally put:

2) T12n.k*"sin®" " amu =

d?".sinamu +A(1)d2”_2.sinamu LA d*"=* sinamu

() g
Jun " Juan_2 " Juan—1 .+ A sinamu

3) TI(2n — 2).k*" ?sin®" amu =

d2n_2.Sil’l2 am d2n—4. i 2 d2n—6. s 2

du2n72 n du2n74 n du2n76

+ ..+ BT(L"_l) sin® amu + B,(I”),

72 where AS”), Br(Lm) denote rational integral functions of kk of the m!' order,

except By(bn), which is of the (n — 2)%. Further, from the general formula from
which we set out:

d?sin™ am u
du?

it is evident that there will be:

= n(n—1)sin""? amu—nn(1+k%) sin” am u+n(n+1)k* sin" 2 am u

4y A =A™ 4 2n - 121+ E)A"TY — (20— 2)2(2n — 1) (20 — 3)k2A"S?)
5) BUW =B+ (20— 271+ KB — (20— 3)%(2n — 2)(2n — 4K B"5 7,

in which formulae, whenever m > n, one must put A =0, B{™ = 0.

If u is changed into v+ 4K’, since sin am u passes into in the pro-
) )

ksinamu

posed formulae may be put in place of sin am u, whence the following

_ k sinamu
arise:
d2. !
112 sinamu 1
sin® am u du? +(1+ )sinamu
3 P2 ,
—
— SN~ am u 4(1 4 k2 - 9
sin* am u du? +4 ) sin? am u
1 1
d*— 2
- ;_14 = sin am u + 10(1 + k2) sin am u + 3(3 +2k2 + 3k4>
sin® amu du?t u2 sinam u
115 @ % d2'% 8(8 + 7k? + 8k*)
sin® amu 2 sin® am u 9
= +20(1 +k + — 32(1 + k?).
sin® am u du* ( ) du? sin® am u ( )
etc. ete.,

"2 Editorial note: The left side of formula 3) is printed TI(2n —2) where I1(2n—1) is expected
(compare 113, I15, II7 above); an apparent misprint, corrected by hand in ink in the scan.
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7 and generally:

112n
6 —_— =
) sin? ™ amu
d2n'; d2n—2'; d2n—4'; A(n)
sin am u AW sinam u A2 sin am u - n
du?n tan du?n—2 A duy2n—4 + sinamu
I(2n —1)
N =
sin“" am u
1 1 1
2n—2 on—4 on—6
- ‘sin®amu _|_B(1)d ! ‘sin? amu _|_B(2)d ! ‘sinamu + Br(Ln_l) + k2B™
du2n—2 n duy2n—4 n duy2n—"6 o Sil’12 amu n o
74
44.
. . . . 2K«
Since it has been found in what precedes, if one puts u = ——, that the
T
expressions
. 2Kz 1
sin” am , — KT
sin” am ——
m
can be expressed linearly through these:
. 2Kx . 9 2Kz 1 1
sin am , sin“am , SRT SR
sinam —— sin?am —=
0 m

and their differentials, taken with respect to the argument u or x, the former
follow of themselves from the expansions of the latter, which proceed according
to the sines or cosines of multiples of x.

Thus we obtain:

I

from the formula:

2kK 2K sinx 3 g 5
sinam =% — 4 Vi +\/(1731n393+\/q>sm5x+“
T 1—q 1—g 1—¢b

73 Editorial note: In the second formula the last term is printed —2 where —2k? is expected,
and in the fourth formula the last term is printed —32(1+k2) where —32k2(1+k2) is expected
(the author’s Corrigenda); apparent omissions of the factor k2 (in the fourth formula a period
is left standing after the bracket), supplied by hand in ink in the scan.

74 Editorial note: In the third term of 7) the exponent of d is printed with a damaged
character in place of n (d?=6); read here as d?"~6.
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the following:

<2kK)3 4 2Kx
2 —— ) sin’am -
™ ™

4{(1 + k?) (27{()2 - 1} \/filr;x+

2
4{(1+1<;2) (2K> } \Fsm3x+
T 11—
2 5 &3
s () gl Vesinde,
T 1— ¢
5
2.3.4 (%K> sin® am 257 _
™ ™
4 .
o (32 o (2 )

4 {3(3 + 2k + 3k%) (T)ZL —32.10(1 + k) (W) n 34} \Fsmsx

1-¢3

4 {3(3 + 2k + 3k*) (27[5)4 —5%.10(1 + k%) (W) " 54} V/¢° sin 5 Zn

1-¢°

etc. ete.;

1I
from the formula:

<2kK>2 .o 2Kz 2K 2K 2K 2FE' {2qcos2x 4¢% cosdx  6q> cos 6z }
—— | sin“am =— ———— ——4 +

T T T T T 1—¢2 1— ¢4 1
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the following:

2kK\* 2K
2.3 <> sin? am—x =
s T
2K 9K 2E! 2K\ *
i i Vi
2K \? . 2
—4 {2.4(1 + k2) <> B 23} q cOos 2&0
Vs
2 2
4{44 (1+ k%) (QK) }q cos da
0 1—¢q

K\? 3
4{641+k2 ) - }qcosﬁff
i 1—¢b

2kK\° 2K
2.3.4.5 () sin® am ST
T T

2K 2K 2K 2K 2F! 2K
s(s-+ 71+ 1) (25 ) (22 222 e (2 )
T ™ s ™ ™ T

2K \* 2K\ 2 9
—4 {2.8(8 + Tk? + 8k%) () —23.20(1 + k?) <> n 25} qcos 2z
0 ™

[\

1—¢2
9 a [ 2K : 3 o [ 2K 2 5| ¢°cosdx
—4 0488+ Tk" +8K%) | — | —4°200+ k%) | — | +4°p —p
™ T 1—gq
9 a [ 2K ! 3 o [ 2K ? 5| ¢®cosbz
—43688+T7k"+8k)( — | —6°.20(1+k°)(— ) +6° ) ————
s T 1— q6
etc. ete.;

75
111

75 Bditorial note In the first line of the sin® formula the bracket 1s printed with the factors
2K 2K _ 2K 2E'

, where the analogous sin? formula has 25 26! ; the repeated factors are
struck through by hand in ink in the scan, and the print is reproduced as it stands.
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from the formula:

2K
T 1 4gsinx  4¢>sin3x  4¢°sinb5x
2Kx =~ i _ _ 3 — 5
sin am z sinx 1—g¢q 1—gq 1—g¢q

s

126



the following:

.2 ZKI
sin” am
T
2K\? 1 2 1
1+ k%) =— sin
1+ )(77> sinx dx? +

-5 QKZE
sin® am
T
2K \*
3(3 + 2k? + 3k*) <> oien? & 1 1
T - .
10(1 + k2) [ 2= sin x sin x
Sinx + 0( + ) ( > de dx4 =+
2K\ * 2K\ 2 .
4{3(3+2k2+3k4) () —10(1+k2) <> +1} qsmx+
T T p
2K \* 2K\ 2 3
4 3(3 + 2k2 + 3]{;4) p— _ 32.10(1 + /4}2) <0 T 34 sin 3x
™ T 1 _ q3
2K \* 2K\ 2 5
4<3(3+ 2k2% + 3k4) - - 52.10(1 + k:2) ekl BT sin bz
™ T 1 _ q5

etc. etc.;
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IV.
From the formula:

2Kz~ 1 2 — 2 — A — 6
sinzam—x T 1-q 1-q 1-q
m

2K\ ?
T 2K (2K 2E! 1 2¢% cos 2z 4q*cosdx  64¢° cos6x
—_—— = — = — |+ —4 + +
sin® x

™ s
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the following:

2K \*
23 ()

71- J—
., 9Kz
Sin- am

T
oK\® /2K  2E! 2K \*
e () () = () ¢

2
A1+ R2) (f) PR

sin® x da?

2 ¢ cos 2z
_4{2.4(1“&)( ) _23} 1—¢?
2 q* cos4dx
_4{4.4(1+k2)( ) _43} 1—q*
2 ¢ cos 62
_4{4.6(1+k2)( ) _63} 1—¢5

SEENE

ik

2K\ °
2.3.4.5( )
I

. 6 2Kx
sin” am

™
K\° (2K I K\
8(8 4 7k? + 8k*) <2> (2 — 2E> —32k2(1 + k%) (2 )
i T ™ ™

2K
8(8 4 7k* + 8k*) < 1 1

4
) d?. dt.
2K\ ? i 2 <2
5 i +20(1+k2)< > S 4 ST

sin® x T dx? dx?

+

2K\ * 2K\ 2 2 cos 2
—4028(8+ TR + 8kY) [ 2= ) —23.20(1 + k) () 425y LB
™ T 1—¢2
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4 2
—4 {4.8(8 + 7Tk* + 8k) <2f> —43.20(1 + k%) <2K> + 45}

q* cos4x
T

2K\* 2
—4 {6.8(8 + Tk* + 8k*) (W> —6%.20(1 + k%) (

cet. cet.

76
45.

. . i n 2Kz
The examples proposed above show how the expansions of the functions sin am ——,

T
1

—ggp e found from the formulae 2), 3), 6), 7) g. 43. The quantities
sin™ am ——

T
A5{”), B,(Im), on which those depend, may be drawn out successively by means
of the formulae 4), 5) of the same place. But the question of investigating their
general expressions, since these turn out too complicated to be attained by in-
duction, must be taken up from somewhat further back. To this end we premise
the following.
The elementary formula is known:

2sinamuv.cosamu A amu

sinam(u + v) — sinam(u — v) =
( ) ( ) 1 —k2sin?amusin®amuv ’

and on integrating this with respect to u, there results:

v 1 1+ ksi i
1) / du{sinam(u + v) — sinam(u — v)} = Z log < + smamusin amv) .
0

1 — ksinamusinamv
From Taylor’s theorem it comes about that:

sinam(u + v) — sinam(u — v) =

9 d.sinamu n d3®.sinamu v? +d5.sinamu v° n
v — =t ...,
du du3 113 dub 115

76 Editorial note: In the first row the exponent 4 of k in 8k?* is not printed (apparently
dropped ink); it is printed 8k and the expected reading is 8k*.
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whence:

/“ du{sinam(u + v) — sinam(u —v)} =
0

d?. sinamu v®  d* sinamwu v° }

Q{Sinamu.v—i— e .H—S—l— T T

For it is readily established that, on putting u = 0, both sin am u and, gener-
d*™ sin am u

du27n
passes into this:

ally, vanish. Hence equation 1), with its other side also expanded,

3 5

d?.sinamu v +d4.sinamu v n
du? I3 du 5

2 k4
sinam usinamv + —. sin® am u sin® am v + gsin5amusin5 amv+ ..

2) sinamwu.v +

Further, by multiplying into one another the known equations:

2sinamw.cosamv A amwv

sinam(u + v) + sinam(u — v) =
( ) ( ) 1 — k2sin? am usin® am v

2sinamv.cosamu A amu

sinam(u + v) — sinam(u — v) =
( ) ( ) 1 — k2sin? amusin® amv

we obtain:

2

3) sin?am(u +v) — sin? am(u — v) =

4sinamucosamuAamu.sinamvcosamv A amv

. ) 2
{1 — k2 sin? am u sin® amv}

d.sin? amu . d. sin® am v

. . 2 :
{1 — k2 sin% am u sin? amv} dudv

When the integration has been made with respect to v, there results:
v
/ dv {sin2 am(u 4 v) — sin? am(u — v)} =
0

2sinamucosamu A amu . sin? am v sin? amw . d. sin® am u

1 — k2sin? amusin® am v (1 — k2 sin® am usin? am v) du

On integrating this again with respect to the other element u, we obtain:
u v
4) / du/ dv {sin® am(u 4+ v) — sin® am(u — v) } =
0 0

log (1 — k?sin? am u sin® am U) .

k2
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From Taylor’s theorem it comes about that:

sin® am(u + v) — sin? am(u — v) =

U+

5 d.sin? amu d3.sin? amu f N d5.sin? am u LE’ N
du du3 ‘13 dud 5 7

whence:

/ dv {sin2 am(u 4 v) — sin? am(u — v)} =
0

d.sin®?amu v? d3.sin? amu v* d5.sin? amu 08
2 e o —— e
du 112 du3 114 du® 116

/ du/ dv {sin® am(u + v) — sin® am(u — v)} =
0 0

amu. — +

9 Jin2 v?  d’.sinamu v? +d4.sin2amu 0 n
sin —_— =+ ..
112 du? I14 du? 116

vt v
23U — 4 UW_—_ 4.},
{ 114 + 116 +
provided that by the character U™ we denote the value of the expression
d2m' 02
Slgmamu which it obtains on putting © = 0. Hence equation 4), with its

other side also expanded, passes into this:

5) sin®amu v N d*.sin® amu v* N d*.sin® amu 0% N
12 du? 114 dut 6
4 6
v v
22U — W _— 4
{ 114 + 116 +
1 . 2 ) k? .4 .4 k4 . 6 . 6
i.sm amusim” amov + Z.sm amusin amov + E SIn” amwusSin” amov + ...
77
These things being duly prepared, let there be put:
w = sinamu + Ry sin® am u + Ro sin® amu + R3 sin” amu + .. .

and generally:

. . . . n
u" = {51namu+R1 81n3amu+RgSlnsamu+R351n7amu+...} =

sin” amu + R sin 2 amu + RS sin™ ™ amu + R{Y sin 0 amu + . .. :

77 Editorial note: In the second row of formula 5) the print has —2 before the brace where
— is expected (the author’s Corrigenda: for —2 read —); reproduced as printed.
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further, from the reversion of the series:

u=sinamu + Ry sin® amu + Ry sin® amu + Rj sin”amu + ...
let this arise:
sinamu = u + S1u® + Sou® + Ssu’ + ..,

and let there again be:
sin” amu = {u + S1ud 4 Sou® + Ssu” + . }n =
u™ + S§")u”+2 + ,S’én)u"+4 + Sén)u’“r6 + ...

Now from equation 2):

3 5

N d*.sinamu v N

du? 113 dut  II5 T
k2 k*

. L .3 .. 3 .5 5

blnamub1namv—|—§bln am u Sin amv—|—€.sm amusin” amv + ..,

. d?. sinamu v
sinam u.v + ———

when v, v3, v°, etc. have been expanded in series proceeding according to the
powers of sinamw, and the Coefficients of the same power sin®" ™ amv have
been compared with each other in both sides of the equation, there results:

6) k27 sin?"tlamu B
2n+1 -
d?.sinamu 5 di.sinamu d®". sinamu
RM g RG (5) N .
o SR T T T g T T e+ D

In the same way from formula 5) there results:

k,2n—2 2n

sin“" am u
7 —_— =
) 2n
227)1 sin? am u n Rfi)z d?.sin® amu n Riﬁzg d*. sin? amu T d?"—2gin? ainu
112 I14.du? I16.du* I12n.du2n—2
_ i + ﬁ + ﬁ + + ﬁ *)
34 56 78 7 (2n—1)2n '

From 6), 7), on changing u into u + iK', it follows:

1
8 p—
) (2n 4 1)sin®" M amu
1 1 1
R(l) ) P — d*. — d2n. —
n (3) sinamu R(5) sinamwu sinam u
sinamu = "7 TI3.du? n=2 II5.dut du?n
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78

2

*) For from the notation proposed it comes about that: sin®amu = u? +

d?™ sin? am u

S£2)u4 + Séz)u6 + S§2)u9 + .., whence, since U(™) = g for the value
w=0, UM =T12m.5? .7

1
2n sin’"™ am u
1 1 _ 1
£L2_)1 + R(4) dQ.sin2 amu R(G d4'sin2 amw @ 2'sing amu
m2.sin2amu "2  I4.du? n=3 116.dut . 112n.du2n—2

1

These are the general formulae which we sought, by whose aid sin” am v, ——
sin™ am u

1 1

are found from sin am u, sin? amu, — y T3 and their differentials.
SiInamu s~ amu

I shall remark on this occasion that, where conversely you expand sinam v,
sin? amv, sin® amv, etc. according to the powers of z, there are drawn from

formulae 2), 5):

d?" . sinamu

10) =5 =
) II(2n + 1).du?
k2 k4 f2n
S sin am u + 357@1 sin® am u + 387(157)2 sin® amu + .. + ol sin?" ! amu
n
1) d?".sin® amu 57(12,)1 _
I(2n + 2)du?  (2n+1)(2n+2)
k‘ 2n
75’(2) sin? am u + S( Y sin*amu + S 2 sin®amu + .. + 2 sin?**2 am u.
n

A few things remain to be added concerning the finding of the quantities
R(") 57(,? ). On putting sinamw = y, it comes about from the definition pro-
posed.

=y+Riy®+ Roy® + Ray" + ...,

u—/y dy
Jo VAT - k2R

8 Editorial note: The last term of formula 8) is printed without the factor II(2n -+ 1) in the
denominator, which the pattern of the preceding terms and of formula 6) would lead one to
expect; reproduced as printed.

7 Editorial note: The exponent of the last term shown is printed u® where u8 is expected;
and the index of U is printed (m) in both places where (2m) is used on p. 125. Both
reproduced as printed.

8
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or:
1

VI —y?)(1 - k22

=143R1y* +5Roy* + TR3y® + .. .;

whence:
1+ k2 _ 13 112 1.3 ,
135 131 11.3 1.3.5
TRy = —— = 4 =% 22 4 = gt 4 06
37946 " 242" T3294" T346
1.3.57 1351 1.3 1.3 1 1.35 1.3.5.7
= ey P2 My 1 R kS K8
4= 9468 T2462"° T24724 9°246" 2468
cet. cet.
or also:
1 2
1.3 1
R, =20 2y2 _ 12
5.Ry 2.4( + k%) 2k
1.3.5 1.3
= 1+ k%)% — K21+ k2
Ths 2.46( +k7)? 2.2 (L+47)
1.3.5.7 ) 1.35 , ) 134
9R4—24.6.8(1+k) 242k 1+ k%)% + k
1.3.5.7.9 1.3.5.7 1.3.5
11 5 = 1 2\5 _ 2 1 2\3 4 1 2
R 246810( ) 2.4.6.2k( +E) +2.2.4k( + 5
1.3..11 1.3.5.7.9 1.3.5.7 1.35
13Rg = 14+ k20 — k21 4+ B2 + k(1 B2 — kS
6 2.4..12< +E) 2.4.6.8.2 (T+£7)7 + 2.4.2.4 (1+£%) 2.4.6
cet. cet.
or also: )
3R1 == 1 - 5.]{1/]{:,
1.3
=1- - Qk K =Sk
ichy 24"
1.35
=1-= / Y L W]
TR3 = 3kk+243k 246k
1.3.5 1.3.5.7
9Ry =1— = 4/-: K+ == 6k’4 AK'S k'8
4 + 2.4 2.4.6 9468
cet. cet.

135



or finally:

1
3Ry = kk + §'k/k/

1 1.3
=k* + S 2k2K? + 2 kM
5Rs + 5 + 91
1 1.3 1.3.5
TRy = kS 4+ = 3k*K? + == 3k2K/4 + == /6
3 *3 *t31 946
1 1.3 1.3.5 1.3.5.7
OR, = k® + = AKSK? + == 6k K™ + =25 4K2E0 + kS8
4 *3 e t 946 o467
cet. cet.

80

Of these four ways of expressing the quantities R,,, the second way affords
a representation of them that is quite remarkable and neat, provided that the
quantity is introduced:
14+ kk

2k

Thus, e.g., it comes about that

13Re

16

1.3.. 11706 B 1.3.5.7.9T4 1.3.5.7702 135
1.2..6 1.2.3.4.2 1.2.24 2.4.6°

and on integrating this expression six times with respect to r, we obtain:

6 6
R6 dr
13/ .

T12 ,,,10 ,r,8 ’I”G

_ _ c’ 4 c” 2 o
94...12 2468102 246824 246246 7 e

where C’, C”, C"" denote Arbitrary Constants. When these have been conve-
niently determined, there results:

6 6 _1\6
13/ R dr (rr—1)

K6 26116

whence conversely:
KSdS (rr — 1)6'

13Rg =
6 26 116.dr6

80 Bditorial note: In the last term of the final formula for 9R4 the denominator is printed
2.4.6.7 where 2.4.6.8 is expected (the author’s Corrigenda: for 2.4.6.7 read 2.4.6.8); reproduced
as printed.
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and in the same way there is obtained generally:

Emd™(rr — 1)™
DRy = 2 VT =)
12) @m+1)Rn 2mIIm.drm

Let the short Commentary (Crelle Tournal V. II. p. 228) be compared, entitled:
Ueber eine besondere Gattung algebraischer Functionen, die aus der En-

twicklung der Function (1 — 2zz 4 2?)72 entstehn."

The quantities R,, having been found, by known Algorithms one arrives at
deriving the quantities Rg,? ), ngf ), those, namely, such that:

{1+ Riz + Roa® + Ryz® + .} =14+ Rz + RYVa? + R{Va® + .,
and further, where there is put:
y=${1+R1x+R2x2+R3x3+ ..},
let there be made:
=y {148y + Sy 4 S )

which agree with the definition of the quantities Rﬁ,if ), S,(ff ) proposed above. But

it comes about, on putting:
d(x) =1+ Ryx + Rox® + Rya® + ...,

from the theorems found by the Cll. Maclaurin and Lagrange:

dm. {¢x}"
Rn) — 2 WS
m IIm.dx™
S(n) _ n dm {d)x}—(m-i-n)'
m m4+n Om.dz™ '

provided that, the differentiations having been carried out, x = 0 is put.

137



46.

By the benefit of the formulae 6), 7), 8), 9),
expansions:

g. 45 we acquire the general

™ ™

2n+1
<2kK) sin2m+H o 2Kx
1)

2n+1

2n (3) 2n—2 (5) 2n—4 n .
4 R(l) % . R 2K + Rn—2 % -+ (—1) \/asmx_’_
" T H3 7T 115 ™ I2n+1)[ 1—¢
e % 2n - 32.R513_)1 % 2n—2 N 34RS’32 % 2n—4 . n32n ﬁsmgx
" T 13 7r 115 7r ) H(2n +1) 1-¢3
9K\ 2" 52R(3) 9\ 2n—2 54R(5) 9K\ 274 n52n \/» 5
4) p (22 _ n—1 [ 2% + n—2 [ <% . sin 37+
" ™ 13 ™ I15 ™ H(2n +1) 1—¢°
(2kK> o 2Kz
— si m—
0 ™
2 =
) 2n

R (2Kk\*""' (2K 2E! 2 (2K [ 1 +S§2)+S§2>+ . S,
34756 78 T (@2n-1)2n

112 T T s T
2n—2 2n—4
oR® (2K> 93 p® (2K>
n—1 n—2 non—1
4 ™ B ™ n (-nr2 q cos 2z
112 114 . 112n 1—¢2
2n—2 2n—4
Ap® (2K B (2K
n—1 T n—2 T (71)n4n71 q2 cosdr
—4 - +o+
112 114 112n 1—qg4
2n—2 2n—4
er?® . (2K GrW. (2K
4 n=l A\ r B n=2\ g - (—=1)"6" ! | ¢3cosbx
112 114 o 112n 1—¢8
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81

QK 2n+1
(w) _

3)

2Kz
(2n+1) sin?"*! am Az
T
2n 2n—2
Rgll) (QI(> R7(137)1 <2I{) d2n72 1
4l n m 2 1 n ‘sinzx T
sin x 113.dx2 sine  II2n.dx?n—2

2K 2n—2
Sy ) e [,
"\ 13 O HO2n+1) [ 1—9¢g

2K 2n—2
2n 32R$1321 () na2n 3 o3
1) p 2K B T - (-1)"3 q 81n3x+
" 113 o HO2n+1) [ 1-¢8
2K 2n—2
2n 52R£1321 <> nE2n 5
1 g 2K _ ™ P (=1)"5 q sm5x+
" T 113 O HO2n+1) [ 1-4°

81 Bditorial note: In the numerators of the last terms of the three rows the printed exponents
are (—1)™ and 271, 47~1 671 a hand correction in ink in the margin above gives (—1)"~1
and 227—1 42n—1 62n—1 55 in the corresponding rows of formula 4) and on p. 132, and the
author’s Corrigenda (p. 189) list the same correction. The printed form is reproduced; the
ink is not transcribed.
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™
4 o 2Kz

"am ——
™

2n.sin

(2)

Lpoy (2KN"7H (2K 28N ook 1 s s S0,
2t 7 7r I m 34 56 78 T (2n-1)

2n}+

) 2K 2n—2 4 2K 2n—4 1 1
R®), () RO, (KN e L oz L
T " s sin“x sin?
12.sin® 114.dz? 112n, dz?n—2
2n—2 2n—4
on® (2K 3w (2K
4 L\ ¢ B n=2\ g - (—1)n=122n=1 | 2 cos 2w
112 114 o I1(2n) 1—¢2
2n—2 2n—4
4R(2) 2K 43R(4) 2K
. n—1 B n—2 N N (_1)71,—14277,—1 q4 cos dx
112 114 o 112n 1—q¢*
2n—2 2n—4
6R(2) 2K 63R(4) 2K
4 n-l B n—2 - (—=1)n=16> =1 | ¢bcosbx
112 114 o 112n 1—¢f

From the formulae 6), 7), 8), 9) g. 45 others can be deduced, which with
respect to the functions cos am u, tang am u, A am u play the same parts as those
do with respect to the function sin am u. For from the formula:

) , ik
sinam | k'u, o= COos coam u,
whence also: "
i
sin am (k’(K —u), k’) = cos am u,

ik
we see that in the formulae proposed, where o is put in place of k and k' (K —u)

in place of u, sinam u passes into cos am u, whence similar formulae are found,
which correspond to cosam w itself. Further, from the equation:

sin am ju = i tang am(u, k')
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it is evident that at the same time u can be changed into iu, k into k’, sinamu
into tangamw; whence we derive formulae for tangamwu. From these then,
because

cotang am(u + iK') = iA am(u),

it is permitted to derive formulae for A am u, which correspond to the formulae
6) - 9) g. 45. These having been found, by a quite similar method, from the
expansions of the functions:

2K 2K 2K 2K
cosam—x7 cos?aum—x7 Aam—x, AQam—x
0 0 T
1 1 1 1
2Kx’ 2Kx’ 2Kx’ 2Kx’
cosam 222 cos?am 22 Aam “=F A2am 222
0 0 T T

proposed by us, you deduce the general expansions of the functions:

" 2Kx " 2Kx
cos” am ,  A"am .
™ ™

Let it suffice to have indicated these.

Notable transformations of the series into which we expand the Elliptic Func-
tions we acquire, on putting ¢ x in place of x and employing the formulae which
we gave in the first Fundamenta on the reduction of an imaginary argument to
a real argument. But since these are ready to hand, we do not wish to dwell
longer on them in this place.

THE SECOND SPECIES OF ELLIPTIC INTEGRALS IS
EXPANDED INTO SERIES.

47.
The formula exhibited above g. 41. 1) having been integrated:

<2kK> 2 , 2Kx 2K2K 2K 2E' { 2qcos2xr  4q*cosdxr  6q° cosbx }
sin” am 4 +..7,

T 1—¢q2 1—gt 1—¢b

thence from = = 0 up to = = z, there results:

2kK\? [* 2K
() / sin? am —x.dx =
T 0 iy

2K 2K 2K 2E! 4 gsin2z ¢?sindx  ¢>sinbx  ¢*sinSx n
—_— ——z— cep
1—¢2 1—¢* 1—¢b 1—¢8

T T T

2Kx

2K
In what follows let us designate by the character: —.Z ( ) the expression:
7r
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2K 2K oKz (2K 2E! 2kK\? [ 2K
1) .Z( x> =2f ( - ) - () / sin? am 22 dg =
us us 0 0 us 0 0

4 gsin2z ¢%sindz  ¢®sin6z q4sin8$+
1—g¢g2 1—g* 1—¢b 1—¢8 Ty

i 2K
FE the notation of the CI' Legendre it will be, on putting e u, ¢ = amu:
T

F'E(¢) — E'F(¢)
2) Z(u) = 7 .
It is convenient to introduce the Function Z(u) in place of E(¢) into the Analysis
of Elliptic Functions; moreover it is ready to hand to recall it by means of formula
2) to the terms customary with the Cl° Legendre. Let us sketch in a few words
how from the expansion itself of the function

Z, which formula 1) affords, several of its properties, although known, may
be derived. -

Let = be changed in 1) into = + 5 there results:

%Z 2K:17+K _ qsin2x_qQSin4:z:+q3sin6:c+” 7
T T 1—¢q2 1—q* 1—¢S

whence:

Sy
o

4K
™

™

T 1—¢2 1—¢ 1—¢t0

Further let x be changed in 1) into 2z, ¢ into ¢%, and at the same time & into
k@ K into K®, there results:

2K(2)Z AK @y L@ — 4 ¢*sindx  ¢*sin8r  ¢%sinl2z
™ ™ B 1—q* 1—¢8 1—q'2 ’

whence:

2K, (2}@;)_2[((2)2 <4K(2)x,k(2)) _ 4{qsin2x N ¢*sin6x  ¢°sin 10z
Y

T T ™ 1—¢? 1—¢ 1—¢t0

But above we found:

\. a
a AT 1—g¢q 1—¢3 1—¢°

WK 2Ka::4{\/§sinx+1/q3sin3x+1/q5sin51:+”}
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%Z <2Kx> 2K (2Kz ):8{qsin2x+qgsin6x+q5sin1()x }

b



whence, on changing ¢ into ¢2, = into 2x:

2k(2) i (2) - 4K(2)x,k(2) 4 gsin 2z N ¢®sinbr  ¢°sin 10z ne
T T 1—q? 1—¢° 1—qg"

Hence it follows:

2K 2K 2K 4k K@) 4K®)
3) {Z( z)—Z(x—FK)}:sinam( x,k@))
v iy i

iy T
(2) (2) (2) (2 (2)
Vs s ™ Vs Vs ™
2K (2K 2K _ (2K AK®  74K(®)
5) Z(x>+Z<m+K)— Z< x7k(2)>:0.
s ™ ™ Vs ™ ™

In which formulae, of which 4), 5) afford the transformation of the function Z
of the second order, it is:

AK @) 2K 2K
z , k(2)> = (1+k') sinam %  sincoam :z:,

s m

I B

@2 — — ¥
k T 5 K, smam(

as is established concerning the transformation of the second order, proposed

by the Cl. Legendre. Whence formula 3) may also be represented thus, on

. 2Kz
putting ©u = ——:
™

6) Z(u)— Z(u+ K) = k*sin am . sin coam u.

omK (m)
Let us put for the sake of brevity: am (M, k(m)> = ¢("™); from formula
T

4), on putting successively k2, k)| k()

of x, there results:

, .. in place of k; 2x, 4x, 8z, .. in place

7) K.Z(u) = F'E(¢)—E'F(¢) = kP K® sin ¢+ k@D KW sin ¢4k & K® sin ¢® . |

which is the formula that the Cl. Legendre gave.
In a similar manner, from the formula of g' 41:

m™ T T

A—0f (-2 (-¢F (0-qp

which may also be expanded in this way:

2K 2K 2K 2F! 3 5 7
SV S ST Y S S |
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2K 2K 2K 2E" 2¢? 3q¢° 4q*
——— — — =38 q2+ q4+ q6+ q8+ ;
T T om 1—g¢q 1—g¢q 1—¢ 1—gq

when compared with this, which we found above:

2k K\ 2 q 3¢3 5¢° 7q7
=) =16
(7r> {1q2+1q6+1q10+1q14+ ’

there results:

8) 2K(K — EYY = (kK)? 4+ 2(kP K®)2 4 4(kWK®)2 L 8O K®)2

which agrees with that which the Cl. Gauss gave in the Commentary Determi-
natio Attractionis etc. g. 17.

48.

By the same method by which in g. 41 we derived the expansion of the expression
2kK\? ., 2Kz L . (2K, (2Kz\?
—— | sin“am ——, let us inquire into the expression « —Z | —— to

T s i s

be expanded in series. Let us put

2K\* _ (2K 2K in2z ¢?sindr = ¢*sin6 2
2K\, z\ , 2\ _qgdasin2e g sm4x+q sinbr
T T T 1—q2 1—gq 1—4¢f

=8{A+ A'cos2z + A" cosdx + A" cos bz + ...},

which proposed expression we see assume the form, when in place of 2 sin 2mz sin 2m’x
there is put everywhere cos(m — m’)x — cos(m + m’)x. First there results:

2 4 6 8
A= q q q q

IR O D N U (U

82 Then in general we obtain A = 2B — ¢ provided one puts:

+ ...

n+2 n+4 n+6

(n) _ q q q
b Q- 1—?)  A=)I=g ) (=) 1—gm0)
oM = i + i +o+ 7 :
(1=¢)(A—-¢2)  (1—gH(d—-g¢g>?) (1=¢*2)1-¢)

In the single terms of these expressions let there be substituted respectively:

82 Bditorial note: The print has a stray prime after the 1 in the second denominator, ap-
parently a speck or misprint for (1 — ¢*)2.
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qn+m _ qn qm B q2n+m
(1 _ qm)(l _ q2n+m) 1 _ q2n 1 _ qm 1— q2n+m
qn qn qm q2n—m
(1_qm)(1_q2nm)zl_q2n{1_qm+1_q2nm+l ’
there results:
n 2 4 6
g — _4 q q q o
1_q2n 1_q2+1_q4+1_q6+
qn q2n+2 q2n+4 q2n+6
_17q2n 1 — g2n+2 17q2n+4+17q2n+6+"'
_ qn q2 q4 q6 q2n
- 1_q2n{1_q2 + 1_q4+ l—qﬁ +"+1_q2n
cm _ (=g 2" 7 ¢ N q° - g2
- 1_q2n 1_q2n 1_q2 1_q4 1_q6 o 1_q2n—2 ’
whence:
3 2
AW _opm _ e _ (=D 2 ng® (14 ¢
1— q2n (1 _ q2n)2 1— q2n (1 _ q2n)2

These being collected, the sought expansion is found:

2
3 <2K> 7 <2Kx> P <2K:c) :8A_8{q00522x n
T T T 1—¢q

2¢% cosdx  3q° cosbx

1—q* 1—¢

8 { q(1 +q¢*)cos2x  ¢*(1+ ¢*) cosdx

(1—4¢?)?

2
Since the quantity A = a

(1—-¢")?

q* ¢t

¢*(1 + ¢%) cos 6z }

(1-¢%?

(1—¢?)?
be expanded in this manner:
2

2
AT | 2

4

+

+ ...

(1—-¢"?  (1-¢°?

3q¢° 448

1—¢2 1—q4+

we find from g. 42. 6):

st )

1_q6+1_q8

+...,

2F!
>+1
™

itself may also

3
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But further it is established that:

2 g
=2 (Y P2 (22 £ (22)
s s 0 T s

for equation 1) being integrated from z = 0 up to = = 57 all terms, except the

first, vanish; whence, if it is pleasing to use the notations of CI' Legendre:

5 {FIE(¢) — E'F(¢)} (2~ K2)FIFF — 3FIFIE ¢ %FI
3) /0 A dp = - ’

which is a determination of a quite abstruse definite Integral.

INDEFINITE ELLIPTIC INTEGRALS OF THE THIRD
SPECIES ARE REDUCED TO THE DEFINITE CASE,
IN WHICH THE AMPLITUDE EQUALS THE PARAM-
ETER.

49.

Before we proceed to expand the third species of Elliptic Integrals into a series,
we shall set forth separately a few things which it has fallen to us to add to their
Theory, and this almost in the very signs used by their distinguished author.
Soon the same will be put forward with new denominations employed.

We start from certain known theorems on the second species of Elliptic
Integrals. There results:

2sinamu. cosama.A ama

sinam(u + a) + sinam(u — a) =
( ) ( ) 1 — k2sin? am a. sin am u

2sinama.cosamu.Aamu

sinam(u 4+ a) — sinam(u — a) =
( ) ( ) 1—k2sin?ama.sin?amu’

whence:

4sinama.cosama.A ama.sinamu. cosam u./A am u

sin? am(u+4-a)—sin® am(u—a) = ,

) . 2
{1 — k2 sin? am a. sin® am u}

which formula being integrated with respect to u, there results:

2sin am a. cos am a.A am a. sin® am u

1 du. {sin® am(u + a) — sin? am(u — a)} = ,
) /0 { ( ) ( )} 1 —k2sin? ama.sin? amu

as we have already found above.

146



Let there be put: amu = ¢, ama = «, am(u+a) = o, am(u — a) = ¥; there
will be, from the notation of CI' Legendre:

k2 /U du.sin? amu = F(¢) — E(¢),
0

whence also, since F(o) — F(a) = F(¢), F(¥) + F(a) = F(¢):

k> /Ou du.sin? am(u + a) = F(¢) — E(o) + E(a)

k2/ du.sin? am(u — a) = F(¢) — E(9) — E(a).
0
Hence equation 1) passes into this:

2k? sin o cos aAav. sin? ¢
1 — k2sin® a.sin? ¢
With u and a interchanged, a passes into ¢, ¥ into —1, o remains unchanged,
whence from 1) there results:

2) 2BE(a) —{E(0) - E(W)} =

2k? sin ¢ cos pA¢. sin?
1 — k2sin” a.sin? ¢

2E(¢) —{E(0) + E(0)} =

which being added to equation 1), there comes:

3) FE(¢)+ E(a) — E(c) = k? sin . sin ¢. sin o,

which is the theorem on the Addition of the function E, put forward by CI.
Legendre, 1. ¢. Chap. IX. p. 43. ¢'.
Integrals of the form:

/¢ sin? ¢.d¢
o {1—k2sin®a.sin® ¢} A(¢)
according to the distribution of Elliptic Integrals into species which Cl. Legendre
established, constitute the third species. The quantity —k?sin®c, which he
designates by n, he calls the Parameter; we in what follows shall call the angle
a itself the Parameter. Of which Integrals, equation 2) being multiplied by

do do dvy

A9 A0 AW’
and the integration carried out from ¢ = 0 up to ¢ = ¢, whereupon the limits
of o will be: ¢ = a, 0 = o, the limits of ¥: ¥ = —a, ¥ = ¢, we derive the
following expression:

? 2k2 sin o cos aAa. sin? ¢.d¢ _ 7 E(o).do Y E®).dY
o {1—k2sin®a.sin® ¢} A() = 2F(¢)E() - /a A(o) - /—a A@W) -
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It is easily established, since E(—¢) = —E(¢), that:

CE(9)dd _ [TCE(9)do [T E(9)dd _
[ oal B rail

whence, since:

? E(o).do B 7 E(¢).do _ * E(¢).do

/a A(o) _/0 A(9) /0 A(9)
P EW).dY _ [V E(¢).ds [T E(¢).dp _ [ E(¢).dd  [* E(¢).do
/_a ING) _/0 A(9) /o A(g) _/0 A(9) /0 A(g)

we have obtained the new and memorable

THEOREM 1.
Let the angles 9, o be determined so that:

F(¢) + F(a) = F(0); F(¢) — F(a) = F(V),

there will be:

¢ k?sinacosaAa.sin® g.dp
o {1—k2sin®a.sin® ¢} A(¢) B

o - 9
o[ 5 v [ 551

so that the third species of Elliptic Integrals, which depends on three elements,
the Modulus k, the Amplitude ¢, the Parameter «, is reduced to the first and
second species, and to a new Transcendent

/¢ E(¢).d¢
o Alg)

all of which depend only on two elements.

50.

Let us put F(as) = 2F(a); whenever ¢ = «, there results ¢ = ay, ¥ = 0, in
which case therefore from the proposed theorem we obtain:

“ k2 sin o cos aAa. sin? ¢.de

1) o {1—k2sin®a.sin ¢} A(¢)
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Which formula teaches that in place of the new Transcendent there can be

substituted also this:
/ sin? ¢. dqb
{1 — k2sin? a. sin ¢>} Ao

which is an Integral of the third species that is deﬁmte, in which the Amplitude
equals the Parameter, and which therefore itself also depends only on two ele-
ments, on the Modulus k£ and on that quantity which is at once both Parameter
and Amplitude.

Let us put 2F () = F(¢) + F(o) = F(0), 2F(0) = F(¢) — F(a) = F(9);
there will be, from 1):

1 [P E(¢)do B B k2 sin pcos pA . sin? ¢.de
2 / = FlnEw) {1—k?sin p.sin® 6} A(¢)

1Y E(¢).dy 9 k2 sin @ cos AD. sin® ¢.d¢
7/0 Alg) F@O)E©) - {1— k2sin®0.sin* ¢} A(e)

2
which formulae being substituted in the theorem put forward in the preceding
g°, we obtain the following

THEOREM I1I.
Let the angles i, O be determined so that:

there will be:

k2 smacosaAa/ sin® g.d¢ =
{1—k251n a. sin (;S}A

F(¢)E(a) = F(n)E(n) + F(9)E(9)+

sin? ¢.d¢
{1 — k2sin? p1. sin® ¢} A(o)

”w
k% sin pu cos pApu. /
0

sin? ¢.d¢
k2 sin® 0.sin” ¢} A(¢)

)
—k2 sin@cos@A@./
o {1-

by which formula the indefinite Integrals of the third species are reduced to defi-
nite ones, in which the Amplitude equals the Parameter, and hence those which
depended on three elements are reduced to other Transcendents, which consist
of two only.

With « and ¢ interchanged, 9 passes into —1, ¢ remains unchanged, whence
since moreover:
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-] 0
—9

o AlP)
from Theorem I:

? k2 sin o cos aAa. sin? ¢.dg . 1 [7 E(¢).do
0 {1 — k2 sin? o sin® ¢} A(9) = F(9)B(e) - 2 /ﬂ A(9)
we obtain:
* k2 sin ¢ cos pA¢. sin? a.do B 1 (7 E(¢).do
o {1—k%sin®¢.sin’a} A() = Fl@)B(9) - 5/19 A(p)

Hence, subtraction being made, there results:

? k2 sin o cos aAav. sin ¢.dg B “ k2 sin ¢ cos A¢. sin? a.do B
0 {1 — k2 sin? ov. sin? ¢} A(9) 0 {1 — k2sin? ¢. sin? a} A(w) B

F(¢9)E(a) — F()E(¢);

which formula teaches that an Integral of the third species can always be reduced
to another, in which what was the Parameter becomes the Amplitude, and what
was the Amplitude becomes the Parameter.

2)

Where in formula 2) one puts ¢ = g, we obtain:
% k2 sin o cos aAa. sin® ¢.dg
o {1—k2sin®a.sin® ¢} A(¢)

Formulae 2), 3) agree with those which have been exhibited by Cl. Legendre
Chap. XXIII. p. 141. (n'), (p').

3) = F'E(a) — E'F(a).

ELLIPTIC INTEGRALS OF THE THIRD SPECIES ARE
EXPANDED INTO A SERIES. HOW THEY ARE CON-
VENIENTLY EXPRESSED BY THE NEW TRANSCEN-
DENT ©.

51.

From the formula:

2K 2K
sinam — (z + A) —sin®am ~— (z — A) =
™ 7r

. A 2K A 2KA . 2Kx 2Kz 2Kx
4 sin am cos am A am .sinam cosam ——A am ——
T T T T

s
2KA ., 2Kz }2

.sin“am ——
T

)

{1 — k2sin® am
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which is evident from the elements, we derive by integrating:

1) g/ dm.{sin2am2K(x—|—A)—SiHQamM(LE—A)}
T Jo 7r T

, OKA . 2KA ., 2Kz
2sin am cos am A am .sin® am ——
™ T g fis
KA 2K
1 — k2sin? am .sin? am v

We have already given in g. 41 the formula:

6¢> cos 6

<2kK> 2 sin? am 2Kx 2K2K 2K 2E" 4 { 2qcos2z  4q¢® cosdx

s T T T T 1—¢2 1—¢*

whence:

2
<2kK) {SiHQamgK(erAsinQamZK(xA)} N
T s

™

4 2qcos2(x — A)  4¢*cosd(x — A)  6¢° cos6(x — A)
1—¢? 1—q* 1—¢b

4 2qcos2(x + A)  4q?cosd(x+ A)  6q¢3cos6(x + A)
1—¢? 1—q* 1—¢8

g 2¢sin2Asin2x  4q¢’sin4Asindr  6¢° sin 6 A sin 6
1—¢?2 1—¢* 1—¢

83 Hence from 1) there results:

2KA
2k? si —A
VK sin am cosam — am

_|_

2K A 2KA _, 2Kuz

.sin“ am ——
g

2 KA ., 9Kz
1 — k2sin? am .sin? am
T T
Const. + 4 gsin2(z — A)  ¢*sind(z —A)  ¢sin6(z — A)
onst.
1—¢q? 1—q* 1—¢5
sin2(z + A 2sind(z+ A 3sin6(z + A
L fasm2a b A)  @PsnaG s A) gsineatA) )
1-—g¢g2 1—q¢* 1—¢b
Const. — 8 gsin2Acos2x  ¢’sin4Acosdx  ¢®sin6A cos 6z
onst. —
1—¢2 1—¢* 1—¢b

1—¢gb

+of

83 Editorial note: The closing parenthesis after  + A is missing in the print (printed as

(z 4+ A —sin?...); an apparent misprint for (z + A) —sin?. ...
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where the Constant must be so determined that the proposed expression van-
ishes for = 0, whence from g. 47. 1):

in2A 2¢5in4A 3sin6A4 2K 2K A
Const. = 8 gsin —|—q sl —|—q sin 6 +..p=2—Z(— .
1—¢2 1—q¢* 1—4¢f T

™

Formula 2) being integrated from z =0 up to z = g, since there comes out
™ . _ .. 2KA 2Kx
—.Const., the remaining terms vanishing, with = a, = u put, we
™
derive the definite integral:

™

jus . .
/ 2 k2 sin am a cos am aA am a. sin? am u.du
0

=K.Z(a),
1 — k2 sin? am a. sin® am u (@)
which is the same as 3) g. 50.

In what follows we shall designate by the character II(u, a, k) or more briefly
by II(u,a) the integral: TI(u,a)*) =

/” k? sin am a cos am aA am a. sin? am u.du B /¢ k? sin o cos aAcv. sin® ¢.d¢
0 1 — k2sin? am u. sin? ¢ ) {1- k2 sin? av. sin® o} A9) ’

84 provided ¢ = amu, a = ama. These being posited, equation 2) being
integrated again from x = 0 up to = = x, there results:

2Kz 2KA
o ()
s m

2KxZ 2KA\ qcosQ(a:—A)+q2cos4(x—A)
™ T 1—¢2

n ¢ cosb(z — A) n

2(1-q*) 3(1-4q°%) B

¢?cosd(x+ A)  ¢3cosb(x + A) -
2(1-q") 31-4¢%

2K;vZ 2KA 9 gsin2Asin2z  ¢%sin4Asin 4z
T T 1—¢q2

2 A
L gcos (x2+ )
l—gq

N ¢ sin 6A sin 6z
2(1—¢*) 3(1—4¢°% 7

which is the sought expansion of the Elliptic Integral of the third species.
Where we note the known expansion:

% cos 4 3 cos6 4 cos 8
log(12qc032z+q2)2{qc0s2z+q C;S IJrq cgs erq CZS x+...},

84 Editorial note: The denominator of the first integrand is printed 1 — k2 sin

2 amu. sin? ¢,
where 1 — k2 sin? am a. sin? am u is expected (Corrigenda, p. 144, line 7); the copy carries a
faint hand correction in ink, which is not transcribed.
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*) The notation of CI' Legendre is somewhat different; for he puts II(n, ¢) =

¢ d
/ - (5 ; so that what for us is II(u, a) will for him be:
{1+nsin? ¢} A(¢)
— A A
“EPE2AP(9) + L2 (K sin a, 6).
sin av sin av

That this sign II should not be confused with the multiplicatory sign II, more
often employed by us, hardly needs to be mentioned.

we see that formula 3), the single denominators 1 — ¢%, 1 — ¢*, 1 — ¢5, etc.,
being expanded, assumes this form:

5 on (2Kx7 2KA> _

™ s

2 %8 | (1T —2qcos2(x + A) + @) (1 — 243 cos2(x + A) + ¢°) ..

~—

s

2KacZ <2KA> N }1 . {(1 —2qcos2(z — A) + ¢*) (1 — 2¢° cos2(z — A) + ¢°) }

52.

Formula 1) g. 47 being integrated:
2KZ 2K 4 gsin2x  ¢*sindz  ¢®sin6z L
T T 1—¢2 1—¢* 1—¢°

from = = 0 up to x = x, there results:

2K / 2Kz gcos2x  q®cosdx ¢ cosbx
de = -2 + +
1—¢*  2(1-¢%) 3(1-¢%

= log {(1 —2qcos 2z + ¢*)(1 — 2¢3 cos 2z + ¢°) (1 — 2¢° cos 2z + ¢'9) .. } + Const.,

+. } + Const.

85 where the Constant is so determined that it vanishes for z = 0; there results
_86

2 3
2{1 _qq2 + 2(1"_q4) + 3(161_(]6) +..} = —log{(1-q)(1—¢*)(1—¢°)..}",

and hence:

QK/ (21@:) x_lg{(l—2qc082x—|—q2)(1—2q30052x—|—q6)(1—2§5C082x—|—q10)...}.
{(1-9(1-¢*(1~-¢°)...}

85 Editorial note: Printed 2(1 — ¢2) in the denominator of the second term of the series; an
apparent misprint for 2(1 — ¢%), as in the next display.

86 Editorial note: The print sets an equals sign (or a colon damaged into one) after “fit”; a
colon is expected.
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We shall designate in future by the character ©(u) the expression:

@(u) — @(O) efou Z(u).du’

©(0) designating a Constant, which we leave as yet undetermined, since we shall
obtain a convenient determination of it below; there will be, from 1):

2) O (28z) _ @ —2qcos2z + ¢*)(1 — 2¢3 cos 2z + ¢°)(1 — 2¢° cos 2z + ¢1?) . ..

e(0) {1-9(1-¢)(1-¢)...}"

whence formula 4) g. 51 passes into this:

2Kz 2KA 2K 2KA\ 1, ©(%£
H( x) ): xZ( >—|—10g. (2}(96 ,
T m 2 (5 (z+4))
.. 2Kx 2K A .
or, with —— = u, = @ again put:
T

1 O(u—a) ©'(a) 1 O(u—a)

I =uZ —log. = u. —log.——=

d
provided it is put: (w) = ©’(u). Which is a convenient expression of the
Elliptic Integral IT by the new Transcendent ©.
It is easily established that ©(—u) = ©(u), whence, a and u being inter-
changed, from 3) there results:

1 O(u —
11 =aZ —log.——=
(0.0) = aZ(u) + 5 log g .

which being subtracted from 3), there comes:

4) M(u,a) —(a,u) =uZ(a) — aZ(u),

which is the same as formula 2) g. 50. Hence, with II(K,a) = II'(a) put,
II(a, K), Z(K) vanishing, there comes:

I'(a) = KZ(a),

which is the formula of CI' Legendre, which we exhibited above as 3) g. 50.
With u = a put, from 3) there comes:

5) Ti(a,a) = aZ(a) + 3 log ,(;9((2(2) _ aZ(a) élog-%(foa))-

We see therefore that the new Transcendent can be defined either by the Integral
E(¢).d
/ m by means of the formula:
A(9)
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Fle@p) -E'F
QW)—JKW”W—efgiﬂgJﬂw
- - b)

6 FIA(¢)
) 60
or by the definite Integral of the third species by means of the formula:
7) @(QQ) — e2aZ(a)72H(a,a).
©(0)

From formula 5) we obtain:
1 Olu—a) u—a u—a u—a u—a
—log. = A —1I
2 % 0uta) 2 <2> (2’2>

_u—l—a.Z u—+a I u+a7u+a ’
2 2 2 2

whence 3) passes into this formula:

8) H(U,a)zuZ(a)+u;alz<U_a> _u+a.Z(u+a)

2 2 2

1 u—a’u—a I u+a’u+a ,
2 2 2 2

which is for the reduction of an Integral of the third sp. that is indefinite to
definite ones, and agrees with Theor. II. g. 50.

COROLLARY.

As we have already above deduced from the expansions found Algorithms suited
to computation, less in order that new things be brought forth than that their
nature be the better perceived: let us do the same again concerning the expan-
sion found for the function

2Kx 1 1
¢ F E(¢)—E F(¢)
© ( s ) = ¢e’0 FIA(e) d¢ =

0(0)
(1 —2qcos 2z + ¢2)(1 — 2¢3 cos 2z + %) (1 — 2¢° cos 2z + ¢'Y). . ..
{1-9(1-¢)(1-¢")...} '

87 To which end let us premise the following.
Let the infinite product be put:

1 1 1
T— 1_(] 1_q2 2 1_q4 1 1—(]8 8
1+q) \1+¢> 14 q* 14+¢8) 7
87 Editorial note: The exponent 2 of the braced denominator is not printed here; it is present
in the same expression on the preceding and following pages.
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provided by repeated turns there is substituted:

(1-¢°) = (1-q)(1+q), 1—¢") = 1-*)(1+¢*), 1-¢*) = 1-¢")(1+4¢"), ...,

there results:
17(1 % 17q2 % 1*(]4 é 1*(]8 %
T=(1-gq) 5 1 5
14+4¢q 1+g¢ 14+4¢q 1+g¢
i 1_q2 % 1_q4 %
) <1+q2> (1+q4)

1

—a-gu-gia-gt (150) ()"

_|_
QR

whence we see that there will be:

) T=(1-¢1-q2(1—-q)i(l—q*1—gq)...=(1—q)?>

Or also, since:
(10 (=5) (555) ()
S \1+4q¢/)\1+¢2 1+q* 1+q¢8) 7
VP 1o g\E /1o gin
-e-o() (50) (55) -
1+g¢ 1+g¢ 1+g¢q

there results T = (1 — ¢)v/T, whence T = (1 — ¢).

From 1) there results:
1*112 17q4 %
<1+q2> (1+q4>

)1 (15)

in which formula in place of ¢ let us successively put ¢, ¢%, ¢°, ¢7, .., and let us
carry out the infinite multiplication. The formula exhibited above being called

in aid:
1+¢q 14 ¢3 1+4° 1447 ’

there results:

ol
Al

L
32

(=01 =1 =) =)o = W3 (R} o)™
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provided we designate, as above, by k(™' the quantity which depends in the
same manner on ¢" as k' on ¢, or the Complement of the Modulus derived by
the first transformation of the n* order.

Further we found g. 36:

(-1 -1 —g)1—q).} = Wj;’“

whence now:

3) qm e o K {k@)r}

3
2

oy
n

~ 16K
. m+n m' +n/
With m =1, n = k¥’ put; =m/, /mn=n'; 5 =m", Vm/n' =
n/ n// n///
n’, etc.; it is known that k2’ = —, kA = — kB = > etc., whence:
m m m

mm —nn n’ 3 n' i n'’ s ’
4) = 16mn (m’) (m”) (m”’)

Hence also follows, pu = % designating the common limit to which the quan-

tities m®, n®) converge:

1 16mn 3. m" 3. m' 3 m'"’
5) K'=—Jlog——— +-log— + -log— + —log — +...p,
) 2u{0gmn—nn+20gn’+4Ogn”+8Ogn”’+ }

88 which formulae supply a most expeditious computation. Formula 5) teaches
how, from the same series of quantities which you must have calculated for
finding the value of the function K, the value of K’ also at once results.

Let us transform formula 3). There results, as is known:

,1-k® 2V . Kk 4k®
_1+k(2)7 _1+k(2)7wence?—w,

Hence we obtain, provided that by repeated turns we simultaneously substitute
k@) in place of k and extract the square root:

88 Editorial note: Printed mn — nn in the denominator; an apparent misprint for mm — nn,
as in formula 4).
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1
3 2 2 2
kk .{k(z),}z _ [EPE®
16k’ 16k
1 .
E2 R 2 {kw}% NLSES
16k(2) 16k4)

ROPRORE: @ : [EOE® s
{ 1650 } {Kor} = { 16k }
whence with p = 2™ put:

1
Lk 3 3 3 3 L@ @) ?
(2)/ (4) (8) @7 _
o () () eyt oy = g )
89 Hence we see from formula 3) that ¢ = e~k will be the limit of the expres-
k() |(p) b

16
by Cl° Legendre.

Moreover, even at a mere glance at the formula exhibited by us:

NG

sion

, as m or p increases to infinity, which is a theorem discovered

_ 1+¢)A+¢)1+¢)1+¢%)...)"
k_4\/a{ I+ +@)1+¢)A+q)... }

it is evident that, neglecting quantities of order ¢P, there will be:

o k@) (P)
q= 6

which agrees with the said theorem.
Now in our formula

]_7q % 1*(]2 17q4 %
1—q= 5 1
1+¢ 1+gq 1+g¢

in place of g let us substitute successively a double series of quantities:

N

2iz 3 2ix 5 2x T 2z
ge, g, ge , qge

P

—2ix 3 —2ix 5 —2ix 7 —2ix
qe y ¢ y @€ , 4 €

g ey

and let us carry out an infinite multiplication. Let us call upon the formula g
36:

89 Editorial note: Printed k(¥ and k(P) without the prime in this line; apparently printer’s
omissions for k%)’ and k(P as in the preceding lines and on the right.
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A 2Kz !
am = (1 — 2qcos 2z + ¢?)(1 — 2¢3 cos 2z + ¢5)(1 — 2¢° cos 2z + ¢19) ...

VE (14 2gcos2z + ¢2)(1 + 2¢3 cos 2x + ¢5)(1 + 2¢° cos 2z + ¢'0) ...

)

and let us denote by AP the expression

2pK Py
am —— (1 —2¢P cos 2px + ¢*P)(1 — 2¢°P cos 2px + ¢°P) (1 — 2¢°P cos 2px + ¢'°P) ...
V@) (14 2¢P cos 2px + ¢2P) (1 + 2¢3P cos 2px + ¢OP) (1 + 2¢°P cos 2px 4 ¢1OP) . ..

there results:

AFA@TA@FTA®T

(1 —2qcos 2z + ¢?)(1 — 2¢3 cos 2z + ¢5) (1 — 2¢° cos 2z + ¢'9) . ..

{1-g(1 =1 —¢)...}?
1
(I-q)*(1—¢%)2(1—q¢°)2
determined from what was found above, or by the fact that each expression, on
putting x = 0, becomes equal to unity. Now we have found:

The constant factor which we have added,

, we have

o 2Kz
T (1 —2gcos2x + ¢*)(1 — 2¢° cos 2z + ¢°) (1 — 2¢° cos 2z + ¢'7) . ..
©(0) {(1-9)1-¢)(1—-¢)..}"
whence
o <2KCE> 1 1 1
T L A3 ADFAGE AT

0(0)

2Kz
Hence, on putting —— = u, amu = ¢, and calling upon the formulae which

Cl. Legendre has set forth on the transformation of the second order, we obtain
the following, which furnishes a ready computation of the function O,

THEOREM.

Let am(u) = ¢, m =1, n =k, A(¢) = Vmmcos? ¢ + nnsin® ¢ = A be put,
and let the series of quantities be calculated:

"

! " "
n =+vmn, n" =vm'n', n" =vm'n’, ...

A/A/ _,’_ n/ln// A//A// + nl//n///

1 1
A LA = S

2A ’ 2A/
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there will be:

[N
T

¢ FlE($)-E'F(9)
Ow) =e’° FIA(9) A _ {A}

m

e(0)

A1 A 5 A =

The task of demonstrating this theorem without consideration of expansions,
by known and finite formulae, since it is ready to hand, we forgo.

ON THE ADDITION OF ARGUMENTS AND OF THE
PARAMETER AND OF THE AMPLITUDE IN THE THIRD
SPECIES OF ELLIPTIC INTEGRALS.

53.

We obtain the formula fundamental in the Analysis of the Function ©, and of
which we shall have very frequent use in what follows, by the following consid-
eration. For since it has been put:

)

1(u, a) /“ k2 sin am a cos am aA am a. sin® am u.du
u7 a = . .

0 1 — k2sin? ama.sin® amu
we have:

dIl(u,a)  k?sinam acosam aA ama.sin® am u

du 1 — k2sin? ama. sin? am u

This formula integrated with respect to a from a = 0 up to a = a gives:

du 2
But from 3) g. 52 we have:

“ 11 1
1) / da. dll{u, a) = ——log (1 — k? sin® am a sin® am u) .
0

dll(u, a)
du

2) =Z(a)+ =

whence:
/0 da.w = log.gggi - %log@(u —a)— %log@(u +a) + log ©(u),

these”? being substituted, when you pass from logarithms to numbers?!, from
1) you obtain:

Ou.Oa
00

2
} (1 — k? sin® am a. sin® am u) .

5 6t aBu-a) = {

90 Editorial note: Printed quibos for quibus; see the author’s Corrigenda.
91 Editorial note: Printed tranis for transis; see the author’s Corrigenda.
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We can represent formula 2) thus:

k2 sin am a cos am aA am a. sin am u 1 1
5 5 :Z(a)+fZ(u—a)—§Z(u+a),

1 — k2sin”amasin® amu 2

whence, on interchanging a and u:

k? sin am u cos am uA am u. sin® am a

5 5 :Z(u)—%Z(u—a)—%Z(u—i—a),

1 — k2sin” amasin® amu

and adding these formulae there results:

4)  Z(u) + Z(a) — Z(u + a) = k? sin am u. sin am a. sinam(u + a),
which is for the Addition of the function Z, and agrees with formula 3) g. 49:

E(¢) + E(a) — E(0) = k*sin ¢. sin a. sin 0.
F'E' — E'F!

On putting @ = K, since it is easily established that Z(K) = Jal

there results from 4):
5) Z(u) — Z(u+ K) = k? sin am u. sin coam u,

which in g. 47 we derived from the expansion of Z itself. Putting —u in place
of u, K —u = v, we obtain from formula 5):

6) Z(u)+ Z(v) = k?* sinam . sin am v.

K K
On putting u = v = - e have: QZ( ) — k).
*) For there is: smam— 1/1+k,,cosam— 1/1+k/,Aam— =
K
\F tgam—:

\/P

u
Let us integrate formula 5) from v = 0 up to v = u. Since / Z(u).du =
0

Ou
log —, there results:

00’
u O(u+ K)
log —2 —log.—2T2) _ _logA
g 5y ~ log oK) og Aamu,
or:
00 O(u+ K)
— = A .
D 8K 6u am
On putting u = —K, we derive from 7) the value of
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0 V&’

whence 7) takes the form:

O(u+K) Aamu

9 -
) Ten T
Formula 9), from the expansion found:
o 2Kz
T ) (1—2qcos2x+ ¢*)(1—2¢° cos 2z + ¢°)(1 — 2¢° cos 2z + ¢'9) . ..
©(0) {(1-91-¢*)(1—-¢)..}

T
we easily confirm. For on changing = into x 4 5 there is:

o2y g
T (14 2gcos2x + ¢*)(1 + 2¢° cos 2z + ¢°) (1 + 2¢° cos 2z + ¢*0) ...
©(0) {1-9(1-¢)(1-¢)..}"
whence:
2K
© Y 2 3 6 5 10
™ ~ (14+2gcos2x 4 ¢°)(1 + 2¢° cos 2z + ¢°) (1 4 2¢° cos 2z 4 ¢'7) . ..
o 2Kz ~ (1 —2gcos2x + ¢2)(1 — 2¢3 cos 2z + ¢°) (1 — 2¢5 cos 2x + ¢10) . ..
T
2K
Aam 2%
which very expression we found in g. 35 to be = ———"— as it ought.

From formula 9) we immediately reduce the expressions II(u+ K, a), I(u, a+
K) to II(u,a) itself. For there is:

10) M(u+K,a) = (u+ K)Z(a) + élogm

O(u—a) +110 Aam(u — a)

:(u+K)Z(a)+%10g.m 2 g.m

Aam(u — a)

1
=1I K.Z —log . ——m——=.
(.0) + K.2(@) + 5 log ot
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11) M(u,a+ K)=uZ(a+ K)+ -log —/———~ =
u

1 — 1 A —
uZ(a) — k% sin am a. sin coam a.u + B log M + 3 log 'AZEEZ—FZ;

Aam(u — a)

(u, a) — k% sinam a sin coam a.u + 3 log Aam(uta)

54.

From the fundamental formula, by whose aid the function II is defined by the
functions Z, ©:

O(u—a)
O(u+a)’

calling in the following, themselves also fundamental in the Analysis of the
functions Z, ©:

I) II(u,a) =uZ(a)+ %log.

1) Zu— Z(u+ a) = k? sinam a. sin am . sin am(u + a)

Ou.Oa
00

2
} (1 — k?sin? am a. sin? am u) ,

III) O(u+a)O(u—a)= {
92 you now easily obtain formulae, both for expressing II(u + v,a) by I(u,a),
II(v, a), which we shall call the theorem on the Addition of the Argument of the
Amplitude, and for expressing II(u, a+b) by II(u, a), II(u, b), which we shall call
the theorem on the Addition of the Argument of the Parameter. To this end we

note the following.
From the formulae:

1 O(u—a)
1I = u. —log.———=
(u,a) uZa+20g o ta)
O(v —a)
I(v,a) =v.Za+ = log oWt a)
1 O(u+v—a)
I = Za+ —log. STV =@
(u+v,a)=(utv)Za+;log Ou+v+a)

it follows:

92 Editorial note: In formula II) the term +Za is missing on the left side (the author’s
Corrigenda read Z(u) + Z(a) — Z(u + a)); an apparent misprint, the omission being supplied
only in faint hand correction, which is not transcribed.
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1
1) I(u,a)+(v,a) — M(u+v,a) = 3 log .

93
The expression contained under the logarithmic sign:
O(u—a)Ow—a)Ou+v+a)
O(u+a).0(v+a)O(u+v—a)

it is permitted, by the aid of the fundamental theorem III., to reduce to elliptic
functions in a twofold way. For first from it there is:

=)
@(%)go(u;rv +a) }2 (1_k231n2 am (u;U) sin® am (+a))
)

ofuo-apon= { SELELEZIN (1 am (1) it am (4 )

w)).

2

O(u —a).0(v —a) = {@ (:3) 0 (5% ~ a) }2 (1 — K?sin®am (“ — ”) sin? am (

o0

2
(__) u+v 9 u+v
@(U-I-U-l-a)@&:{ ( 2 ) ( 2 —|—a)} (1—k25in2am (U;U) 51n2am<

of which formulae the first and fourth, being multiplied together and divided by
the second and third, there results:

O(u—a).0(w—a)Ou+v+a) _
O(u+a).Ow+a)Ou+v—a)

2)

{1—k;25in2am(“5”) 51n2am(“+” —a)}{l—k’Qsm am(“*”) sin am(“*” +a)}

2
{1 — k2sin? am (“g”) .smzam(“;”’ —|—a)} {1 — k2 gin? am(“g”) .sin? am(“;” —a)}.

So also, which is the second way, when you represent the fundamental the-
orem III. in this manner:

{@u.@v}2 B O(u+v)0(u —v)
60 11— k2sin?amu.sin?amv’

there is:

93 Editorial note: Printed ©(n+v+-a) in the numerator; an apparent misprint for @ (u+v+a),
as on the next page.
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O(u —v).0(u+v — 2a)

1 — k2sin? am(u — a). sin? am(v — a)

{@W—a

v—a}
{@@Hﬂl v+a} _ O(u — v).0(u + v + 2a)

1 — k2sin? am(u + a). sin? am(v + a)

{@a@u—i—v—a} O(u+v).0(u+ v —2a)
1 — k2sin? am a. sin? am(u + v — a)

{@a.@(u+v+a)} _ O(u+v).0(u+ v+ 2a)
60 11— k2sin?ama.sin® am(u + v +a)’

of which formulae again the first and fourth, being multiplied together and
divided by the second and third, and roots being extracted, there results:

3) O(u—a).Ow—a)O(u+v+a) _
O(u+a).B(w+a)O(u+v—a)

{1-k2 sin® am(u + a).sin” am(v + a) } {1-k? sin? am a. sin? am(u + v — a)}
{1 — k2siv® am(u — a). sin® am(v — a) } {1 — k2 sin® am a. sin® am(u + v +a)}
94

That it may be recognised from the elements themselves how the expressions
2), 3) can be transformed one into the other, I note the following.
When in the formula, already often employed:

sin? am u — sin® am v

sinam(u 4+ v).sinam(u — v) =
( ) ( ) 1 — k2 sin? am u. sin® am v

you put respectively u + v, u — v in place of u, v, there results:

sin? am(u + v) — sin? am(u — v)

sin am 2u. sinam 2v = .
1 — k2sin® am(u + v). sin? am(u — v)

Further we have given the formula:

.9 . 9 4 sin am w. cos am u.A am . sin am v. cos am v.A am v
sin® am(u+v)—sin® am(u—v) = 5 5 5 ,
{l—kQSin am u sin amv}

whence, multiplication being performed, we obtain:

94 Editorial note: Printed siu instead of sin in the denominator; an apparent misprint.
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4 sinam u. cos am u.A am u. sin am v. cos am v.A am v

4) 1—k*sin® am(u + v).sin® am(u — v) = 5
sin am 2u. sin am 2v {1 — k2 sin? am u. sin® am v}

{1fk:251n amu}{lfk%m amv} )

{1 — k2 sin? am u. sin® amv}

by the benefit of which formula the formulae 2), 3) now pass easily one into the
other.
From formula 4) there can be deduced further this more general one:

{1 — k2 sin? am u. sin? amv} {1 — k2sin? amu’. sin®

amv’}
2 p—

5
) {1 — k2 sin? am . sin amv’} {1 — k2sin? am v/, sin® amv}

{1 — k?sin® am(u + u/). sin® am(u — v’) } {1 — k2 sin® am(v + /). sin® am(v — ') }

{1 — k?sin® am(u + v). sin® am(u — v) } {1 — k2 sin® am(w’ 4 ). sin® am (v’ — v') }

_ 2 sin am u. cosamuAamu
*) For the formula is known: sinam 2u =

1 —k2sin*amu
But CI. Legendre, in that place where he treats of the Addition of the Argu-

ment of the Amplitude, (Chap. XVI Comparaison des fonctions elliptiques de
la troisiéme espéce) exhibits the quantity which is found under the logarithmic
sign in this form:

1 — k% sinam a. sin am . sin am v. sinam(u + v — a)

1+ k2 sinam a. sin am u. sinamv. sinam(u + v + a)’

of which it is not evident at first glance how it agrees with the expressions found
by us, either 2) or 3). The rather abstruse transformation is carried out in this
manner.

From the elementary formula, of which we have already made very frequent
application, there is:

sin? am (“

. . )
sSinamu. Simnamav = 1_ k2 Sil’l2 am (quv) sin2 am ufv)

sin? am (“'H’) — sin?am (%2 — a)

1 — k2 gin? am (% +”)sin23m utv fa);

sinama.sinam(u 4+ v — a) =
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these equations being multiplied together, there results:

{1 — k?sin® am (u;—v) sin’ am <U;U)} {1 — k?sin® am <u—2|—v> sin’ am (u;—v —a)} X

{1 - k*sinama.sinamu. sinamv.sinam(u+ v — a)}

{1kQSin23m (u;—v>sin2am (U;U>}{1k25m2am (u—;—v) sin? am (u—;—v a>}
—k? {Sin2 am (u—;—v) — sin? am (u;v)} {sin2 am <u—2|—v) — sin? am (u;—v a>}

The other side of the equation being expanded, the terms

—k%sin? am (u;—v) {Sin2 am (u;v) + sin? am (u;—v — a>}
+k? sin? am (u;—v) {Sim2 am (u;v) + sin? am (u—zi—v — a>}

destroying one another mutually, there is:

1+ k*sin am (u;—v)sinQam (u;v) sin? am (u;—v —a)
—k?sin* am (u—;—v) — k?sin? am <u2_1}> sin? am (u—;—v —a) =
{1—kQSin4am (u—;v>}{1—k2sin2am (u;U>sin2am (U;U —a)},

whence at length results:

1 — k2 sin? am (v£2) sin? am (%52)

1 — k2sin* am (“T“)

6)

{1 - k*sinama. sinamu. sinamv. sinam(u 4+ v — a)}

1 — k2sin? am (“_”) sin? am (m - a)

1 — k2 sin? am (%) sin? am (ufe fa).

T oo

2
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Hence, changing a into —a, we derive:

1 — k2sin? am (“+”) sin? am (“g”)

1+ k2 sinam a. sin am u. sin am v. sinam(u + v + a
1 — k2sin* am (%) { ( )}

1 — k2sin? am (452) sin? am (“g” + a)

1 — k2sin? am( : )sinZam(%—i—a)’

whence, division being performed:

1 — k%sinam a. sinam u. sinam v. sinam(u + v — a)
1 — k2 sinam a. sin am u. sinam v. sinam(u 4+ v + a)

7)

1 — k?sin® am (“5%) sin® am (5% —a) 1 — k?sin® am (“£2) sin® am (“3Y + a)

2
1 — k2 sin? am(UQU)SlHZam(“Tﬂ-i-a) 1 — k2 sin? am( utv )smgam(#—a)’

95 which is the sought transformation of the expression proposed by CI. Legendre

into expression 2).
u—v u+v u+v
Formula 6), on putting u, a, v in place of 5 ; , ;

— a, can be
represented also thus:
8) 1—k*sinam(a+ u).sinam(a — u).sinam(a + v).sinam(a — v) =

{1 — k2gin* ama} {1 — k2 sin® am u. sin? amv}
2 2

{1 — k2 sin% am a. sin amu} {1 — k2 sin? am a. sin amv}’

whence formula 4) flows as a special case, on putting u = v.

55.
From the formulae 1), 2), 3), 7) of the preceding g' it follows:
1) I(u,a) +(v,a) — M(u+v,a) =

) SlIl2 am (

{1—k2s1n2am( =) . 31n2am(

{1—k2sm am( 5 ).51n2am(

—|—a)

—a)

)}{1—k2s1n am (%
)}{1—k2sm am(

[ N

318 o) sin? am (=

{1 — k?sin® am(u + a). sin® am(v + a) } {1 — k? sin® am asin® am(u +v — a) }
{1 — k2sin® am(u — a).sin® am(v — a) } {1 — k2 sin” am asin® am(u + v + a) }

Zlog

1 1 1 — k% sinam a. sin am u. sinam v. sinam(u + v — a)
5 log. p p - p ;
2 1+ k2sinam a.sinamu.sinamv. sinam(u +v +a)’

95 Editorial note: In formula 7) the denominator of the first fraction is printed with the sign
1 — k2; the author’s Corrigenda (p. 158, line 10) read 1 + k2 instead.
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which is the theorem on the Addition of the Argument of the Amplitude. By
exactly the same method the other, on the Addition of the Argument of the
Parameter, can be investigated, but by the aid of the theorem on the reduction
of the Parameter to the Amplitude, which formula 4) g. 52 furnished us:
IV) II(u,a) —O(a,u) =uZ(a) — a Z(u),

the same flows spontaneously from formula 1). For from IV. there is:

I(a,u) — (u,a) = aZ(u) —uZ(a)

(b, u) — (u,b) = bZ(u) —u Z(b)

II(a + b,u) — M(u,u+b) = (a+b)Z(u) —uZ(a+b),
96 whence:
I(u,a) + (u,b) — (u,a + b) =
M(a,u) + I(b,u) —(a+ b,u) +u{Z(a) + Z(b) — Z(a+ 1)},

or since from 1) there is:
1 — k? sin am u. sin am a. sin am b. sinam(a + b — u)

1
II 11(b, u)—II(a+b,u) = - log .
(@, u)+TI(b, w)—Tl{atb, u) 2 %811 k2 sin am w. sin am a. sin am b, sinam(a + b+ u)’

further from II.:
Z(a) + Z(b) — Z(a + b) = k*sin am a. sin am b. sin am(a + b),
there is:

2) M(u,a)+ (u,b) — M(u,a + b) =

5 . . . 1 1 — k% sin am u. sin am a. sin am b. sinam(a + b — u)
k* sinam asinam bsinam(a + b).u 4+ = log . - - - - ;
2 1+ k2 sinam u. sin am a. sin am b. sinam(a + b + u)

which is the sought theorem on the Addition of the Argument of the Parameter.
We derive other, rather memorable formulae by the following consideration.
For from theorem III there is:

{@(ua).@(vb)}2 _ O(u+v—a—0b).0(u—v—a+b)
©(0)

"~ 1—k2sin?am(u — a). sin? am(v — b)

O(u+a).0(w+b) > _ Outv+a+b).O(u—v+a—D)
{ ©(0) } 11— k2sin?am(u + a).sin? am(v + b)
Now from theorem I there will be:
O(u—a).0(v—">)
O(u+a).0(v+Db)

I(u,a) + M(v,b) =uZ(a) + v Z(b) + %log.

H(u—|—v,a+b)+ﬂ(u—v,a—b):(u—|—v)Z(a+b)+(u—v)Z(a—b)—&—%log.

96 Editorial note: In the third line the print has I(u,u -+ b); the author’s Corrigenda (p.
159, line 14) read II(u, a + b) instead.
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whence:
3) M(u+wv,a+b)+T(u—v,a—>)—2[I(u,a) — 21 (v,b) =

(u+v)Z(a+b)+ (u—v)Z(a—b) —2uZ(a) —2v Z(b)+

1 1 — k?sin® am(u — a).sin? am(v — b)

—log.
&1 k2 sin am(u 4 a).sin? am(v + b)

)

2
or since there is:
Z(a) + Z(b) — Z(a + b) = k? sin am a. sin am b. sin am(a + b)
Z(a) — Z(b) — Z(a — b) = —k* sin am a. sin am b. sinam(a — b),
there results from 2), 3):
4) T(u+wv,a+b)+1(u—v,a —b) —2ll(u,a) — 2I1(v,b) =

—k? sinam a. sinam b {sin am(a + b).(u + v) — sinam(a — b).(u — v)}

1 — k?sin? am(u — a) sin® am(v — b)
1 — k2sin® am(u + a) sin? am(v 4+ b)

+11
—log.
5108

Interchanging v and v, we obtain:

5) M(u+wv,a+b)—I(u—v,a—0b)—2I(v,a) — 2II(u, b) =
—k? sinam a. sinam b {sin am(a + b).(u + v) + sinam(a — b).(u — v)}

+1 o 1 — k?sin® am(v — a). sin? am(u — b)
2 %8 T k2 sin? am(v + a).sin? am(u + )’
Adding 4) and 5) we obtain:

6) II(u+wv,a+b) —I(u,a) — (u,b) — II(v,a) — I(v,b) =

—k? sin am a sin am bsin am(a + b).(u 4 v)

1 { 1 — k?sin® am(u — a)sin? am(v — b) 1 — k?sin? am(v — a) sin® am(u — b) }

+-1lo .
1%\ 1~ k2 sin? am(u 4 a) sin® am(v 4+ b) 1 — k2 sin® am(v + a) sin? am(u + b)
On putting v = 0, from 4), 5) there results:

7 IM(u,a+0b) +I(u,a —b) — 2II(u, a) =

1 — k?sin® am bsin? am(u — a)

,k2sinamasinamb{sinam(a+b)fsinam(afb)}quilog.l K2 sin? am bsin am(u © a)
— k2sin” ambsin® am(u + a

8) I(u,a+0b) —I(u,a —b) — 2I(u, b) =

1 — k?sin? am asin? am(u — b)

am(u +b)

1
—k? sinam a sin am b {sin am(a + b) + sinam(a — b)} u + 5 log . 5

1 — k2 sin? am a sin
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On putting b = 0, from 4), 5) there results:

1 1 — k?sin? in? —
9) II(u+wv,a)+II(u—wv,a) — 2lI(u,a) = = log sin_amvsin_am(u — a)

2 1 — k2sin® am v sin

am(u + a)

1 — k2 sin® am u. sin® am(v — a)

1
10) M(u+v,a) — I —v,a) - A(v,a) = 2 log. 1 — k2 sin? amu. sin® am(v + a)
REDUCTIONS OF THE EXPRESSIONS Z(iu), ©(iu) TO
A REAL ARGUMENT. GENERAL REDUCTION OF THE
THIRD SPECIES OF ELLIPTIC INTEGRALS, IN WHICH
THE ARGUMENTS BOTH OF THE AMPLITUDE AND

OF THE PARAMETER ARE IMAGINARY.
56.

We return to the Analysis of the functions Z, ©, whose remarkable use in our
theory we have proved in the foregoing. Let us inquire into the reduction of the
expressions Z(iu), O(iu) to a real argument. We shall first carry this out with
the signs in use by Cl° Legendre, then adapt it to our notations.

We know in the elements g. 19. p. 34 that the equations hold simultaneously:

d i d
sing = itang, 05 = gt F(0) = P, K),

Hence there is:

Qdp(1+ kkte?y)  idip A, k)
A, k") - cos2

whence, integration being performed:

dp.A(¢) =

’ Y LI i 2
/OA(¢)'d¢:i{tgwA(w,k’)+ k’”mw}

0 A(QZ)’ k/)

97
or:
1) E(¢) =i{tg AW, k') + F(, k') — E(y,k')}.
do i dy

Multiplying by A) =X ) and integrating we obtain:

? B(¢).dp 1 e, [V EWE)
2) /0 AG) = log cos v 2{F(w,k‘)} +/O AR

97 Editorial note: The integral under the brace is printed without the differential dv; an
apparent omission by the printer.
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98
From equation 1) it follows:

FE(9) - B'F(9)

- = Fltg AW, k') = {F'E(, k) + (E' = F)F(y, k') } .

Now let the excellent theorem of Cl! Legendre be noted (p. 61):

F'E'(K) + F'(K)E' = F'F'(K) = Z,
whence:
F'E(W, K)+(E'=F")F (k') = Ffz,i) {FI(E)E(w. k') - B'(K)F (4, k’)HMa
and therefore:
3 FLB@) —BFQ) _ o npy gy FEVEWK) — BUR) (oK) P, K)

iFT FL(k') C2FTFI(k)
From our notation we had:

¢ =am(iu), ¢ =am(u,k’), F(¢)=1iu, F,k')=u;

further:
F'E(¢) — E'F(¢) : FU(KE(y, k') — E'(K")F (4, k') )
& = Z(iu, k); ) = Z(u, k'),
whence equation 3) is represented thus:
4) iZ(iu, k) = —tgam(u, k') Aam(u, k') + 27;:;;/ + Z(u, k).

Hence by integrating there results:

TUU

u u
s du Z(iu, k) =1 K’ Z(u, k") d
/0 idu Z(iu, k) = log cos am(u, )+4KK’ +/0 (u, k') du,

_ “ O(u)
, du Z(u) =1 :
or smce/0 uZ(u) = log o(0)
O(iu, k)  xuu ~O(u, k)
5) 00, %) =e cosam(u,k)@(ojk/).

Formulae 4), 5) reduce the functions Z(iu), ©(iu) to a real argument.

98 Bditorial note: The last integral is printed without the differential di); an apparent omis-
sion by the printer.
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57.
Let u be changed in 5) into u + 2K”; there results:

@(zu + 2iK/) (ut2K’)?

k' (K +u) O(7
o(0) = —e~ aKK’ Cosam(u,k’)@(u’ )y _ K ) (iu)

00,k 00 ’

99 or, putting v in place of iu:

(K —iu)

1) O(u+2iK')=—-e r ©O(u).
Let u 4+ K’ be put in 5) in place of u: since

1 /
cosam(u + K', ') = — Fsinam(uK)

Aam(u, k')
and this:
Aam(u, k')
Ou+ K k)= ——""L0(uk'), See§. 53.9
( ) Tk (u, k) § )
there results:
O(iu+ iK') (utk’)> . O(u, k')
—e) = ¢~ Vhksimam(u M) ga
L Vk tgam(u, k) %((ZSL)) ,

whence, putting again u in place of iu:

(K —2iu)

2) O(u+iK')=ie &  Vksinam(u)O(u).

*) For O(u + 2K, k) = O(u), and therefore also ©(u + 2K', k') = O(u, k).
Taking logarithms and differentiating, from 1), 2) there results:

3) Z(u+2iK') = _7” + Z(u)
4) Z(u+iK')= g—? + cotgam(u) A am(u) + Z(u).
Putting v = 0, from 1) - 4) there results:

K’

O(2iK") = —e"F 0(0), O3K')=0
22K = ; Z(K') = oc.

99 Bditorial note: The denominator is printed ©0 without parentheses.
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100 Formulae 1), 2) find an excellent confirmation from the nature of the infinite
product into which we expand the function ©:

@(QKI) (1 —2qcos2x + ¢

™

0(0) {

{(1 _ q62iz)(1 _ q362im)( 5 21:6) } {(1 _ q672i93)(1 _ q3672im)(1 _ q5672im). } '
{1-91-¢)1-¢)...}"

)(1 —2¢3 cos 22 + ¢°%) (1 — 2¢° cos 2z + ¢'9) ... _
(1-a(1-¢)(1-g¢)..}"

6)

U

1T . .
For when z is changed into = + , upon which e'® goes over into ge'”, the

product
{(1 — qe¥) (1 — PeiT)(1 — gPe?) .. } {(1 — gem o) (1 — e o) (1 — Pem o) . }

goes over into this:

1 T T T —2ix —2ix —2ix
@{(1—61@2' J(1—*e*)(1 = ¢°*) ..} {1 —qe ") (1 = e >) (1 = ¢’e™>) ...},
whence: -

2K O (=%

7 e ( Ty K) %
qe 1T
/

But when z is changed into x + 72rK , € goes over into ,/q e’ whence the
product
{(1 _ qe2iw)(1 _ q3e2i7;)( 5 2z1 } { —2z1 1 _ q3e—2iw)(1 _ q5e—2iw) . }
goes over into this:

(i o 6721’:1;) {(1 o q2e2im)( 4 21:1; }{ 2 72m (1 o q4672iz) . } _

L2 sinz(1 — 2¢% cos 2z + ¢*)(1 — 2¢* cos 22 + ¢®)(1 — ¢% cos 2z + ¢'?)....
e'LI

101

But in g. 36 we gave the formula:

) 2Kz 1 2\4/§sinx(1—2q2c052x+q4)(1—2q40082m—|—q8)...
SHam =  VE (1 —2qcos2z + ¢2)(1 — 2¢3 cos 22 + ¢5)(1 — 2¢° cos 2z + ¢10) ...’

whence we see that there will be:

8 © (2K:c +iK/> _ iVksinam 27= 2Kz g (QK””).
ﬁelf

100 Bditorial note: The value of Z(2iK') is missing in the print, which leaves a blank after
the equals sign; only a hand-written entry stands there, which is not transcribed.

101 Bditorial note: The first factor is printed (i — e~2!®) with the letter i where the numeral
1 is expected. The factor (1 — ¢ cos 2z +q12) is printed without the coefficient 2 of the cosine
term; an apparent misprint for (1 — 2¢% cos 2z + ¢'?).
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2K
Formulae 7), 8), however, on putting T u, agree with formulae 1), 2).
T

From formula 9) g. 53:

Aamu
Ou+ K) = O(u),
( ) T (u)
putting iu in place of u, it follows:
Aam(u, k')

O(iu+ K) = O(iu),

VE' cos am(u, k')
whence from 5) g. 56:

. /
O(iu + K) 1 e T4 A am(u, k,).G)(u, k")

o) V¥ 0(0,k)’
or from the cited formula 9) g. 53:
. !/ !/
9) @(zu+K): Ee%G(U—FK,k)
©(0) K ©(0,k)

Hence, taking logarithms and differentiating, we obtain:

U

10) iZ(iu+ K) = 5

+ Z(u+ K', k).

58.

The formulae found in gg. 56. 57 are easily applied to the Analysis of the func-
tions IT in the cases in which the Arguments either of the Amplitude or of the
Parameter or of both are imaginary.

Let us first demonstrate that the expression II(u,a+iK’) can be reduced to
I(u,a), whence it is evident, on putting n = —k? sin® am a, that the integrals

@

{1+nsm o} A(o) / {1—|——51n2¢}A
depend one on the other; which is a notable theorem put forward by Cl. Legen-
dre, Chap. XV.
We found:
O(a —u+iK')

1
11 K'Y=uZ iK' —log ————=.
(wy,a+iK')=uZ(a+i )+2 Og@(a—i—u—i—iK’)

Now from 2), 4) g. 57 there is:

O(a—u+iK') B sinam(a —u) O(a —u)
B S}

Ola+u+iK’) sinam(a +u)’

uZ(a+iK') = % +ucotgamaAama+ u Z(a),
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iU AU
hence, the terms —— — —— cancelling one another:
W 9K 2K &

1) I(u,a+iK') =1(u,a) + ucotgama Aama + ;logm.
Let us put in this formula ia in place of a; there results:

—iAam(a, k)
sinam(a, k') cos am(a, k')

cotgam(ia) A am(ia) =

sinam(ia —u)  Aamu — cotgam(ia) Aam(ia) tgamu

sinam(ia +u)  Aamu + cotgam(ia) A am(ia) tgamu’
or, putting for brevity’s sake:
Aam(a, k')
sinam(a, k') cos am(a, k')

- Va,

there results:
sinam(ia —u) Aamu+iy/atgamu

sinam(ia +u) Aamu —iy/atgamu’
whence 1) goes over into

H(u,ia+iK’)—H(u,ia) _ a.u—i—Arc.tg.\/atgamu;
i Aamu

2)

which agrees with the formula f’) exhibited by Cl. Legendre.

59.

Other formulae, fundamental for the reduction of an imaginary Argument to a
real one, we obtain from 9), 10) g. 57. Of these I first note this one, by which the
imaginary Arguments both of the Amplitude and of the Parameter are reduced
to real Arguments:

1) M(iu,ia + K) = M(u,a + K', k'),
which is demonstrated in this manner. For we have:

oo . , 1. OGe—iut K)
11 K)=iuZ K)+4+ -log —————=;
(tu,ia + K) = iu Z(ia + )+2 0g®<m+m+K),

further from 10) g. 57:
Tua
2KK'

iuZ(ia+ K) = +uZ(a+ K' K,

from 9) g. 57:

@(a—zu+K / Jrcs u>2@a—u+K’ )
©(0,k")

@(za+zu+K / w<a+u)2 O(a+u+ K' k)
00,k

176



whence:
O(ia —iu+ K) }w;y@(a7u+K',k')

@(ia+iu+K)—e Ola+u+ K’ k)’

TUa UG
and therefore, the terms ——— — ———— cancelling one another,
KK 2KK’ &

1 — K' K
H(iu,ia—i—K):uZ(a—&—K',k')—i—flog@(a ut KK

=11 K' K
2 " O(a+u+ KK (wa+ K k),

which was to be demonstrated.
Changing in 1) a into —ia, there results:

2) H(iu,a+ K) = —1l(u,ia + K', k).

Formula 1) is also easily proved by considering the integral itself, by which
we defined the function II:

2 amu.du

¥ k2 gin am a. cos am a.A am a. sin
H(’U,, CL) = 2 a2 s 02 ’
0 1 —k?sin“ama.sin“amu

whence:

M(iu, i+ K) = /“ ik? sin am(ia + K). cos am(ia + K).A am(ia + K). sin? am(iu).du.
0

1 — k2sin® am(ia 4+ K). sin® am(iu)

For from the formulae of g' 19 there is:
Acoam(a, k')  Aam(a+ K' k')
k N k

14 ik’
cos coam(a, k') = - cos am(a + K', k')

sinam(ia + K) = sin coam(ia) =

cosam(ia + K) = — cos coam(ia) =

Aam(ia + K) = A coam(ia) = k' sin coam(a, k') = k' sinam(a + K', k'),
whence:
ikksinam(ia + K) cosam(ia + K)A am(ia + K) =
—K'K' sinam(a + K', k") cosam(a + K', k") Aam(a + K', k).

Further:

sin? am(iu) —tg? am(u, k')

1 — k2sin? am(ia + K) sin? am (iu) T 1+ A? am(a + K’, k") tg? am(u, k') -

—sin? am(u, k') —sin? am(u, k')

cos? am(u, k') + A2 am(a + K’, k') sin® am(u, k') T 1 KK sin? am(a + K', k') sin? am(u, k)’

whence:

(iu.ia + K) =

/u E'k'sinam(a + K', k). cosam(a + K', k').Aam(a + K, k). sin® am(u, k').du
0 1 — k'K sin® am(a 4+ K', k') sin® am (u, k) ’
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102 o

M(iu,ia + K) = (u,a + K', k'),
which was to be demonstrated.

From formulae 9), 10) g. 57 we can confirm, in a manner similar to 1), the
following formula, which teaches that pairs of functions of imaginary Argument
of the Parameter, whose Moduli are each the Complement of the other, can be
reduced to one another:

3) ill(u,ia + K) + ill(a,iu+ K', k') =

% tuZla+ K K)+aZ(u+ K, k).

For:

. . ) . [ O(ia + K —u)
II K)=1iwuZ K)+ -log.—/——+—=
il(u,ia + K) = tu Z(ia + )+2 og BlatKTu)

o o i, Oiut K —alk)
Wl(a, du+ K, K) = ia Z(iu+ K K) + g log g == o

Now:
Ofia+K —u)  Oilatiu)+ K} [k ew(;;?f O(a+iu+ K' k)
0(0) B 0(0) VR (0, k)
Oia+ K +u)  Ofila—iu) + K} [k n(a—iw)? O(a —iu+ K' k)
o) 0(0) Ve 00,k
whence, since O(u + K) = O(K — u):
Oia + K —u) raw O(iu+ K' +a, k')
O(ia+ K +u) O(iu+ K’ —a, k)

and therefore:

i @(ia—l—K—u)_}_ib O(iu+ K'—a,k')  mau
Blia+ K +u) 2 20@ut K +a,k) 2KK’

Further:
Tau

uZ(ia+ K) = W—Q—uZ(a—i—K',k')

Tauy

. . ’ AN
wZ(iu+ K' k') = SRR

+aZ(u+ K, k),

103 whence:

i(u,ia + K) + ill(a,iu + K', k') = 27;1;/

+uZ(a+ K K)+aZ(u+ K, k);

Q. E. D.

102 Bditorial note: The first argument and the second are separated by a period, printed
II(¢u. ia + K); an apparent misprint for a comma.

103 Bditorial note: The second equation is printed with wZ(iu + K’ k') on the left; the
author’s Corrigenda give iaZ, which the context requires.
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60.

It is evident from the formulae:

1
sinam(K + iu) = z A coam(u, k")

sinam(u +iK') = l ;,
k sinamu

that the Argument u, which, while sinamu increases from 0 up to 1, passes
from 0 to K, assumes an imaginary value of the form K + iv when sinamu
continues to increase from 1 up to %, so that simultaneously v increases from 0
up to K'; then, as sinam u increases from %

up to oo, u assumes the form v + iK', so that simultaneously v decreases
from K up to 0 *).

Hence we see, if in the third species of Elliptic Integrals, which is contained
in the scheme:

[
o (1+nsin®¢)A(¢)’

2

one puts, as we did, n = —k? sin? am a, whenever n is negative

between 0 and — kk, one must put n = —k?sin® ama
- —kkand —1, - - n=—k?sin’am(ia + K)
- —land —oco, - - n=-k*sin®am(a+iK’),

where a denotes a real quantity. Further, since —kk sin® am(ia) = kk tg? am(a, k'),
it is evident that, whenever n is any positive quantity, one must put:

n = —kksin® am(ia).

Hence we have obtained four classes of Elliptic Integrals of the third species,
which correspond to the schemes that take on the Arguments

a, 2)ia+K, 3)a+iK', 4)ia,

of which the first three belong to negative n, the fourth to positive.

But by formula 1) g. 58 we see that the function II(u,a 4+ iK’) is reduced
to II(u, a), or the third class, in which n is between —1 and —oo, is reduced to
the first, in which n is between 0 and —kk. Further, from formula 11) g. 53 )
the function II(u,ia) is always reduced

*) There will be obtained simultaneously:

1 1 1 1
sinamu =0, ——, 1, —, —, =V1+4Fk, o
VI+E vVE kT2

/

K K K
u=0, 5. K K+’7, K +iK', o +ik', iK'
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104

**) This formula, namely, on putting ia in place of a, goes over into the
following:

M(u,ia + K) — (u, ia)
i
kktgam(a, k')
Aam(a, k')
elementary formulae of g' 19.
to II(u,ia + K), or the fourth class, in which n is positive, to the second, in
which n is negative between —kk and —1. Whence we have now obtained the
theorem, that the proposed integral

= —a+ Arctg {asinamu.sincoamu} ,

if one puts o = This transformation succeeds easily by the

e
o {1 + n sin? o} A(g)’

whatever real quantity n be, positive or megative, can always be reduced to a
similar integral, in which n is negative between 0 and —1. This is an excellent
discovery of CI' Legendre.

Now let us consider the general case, in which both the Amplitude and the
Parameter have any imaginary form: it is agreed that this case comprises the
expression

II(u + v, a + ib),

where u, v, a, b denote real quantities. But from the formulae of g' 55 we see
that an expression of this kind is reduced to these four:

1) O(u,a), 2) U(iv,ib), 3) (u,b), 4) I(iv,a),
or, if you like, to these four:
1) I(u,a — K), 2) (iv,ib+ K)
3) M(u,ib+ K), 4)I(iv,a — K).

For in general the expression II(u + v, a + b) reduces to the expressions II(u, a),
II(v,b), I(w,b), II(v,a), from which the four proposed result, if in place of v you
put iv, and in place of a, b however a — K and K + ib. Further, from formulae
1), 2) g' 59 there is:
M(iv,ib + K) = U(v,b+ K', k")
M(iv,a — K) = —Il(v,ia + K', k),

whence expressions 1), 2) are reduced to the first class '°° II(u,a), expressions
3), 4) to the second class II(u, ia + K); which furnishes us with the

104 Bditorial note: The sixth value is printed as %\/1 + k’; since sinam(K/2 + iK') =
V1 + k’/k, the factor % is expected instead of %, an apparent misprint.
105 Bditorial note: Printed without the word in before classem; the author’s Corrigenda read

in classem.
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THEOREM.
The proposed integral of the form

[
o (1+nsin?@)A(¢)’

whatever n and ¢ be, whether real or imaginary, can be reduced to similar inte-
grals, in which both ¢ is real and n is real negative between 0 and —1.

And this theorem !°° is due to Cl° Legendre, except that he contemplated
only real Amplitudes.

By formulae 4), 5) g. 56, II(u+v, a+b)+II(u—wv,a—b) is reduced to II(u, a)
and II(v,b), and II(u + v,a + b) — II(u — v,a — b) to II(u,b) and II(v,a). Hence
it is evident, on putting

M(u+i,a +ib) + (u —iv,a — ib) = L

II(u + iv,a + ib) — I(u — iv,a — ib)
i
107 that L depends on the functions I(u,a — K), Il(iv,ib + K), M on the
functions II(u, b + K), II(iv,a — K), and therefore that L returns to the first
class, M to the second class.
These are the foundations of the theory of the third species of Elliptic Inte-
grals, deduced from new principles. Others will be seen below.

=M,

ELLIPTIC FUNCTIONS ARE FRACTIONAL FUNCTIONS.
ON THE FUNCTIONS H, ©, WHICH TAKE THE PLACE
OF NUMERATOR AND DENOMINATOR.

61.

The expansions exhibited in g. 35 declare the genuine nature of the Elliptic
functions, namely that they are fractional functions, as we already know from
the elements, both vanishing and going off to infinity for innumerable mutually
different values of the Argument. Now in the foregoing we have been led to a

function which constitutes the denominator of the fraction into which we expand
2Kx

s

sin am

1 2¥gsinz(l — 2¢* cos 2z + ¢*)(1 — 2¢* cos 2z + ¢%) (1 — 2¢° cos 2z + ¢'?) . ..

N (1 —2qgcos2x + ¢2)(1 — 2¢3 cos 2x + ¢0) (1 — 2¢° cos 2z + ¢10) ... ’
I mean the function

© (2£2) (1 —2gcos2z + ¢*)(1 — 2¢® cos 2z + ¢%) (1 — 2¢° cos 2z + ¢'0) ...

o) {(1-—g)(1—g)(1—?)(1—q7)...)?

106 Bditorial note: Printed E; the author’s Corrigenda read Et.
107 Bditorial note: The first line is printed with II(u+ ¢, a+ib); the author’s Corrigenda give
II(u + v, a + ib).
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Now let us also denote the numerator by a particular character, and put:

H (25z) ~ 2¢/gsinz(l — 2¢° cos 2 + ") (1 —2¢* cos 2z + ¢®)(1 — 2¢0 cos 2z + ¢'?) ...
0(0) {1-91-¢*)1-¢)1-q)...} ’
there will be:

, 2Kz 1 H(2£z)
sinam — = —. — 55—+
vk ©(23)
Calling in the remaining expansions given in g. 35, we find:

2Kz _\/z.H(Qf(x—kg))

cosam —— =

4 o)
2Kz (C] (% (x + E))
Aam —= =k, —1 27/
T o)
. 2Kx
whence, on putting —— = u:
7
. 1 H(u) k' H(u+ K) O(u+ K)
1) sinamu=-—=.—2; cosamu=4{/—.———~2: Aamu=Vk — 2
’ Vo) E e o)
Hence flow special formulae:
©(0) k
2 K = N H K = e
) O(K) T (K) 1 ©00)
dH (u
. N .
Putting H'(u) = —, Since:

H'(u) = Vkcosamu A am u ©(u) + Vk sinam u 0’ (u),

for the values u = 0, u = K we obtain:
3) H'(0) = VEO(0) = ————;
From 2) it follows further:

_ H(K), ;. 9(0)
4) \/E_—e( 7 \/I?_W.

Moreover:
5) O(u+2K)=0(—u) =06(u)
6) Hu+2K)=H(—u)=—-H(u); H(u+4K)= H(u).

*) For Z(K) = 0, whence also ©'(K) = O(K)Z(K) = 0.
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From formula 2) g. 57:

(K —2iu)
4

O(u+iK')=ie  ® Vksinamu.

108 it follows:

(K’ —2iu)

7) Ow+iK')=ie &  H(u).
Changing in this formula u into u 4+ iK', and calling in 1) §. 57:

(K —iu)

8) O(u+2iK')=—e & O(u),

there results:
(K —2iu)

9) H(u+iK')=ie &  O(u),
whence, changing again u into u 4+ iK', from 7):

(K —iu)

10) H(u+2iK')=—e" ®  H(u).

From formulae 7)-10) more general ones can be derived:

m(ut2mik’)?

11) eixw' O(u) = (—1)™e™ axx — O(u+ 2miK’)

m(ut2miKk’)?

12) eirx H(u) = (—1)™e™ axx’  H(u+ 2miK’)

U m(ut(@m+1)iK")?
4K K’

13) earx H(u) = (—i)*™ e O(u+ (2m + 1)iK")

4K K’

14)  eirkx" O(u) = (=)™ e

H(u+ (2m + 1)iK’).
From 12), 13) there is:
15) ©((2m +1)iK') =0; H(2miK') = 0.

Formulae 5), 6) demonstrate that the functions ©(u), H(u) remain un-
changed when u is changed into u 4+ 4K, formulae 11), 12) that the functions

CIKKT O(u), CIKKT H(u)

remain unchanged when u is changed into u + 4iK’; whence the former have
with the Elliptic functions one real Period in common, the latter one imaginary
Period.
From formula 5) g. 56:
O(iu, k) O(u, k")

DAl AV v 5 24 E)——-1~
00, %) e cos am(u, )@(O,k’)’

108 Bditorial note: The printed formula breaks off after the dot following sin am u; the missing
factor ©(u) appears only as a hand-written addition in ink, which is not transcribed.
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it follows:

H(q ) ruu
(i, k) = Vk sinam(iu, k). Oy, k) = jeixs’ VEksinam(u, k). 6(0,k)’

©(0, k) ©(0,k)
whence from 1):

O(iu, k) ko xw H(u+ K' K')

1 = — @iRK/ , — 7/
5 0.5 K 0(0, k)
H(lu, k) . k 7;(11'&/ ,E[(’u,7 k/)

17) ——F = — . .
) B - VE B0
From 16) it follows, changing u into iu, and interchanging k and k'

H(iu+ K, k) ko we O(u, k)

= — @4KK/

) =505 W 800,80

to which let 9) g. 57 be adjoined:

. ! /
19) @(zu+K,k): ﬁeﬁ O(u+ K' k)
(0, k) k' (0, k")

From the formula found above:
2, O2
O(u+v)O(u —v) = % (1 — k*sin® am u.sin® amv) ,
it follows: 024020 — H2u H?
20) O(u+v)O(u—v) = — “@_20 ury

This formula being multiplied into

. . ksin? amu — ksin® am v
ksinam(u + v)sinam(u — v) = — —
1 — k2sin” amu sin” amwv

H?u 0%y — 0%uH?*v
02402y — H2u H%v’

there results:
H2u 02y — 02y H?v
21) Hu+v)H(u—wv)= o7(0)
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ON THE EXPANSION OF THE FUNCTIONS H, © INTO
SERIES. THIRD EXPANSION OF THE ELLIPTIC FUNC-
TIONS.

62.

Let us expand the functions

O (28z) (1 —2gcos2z + ¢*)(1 — 2¢3 cos 2z + ¢°) (1 — 2¢° cos 2z + ¢*0) . ..

™

o0) (1= -1 =)}’
H (252 ~ 2¢/gsinz(1l — 2¢° cos 2z + ¢* ) (1 — 2¢* cos 2z + ¢®)(1 — 2¢° cos 2z + ¢'?) . ..
©(0) {(1-9(1-¢)1-¢)..}"
into series
e} 2Kx
é((’;)) = A —2A" cos2x + 2A" cosdx — 2A" cosb6x + 2A"" cos8x — ...
H (2[751) _ 4 ! _ " s " _: _ " .
o0 2Y/q{B'sinc — B"sin3xz + B" sinbx — B sinTx + ...} .

We obtain the determination of the quantities A, A", A", A", ..; B, B”, B"',B"", ..

. 2K
by means of equations 7)-10) g' of the preceding, which on putting u = —x,
T

q= e~ "R go over into the following:

e (21@;) = g o (21@; + 2¢K'>
™ ™

H(QK&L‘) B 2””H<2 x+22K’>
™ Y

0 (2Km) B e”H(Q x )
71' 7
2K 2K
ZH( :c) fe“”@( x—l—iK’).
For!'% this purpose we exhibit the proposed expansions thus:

) (2Ka:)

s

0/(0)

3

_ A_A/e2iw+A//e4ia; _A///eﬁiac +A////€8ia: _

_A/e—2m? + A//e—4z.’£ _ A///e—ﬁlz 4 A////e—Szm _

109 Bditorial note: The author’s Corrigenda give the reading Quem here.
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(7)1' ) _ W{B/eiz _ B//e?n’z 4 B///65im _ B////e7iw 4. }

_W {B/e—iz _ B//e—Bim + B///e—5z‘x _ B///le—7ix 4. } .

) ) efmia:
goes over into ¢ e"™*, "™ into ;
m

mix

When z is changed into x—ilogq, e

q
2K 2K 2K 2K
further@( x),H( CE)into@(ac—i—2iK'),H(gc—l-QiK'). Hence
T

T s s
we obtain:
© (%) . ©(FE 2K
o 1T T e
A . _ . _
? —Aq 6211+A/q3e4m _A//q5€67,z _|_A/l/q7€8m _
_i;e—2ix + ig —diz A:”e—ﬁix + A/;me—sm _
q q q q
H(2%=) o, H(3E+2K)
o) ~ 1 T em

w {B/eix _ B/q263ix + B//q465im _ B///qﬁeh’r + .. }

B// . B//I B/I// . B///// .
= 7670“?776772‘1’4*... .

4 —ix —3ix
S R oy L
\[{ 7 q! q° ¢
Comparing these with the proposed expressions, we derive:
A = Aq, A = A 37 A — A//q57 A — A 7’

"o __ ! 2 n__ " _4 " __ " _6 " __ mn 8
B"=B B" =B"¢*, B"' =DB"¢5, B" =DB"¢,

) )

and therefore
A/ — Aq, A// _ Aq4, A/// _ AqQ’ A//// — Aq16,
BII — B/ 2’ B/// — ‘qu67 B/ll/ — B/qu, BI//// — B/qQO,

whence the sought expansions become:

[e) 2Kz
(E)(Oﬂ)) = A{l —2qcos 2z + 2¢* cos 4x — 2¢° cos 6z + 2¢'% cos 8z — .. }
H 2Kz .
M =2yq B {Sinqj — ¢*sin 3z + ¢*3sin bz — ¢ sin Tz 4 ¢*O sin 9z — . }

©(0)
- B {2\4/§sinx —24/¢®sin3z + 2/ sin 5z — 2¢/¢¥ sin Tx + . } .
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The expansions found could have been derived one from the other by means

of the formula: ol ol
iH <x> - \%je”@( x—f—iK’).
T T

110

For we have found the series:

(__)(2};m) —A{l— (62”4-672“)—"- 4(e4iz+674ix)+ 9(661@_'_6762'&:)_'_ }

11 by changing x into o — ilog /4, whereby eIMiT  =2miz paoginto gMe2miz
—2mix 2K 0 F 4
e , © ( x) into © ( z +iK’), and by multiplying by {/ge’*, we
obtain:
iH (2Ez (2K K
M — {*/f]e”y _
o) 6(0)
A{W(eim _ e—ix) a4 qg(e?n'm . e—Siz) + %/qu(ef)im B 6_5”) L } |
or:

2Kx
@((0”)) =A {QWsinx —24/¢%sin3x + 2+/¢?° sinbx — 2v/q¥sin 7z + .. } .
By this analysis we have moreover found:

B = A.

63.

The determination of A requires particular devices. Let us put, as is permitted
from what precedes:

(1 —2qcos2x + ¢*)(1 — 2¢3 cos 2z + ¢°) (1 — 2¢° cos 2z + ¢'0) ... =
P(q) {1 — 2gcos 2z + 2¢* cos 4z — 2¢° cos 6 + 2¢*® cos 8z + .. }
sinz(1 — 2¢% cos 2z + ¢*) (1 — 2¢* cos 2z + ¢®)(1 — 2¢® cos 2z + ¢'?) ... =
P(q) {sinx — ¢'%sin3z 4 ¢*3sin bz — ¢>sin T 4 ¢*5sin9x — .. } ;

it follows that:
P(q)

A= -
{=g)(1=¢*)(1—¢%)...}

110 Editorial note: The Corrigenda correct the printed word varie to serie.
11 Editorial note: The sign before the term in ¢ is printed as plus; by the preceding series
and the following steps it should be minus, an apparent misprint.
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The second expression remains unchanged when it is multiplied into the first
and, the product having been formed, ¢ is put in place of q. Hence we obtain
the identical equation:

P(¢*)P(¢?) {sinx — ¢*sin3z + ¢ sinbz — ¢**sin Tz + .. } X
{1 — 2¢° cos 2z + 2¢° cos dx — 2¢3% cos 6 + .. } =
P(q) {sinx — ¢?*sin3z 4 ¢®sinbz — ¢ sin 7z + .. } .

Let us now carry out this multiplication itself, so that everywhere sin(m +
n)x + sin(m — n)x is written in place of 2sin.mx cos.nx: it is easily seen that
the coefficient of sinx in the expanded product will be:

I+ ++¢2+¢*+...,

so that there results:

P(q)

LI VN NP~ SR S L
P(¢?)P(q?)

T
But we have found from the second of the proposed formulae, with z = 5

{4+ +¢)0+¢%) .. Y =P {1+ +¢ +¢2+¢+...},

whence:
Pl@)Plg) _ 2 s o 12
P(qg)P(qg) - {(1+q )(1+q )(1+q )} ’
or: P
Py~ LT O+ 4

_(1-¢HA-¢)A-q"). ..
(1=g>)(1—g")(1—¢%...
Hence, by the method already employed more than once *), it follows:
1
1=¢)(1=g)(1-¢")(1-¢%...
Hence at last there results:
1 1

(1-)1=¢H(1 =65 ... {1-q)1 =) (1 —=¢%)...}

1+ +)0+¢*)A+q"). ..
1-91 -1 -¢)1—q*)...

or, from the expansions which we gave in g. 36:

P(q) =

A=

1 WK
A T
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The quantity which we have so far left undetermined, ©(0), let us now put:

1 2K'K
@(0) = Z = T )

*) Namely, by putting successively ¢, ¢*, ¢, ¢'% .. in place of z and carrying
out the infinite multiplication.!!?
there is found:

2K
1) © (m) =1 —2qcos 2z + 2¢* cos 4 — 2¢° cos 6z + 2¢*® cos 8z — . ..
m

2K
2) H (3:) =2ygsinx — 23/¢°sin 3z + 2/ ¢*® sinbx — 23/¢¥sinTx + . ..

s
64.
The identical equation, which we have proved in what precedes:
(1 —2qcos2x + ¢*)(1 — 2¢° cos 2z + ¢°) (1 — 2¢° cos 2z + ¢'°).... =

1 — 2qcos 2z + 2¢* cos 4x — 2¢° cos 6 + 2¢'6 cos 8z — ...
(1=¢)0 =1 =¢°) (A =¢)....

it pleases us to investigate by yet another way, entirely different from the pre-
ceding. To that end'® let us premise, as lemmas, the two following formulae:

) (14+¢2)1+¢*2)(1+¢°2)(1+¢2)...=

qz q4Z2 q9z3 q1624
B W e Gy B W PPy TG N § W G S T W gy
1
Y G- -Fl—aa)...
q . g 22
B il G | o) S G T e
q9 2’3

-0 -@) (- -1 -@)(1 -7

For the proof of the former I observe that the expression

(1+¢2)(1+¢*2)1+¢°2)1+q"2)...

112 Bditorial note: Printed z in the footnote; the substitution is evidently for g, an apparent
misprint.
113 Bditorial note: The Corrigenda correct the printed word Quam to Quem.

189

+ ..



remains unchanged when ¢z is put in place of z and multiplication by (1 + gz)
is carried out; whence, putting:

1+¢2)A+@2)A+¢%2)... =14+ A2+ A2+ A28+,
one obtains:
T+ A2+ A2+ A" 4 =1 +q2) A+ APz + A 2+ A3 4 ),
and therefore, the expansion having been carried out:

A/ _ q+q2A’, A// _ q3A/ =+ q4A", A/// _ qSA// + qGA///7 .

or:
A = q 7 A — qu/ : A — quN :
1—¢2 1—q* 1—¢
whence:
A = q A — q4 A — qg
I (1—=¢*)(1—q*)’ (1=¢*)(1—g*)(1—¢5) ’

as was proposed.
For the proof of formula 2) T observe that the expression
1
(1—¢q2)(1—q%2)(1 —¢32)(1 —g*z2)....]

remains unchanged when gz is put in place of z and multiplication by 1 is

—qz
carried out; whence, putting:
1 J—
(1—¢2)(1—q¢?2)(1 — 32)(1 — ¢*2)....
A/Z A//ZZ A///ZB
1+ + + +
l—gz (1-¢2)(1-¢%2) (1-¢z)(1-¢%2)(1—¢%)
we obtain:
A/Z A”22 A///ZS
1+ + =+ + =
1-—gz  (1-¢z)(1—¢*2) (1—q2)(1—¢*2)(1—¢32)
1 N Alqz N A g2 2 n A" B3 n
1-gz (1-g2z)(1—-¢*2) (1-g2)(1-¢*2)(1—¢%) (1-qz)(1—¢*2)(1—¢*2)(1—q'2)
:1+(q+A’q)z (q?’A’+q2A“)zz (q5A1/+q3A///)23 +'“*).

1—-gz (1-g2)(1—-¢%2) (1—qz)(1—¢*2)(1—q°z)
Hence it flows:

A/ — q+A/q, A// — qSA/ +q2AH, A/// — qE)A// +q3A/N, .
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and therefore:

A — q A — qu/ A — quH
1_q7 1_q2) 1_q37 M)
whence:
PR B ¢ - q92 R
l1—q (1-q)(1-¢) (1-9)(1-¢>)(1~-¢%
as was proposed.
*) Namely, by substituting in the single terms respectively 1 =1+
— gz
1 2 1 3
= ) =1+ 7= ; = &,etc.
1—qz’ 1—¢2%z 1—¢%22" 1—¢32 1—¢%z
Now let us form the product:
q ¢ ¢
{1+g)1+¢*2)(1+¢°2)..} {<1+Z) (1+Z> (1+Z) }
4 9
q q 2 q 3
1+ 2+ .27+ .z —|—...}><
{ 1-g? (1=¢*)(1—q*) (I=¢*)(1—q*)(1—¢%
q 1 q* 1 ¢’ 1 }
1+ -t = + =t
{ 1-¢ 2z (1-¢*)(1-¢") 2> (1-¢)1-q¢")(1-¢) 2°

1
The coefficient of 2™ or also of —, which we shall put B™) we find to be the
z

following:

B(M™ —

qnn q2 q2n (]8 q4n
2 4 2n X{l + 2° 2n+2 + 2 4y 2n+2 2n+4 +
(1-¢)(1—g*)...(1-¢*) 1-¢*> 1—¢q (1=¢)(1—q*) (1 —¢g>2)(1—g>) (1
But from formula 2), putting ¢? in place of ¢ and z = ¢>™, we find the expression
which is seen enclosed in braces to be =
1
(1= @2nF2)(1 — @2nF4)(1 — @20 F6)(1 — g2n+8) .

whence
nn

q
1-A)0 -1 -1 —¢%)....

B —

and therefore:

{(1+qz)(1+q3z)(1+q5z)..}{<1+Z) (qu) (Hq:) } B

1 1 1
1+q(z+>+q4 <22+2)+q9 (z3+3>+...
z z z

(1-¢>)(1-g")(1-¢%)(1—¢8)... ’
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or, putting z = €?**, and changing ¢ into —g¢:
(1 —2qcos2x + ¢*)(1 — 2¢° cos 2z + ¢°) (1 — 2¢° cos 2z + ¢'¥) ... =
1 — 2¢cos2x + 2¢* cos 4z — 2¢° cos 6z + . ..
1=¢*)A-g")1-¢°)1—-¢®)...

Which was to be demonstrated.

When —gz2 is put in place of z and multiplication by /q z is made, there
results:

\4/a<zi) {1=?2H) (1 —g*2*) (1 —¢%2%)...} x
(-5)6-4)0-5) }-
(-t v (- L) v (L) -

(1—¢2)(1—g*)(1—¢5)(1—g8).... ’

or, putting z = e'*:
2¢/gsinz(1 — 2¢% cos 2z + ¢*)(1 — 2¢* cos 2z + ¢*)(1 — 2¢° cos 2z + ¢*?) ... =

2¢/gsinz — 24/¢%sin 3z 4 2/¢? sin bz — 24/¢*¥sin Tz + . ..
(1=¢)(1=g")(1-¢")(1-¢%)... ’

which is the other expansion found.

65.

The expansions of the functions

2K
1) © (x) =1 —2qcos 2z + 2¢* cos 4 — 2¢° cos 6z + 2¢*® cos 8z — . ..
T

2K
2) H( x) = 2y/gsine — 23/ sin3z +23/¢% sin bz — 23/¢FsinTx + ..
™
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lead of themselves to a new expansion of the Elliptic functions. For from for-

2K
mulae 1) of §. 61, putting u = —x, we obtain:
T

2Kz
2Kx_ 1 H( T )

SlnamT— \/E@<2Kx>

T
2K T
WK ;«H(w(“g))
cosatt r Vk ®<2Kx)
T
2K s
@< +>
Aa 2K:E:\/E s ( 2) 7
(2Ka:)
o2t
™

whence:

2Kz 1 2y/gsinz —21/¢%sin3z + 24/¢*° sin bz — 24/¢*sin Tz + . ..

3) s =—.
) sinam = VE  1—2qcos2z + 2¢* cos 4z — 2¢° cos 6x + 2¢'6 cos 8z — . ..

4) cosam

2Kz [k 2y/qcosz +2+/q° cos 3z + 24/q*° cos bz + 24/q* cos Tz + ...
= ”E'

T 1 — 2qcos2x + 2¢* cos 4x — 2¢° cos 6x + 2q16 cos8x — ...

2K« 1+ 2qcos 22 + 2¢* cos 4z + 2¢° cos 6z + 2¢'6 cos 8z + . ..
5) Aam — = VK. .
T 1 — 2q cos 2z + 2¢* cos 4z — 2¢° cos 6x + 2¢1% cos 8x — . ..

2k'K
Further, from 2), 3) of g. 61, since ©(0) = 4/ has been put, we obtain:
™

@(K)\/?, H(K)ﬁ, @(0)\/@7 H’(O)W,
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whence from 1), 2):

[2K
6) 7:1+2q+2q4+2(f)+2qlﬁ+2q25+...
[2kK
7) — =24+ 2V +2v/q% + 2/ +2v/ ¢ + ...
[2k' K
8) - =1-2¢+2¢" —2¢° +2¢"% —2¢* + ..

2K \°
9) ([KkK () =2¢q—6/¢° +10/¢2° — 14/¢%° +18/¢81 — ... 7,
™

whence also:

\/E_2\4/a+2€/q>9+2¢/q75+2€/¢79+2€/qﬁ+...

10

) 142q+2¢* +2¢° +2¢16 + . ..
1—2q+2¢* —2¢° +2¢"% — 2¢%° + ..

11) Vi = = q4 q9+ q16 q25+
14 2q 4+ 2¢* 4 2¢” + 2¢1° + 2¢*° + ..

/
1 _
It follows further, since Z(u) = (2)((:;)), (u,a) =uZ(a) + 3 log m:

12) =z

2K <2Kx) 4qsin 22 — 8¢* sin 4z 4 12¢” sin 62 — 16¢'% sin 8z + ..
T

r ) 1- 2q cos 2x + 2¢* cos 4z — 2q° cos 6z + 2¢16 cos 8z — ..

dH 2K dH
*) For since — = —.——, when 2) has been differentiated with respect

_dx T du
to z and x = 0 is then put, there results

2R o) = [k (2K>3

™ s

™ ™ ™ ™

13) T <2Kx7 2KA> _ 2Kx.Z <2KA>

1 —2qcos2(x — A) + 2q* cos4(x — A) — 2¢° cos6(x — A) + ..
1—2qgcos2(x+ A) +2q*cosd(z + A) — 2¢° cos6(z + A) + ..

1
9 %

This is the third expansion of the Elliptic functions.
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66.

From the expansions found:

) {1-¢)1—g"1—¢%..}{(1 —2qcos2z + ¢*)(1 — 2¢° cos 2z + ¢°)(1 — 2¢° cos 2z + ¢'°) ...}

1 — 2gcos 2z + 2¢* cos 4z — 2¢° cos 6z + 2¢*® cos 8z — ..

{(1 A1 —¢"H(1 —¢%). } sinz(1 — 2¢% cos 2z 4+ ¢*)(1 — 2¢* cos 22 + ¢%) . ..

sinz — ¢%sin 3z + ¢%sin 5z — ¢*%sin 7z + ¢*°sin 9z — ..
the last of which, with /g put in place of ¢, may also be exhibited thus:

2) {(1-q)(1—¢*)(1—¢*)..}sina(l —2gcos2z + ¢*)(1 — 2¢° cos 2z + ¢*) (1 — 2¢° cos 2z + ¢°) . ..

sinz — gsin 3z + ¢ sin b5z — ¢ sin 7z + ¢'0sin 9z — ¢*Psinllx + .. .,

it follows, putting x =0, x = g:
(1-9( -0 - —¢")... 450, 016
3 =1-2¢q4+2¢"—2q¢" +2¢° —...
) r (A0 A ).
1—¢))1—-—gH(1—¢%1—¢%)...
4) ( C])( Q)( Q)( Q) :1+q+q3_~_q6+q10+q15+”.

5 {1—q)1—¢)(1—¢)1—q7)..} =1-3¢+5¢ —7¢° +9¢"° — ...

Let us put in 2) z = g, then sinz = +\/§, sindx = 0, sindzr = \/i,

3
sin7x = +\/;, etc.; further (1 — ¢)(1 — 2gcos2x + ¢%) = 1 — ¢3, whence 2)
passes into this formula:

1-P)1-")1-¢")1-¢") .. =1-¢"-¢"+¢"°+¢* - ¢° — .,

or:
6) 1-q)1-)1-¢")1-¢")...=1-qg—+"+q¢" —¢"*—.,,

of which series the general term is:



Comparing 5), 6) with one another we obtain:
3
T {l-qg-+¢+q —q¢?—..} =1-3¢+5¢> - 7¢° +9¢"° -

Formula 4) was also found by Cl. Gauss in the memoir: Summatio Serierum
quarundam singularium. Comm. Gott. Vol. I. a. 1808—1811. He deduced it
from the following memorable formula:

(1-g2)(1—’2)1—-¢"2)(1—q"2)... _
(1*Q)(1 ¢#)1-¢*)1—-q7)...

g(1-2) ¢ (1 - )(1—612)+q6(1—2)(1—qZ)(1—QQZ)

1—gq (1-q)(1—¢? (1-q)(1—-¢*)(1—¢3)

by putting z = ¢. To this may be added similar formulae, whose demonstration
I omit in this place:

8)

1+ +..,

9) 1(04+2)0+¢)(1+¢%).. 1 (1=2)(1-¢2)(1-¢%).. _
2 I+ +¢*)(1+¢*).. 2 1+q)(1+¢)(1+4¢%)..
Lo a0=2%) @1 =2*)(1-g%?) (1—Zz)(l—61222)(1—q4'22)Jr
1—¢? (1-¢*)(1—q*) (1=g*) (1 —q*)(1—¢5
10) g (I+2)(A+g¢z)(1+4¢%2).. _g (1—2)(1—-g2)(1—¢%2).. _
22" (14+q)(1+¢®)(1+¢3).. (1+q)(1+¢®)(1+g3)..
¢'(1-2%) | 1-2)1-¢%%) ¢"°1-2")(1-¢*)(1-q¢"?)
R e e [y C-@-i-¢)

). =1-q+q¢* -+,

o (1-q)(1-¢*)1-¢*)(1—-¢q")..
1+ +)1+¢*)1+qh)..

which is formula 3).

Formula 6), which is of the most profound investigation, as one that depends
on the trisection of the Elliptic functions, was found and splendidly demon-
strated long ago by Cl. Euler. Of this remarkable demonstration we shall have
to treat more fully elsewhere.

=1-2¢+2¢* —2¢° + ...,
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To these let us add the following expansions:

kk'<2K)3
— 2
1) ) _ 2yq{(1 - ¢*)(1 —¢)(1-¢* )1 —¢%)...} _
o 2Kx (1 —2gcos2x + ¢2)(1 — 2¢3 cos 2z + ¢8)(1 — 2¢° cos 2z + ¢10) ...
™
2¢a(1—-¢*) 23/¢°(1—¢% L 2VeP =)
1—2gcos2x+q> 1—2¢3cos2x+¢% 1 —2¢5cos2x + ¢qi0
114
" 2K>3
— 2
12) m) {1-¢)0-¢H1 -1 -¢%. .}
7 ( as) sinz(1 — 2¢2 cos 2x + ¢4)(1 — 2¢* cos 2z + ¢8)(1 — 2¢6 cos 2z + ¢12) . ..
™

1 4¢*(1+ ¢*)sinz 4¢°(1 + ¢*)sinz 4¢"?(1 4 ¢%) sinz

sinz  1—2¢2cos2z +¢*  1—2¢*cos2x+¢5 1 — 2¢0cos2z + ¢'2

1 [ (=)0 -¢)  @PA-¢h(-¢")  "A-¢)(A=¢")
sinz | 1—2¢2cos2z+q¢* 1—2¢*cos2x+q¢® 1—2¢8cos2x+q'2 ~f°

which are easily obtained from the well-known theory of the resolution of com-
pound fractions into simple ones.
Hence special expansions are deduced:

13) %K:zx\/a(l”)—4\/q’9(1+qz)+4@<1+q5>—...

4 l—gq 1—g¢q 1—¢°
2K' K 4 4¢3 448 440
gy KKy de A A da
T 14qg 14+¢* 1+¢ 14¢

2kK 2K'K
When these are compared with the expansions of the expressions ,
™ T

114 Bditorial note: Printed ¢ in the denominator of the first term instead of ¢2; an apparent
misprint, as the pattern of the following terms and the product above require 1 —2¢q cos 2z 4 ¢2.
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exhibited above, there results:

Vi E L NE T

—¢ 1-¢ 1-¢ 1-¢

(1) - (7)o (1) -~

q q°

4 4¢3 4¢° 44"
- 4K
14¢q 1+g¢q 1+4+¢q 1+g¢

4 43 46 410
[ .
1+¢ 14+¢ 14¢ 1+¢

In a similar manner Cl. Clausen has recently observed *), that the series

q s a q*

g 1@ 1-¢ 1-q

*) Crelle Journal etc. Vol. II1. p. 95.
can be transformed into this:

1+gq (14 o (1+¢* w6 (1+4¢*
q@—ﬂ)+q —¢) T \i=g) T \i=g) T
2K 2kK
We found above the expansions into series of —,
T

and of their second,

m
third, fourth powers. These expansions therefore supply the second, fourth,
sixth, eighth power of the expressions

[2K
77:1+2q+m4+m9+ww+”

Mggg:2@@+2©@5+2W&5+2Wq”+”

whence various Arithmetical theorems flow. Thus, e.g., from the formula:

2K\ 4 9 16 4
— ={1+2¢+2¢" +2¢° +2¢"°+..} =

2 3 4

q q q q

1438 =
" {1—q+1+612+1—q:"’+1+q4Jr }

1+ 8%¢(p) {¢” + 3¢ + 3¢ + 3¢ + ..},

where p is any odd number, ¢(p) the sum of the factors of p, there flows as a
Corollary the celebrated theorem of Fermat, that every number is the sum of
four squares.

HALLE, PRINTED BY THE GEBAUERS.
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CORRIGENDA.

I wish to beg the kind reader to correct before reading the following graver
errors which have crept in:

P. 3. line 11. read M for 12], twice. ,

A 1-k A 1—=x

— 7. — 7. for Em read Em

— 8. for k? read x2.

— 8. — 6. for Vk.z read vk, z, twice.

— 9. U and V must be interchanged everywhere.

— 10. — 2. 4. 6. for —vk read +Vk.

— 17. — 8. for a’'y, by read a’'y?, b"y>.

2m—+1 k,2m+1
— 22. — 12. for read \
pim—1) pim—1)
— 13. for = read ETEa
3 3
— 23. — 17. for u(Zv +v%) read u(Zv+u )

v? v
— 25. — 17. for (1 + 2a)? read (1 + 2a)3.
— 29. — 5. for +v* read —v*.
— 7. for: v loco u, read: u loco v.
— 18. for (1 — u?v?) read (1 — 4u?v?).

5 5Yy —
last line, for: wut vyt read wutv)y - .
u?(1 4 udv) + .. u?(1+udv) — ..
— 31— 2. for °

read .
v/1 — k2 sin ¢2 v/1 — k2 sin ¢2
— 35. — 10. 11. for k read k'.
last line, for profecti read perfecti.

n—1

— 39. — 16. for M read (—1)"=z M.
—47. —10. for {...}” read {...}".

NE"
— 51. — 8. delete \/;, add:

[N k™ 1K 8K dn—- 1)K
=4/ ——.cosam(u)cosam (u+ — |cosam (u+ — | ..cosam | u + ————
Ak n n n

)\I
— 9. delete \/;, add:
N 4K SK 4n—-1)K
=4/ Aam(u)Aam (u+ — ) Aam (u+ — | ..Aam u—l—u )
k'n n n o

p. 60. line 19. for v/1 — X222 read /1 — A2y2.
— 63. — 6. for sin? amu read yy.
— 12. for earum read earumgque.
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2m/i K’ 2m/i K’
— 64. — 21. for me read me .
nM

n
— 67. — 17. for —1922/\4 read +192)%.
!

1 M=, 1 A2,
— 76. — 4. for T read e 2
14+ A 14 A2
— 79. — 10. for ()\_)\3> read (A—X3> .
3K/ 3K
— 80. — 9. for —— read 75

— 12. for k*k'? read 4k*k’?, for k'?(1 — k’)? read 4K"?(1 — K')%.
— 14. for k°(1 — k')? read k°(1 + k')

— 88. — 11. for —¢° read —2¢°.

— 94, — 11. for k) read £®).

— 98. last line but one, for opposuisse read apposuisse.

— 104. — 4. for — 8¢ read — 8¢ .

( i +4¢?) (1+9q)?

2 2
— 105. — 1. for —l—oqlo read —quo.
— 107. — 8. for formula read unde formula.
— 18. for evolutas, — — nanciscimur read evolutae — nanciscuntur.

2K\ ° 2K\ *
—108. — 1. for { — ] read [ — | .

T T
— 111. last line, for quem read quam.

2K 2FE! 2K 2FE!

— 114. — 12. for ——. — read —3.—. —.

117 8. for 3329 read 3229.
— 15. for +32k? read +23k2.
— 20. for II(2n — 2) read II(2n — 1).
d?sinamu i d?sin™ amu
e rea g2 .
— 118. — 8. for —2 read —2k2.
— 10. for —32(1 + k?) read —32k%(1 + k).
1 1
— 120. — 17. for (2K g - % e read <2K - 2E>
T m T 0 T
— 124. — 7. for sinam(u — v)— read sinam(u + v)—.
last line but two, Tayloriana read Tayloriano.
— 125. — 10. for —2 read —.
— 128. last line but one, for 2.4.6.7 read 2.4.6.8.
—131. — 1,2, 3 for (—1)"2"~1, (—1)"4"~1, (—=1)"6" ! read (—1)" 12271
(_1)n7142n71, (_1)7171627171.

2K 2n—1 2K 2n—2
—17,8,9 for [ — read <) .
s T

p- 132. line 14. for tang am u read 7 tang am u.

— 144. — 7. for 1 — k?sin? am u. sin? ¢ read 1 — k2 sin® am a. sin® am v.
— 152. — 7. for quibos, tranis read quibus, transis.

— 154. — 11. for Z(u) — Z(u+ a) read Z(u) + Z(a) — Z(u + a).

— 158. — 10. in the denominator for 1 — k2.. read 1 + k2..

last line, for
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— 159. — 14. for —II(u,u + b) read —II(u,a + b).

— 160. — 15: delete 2), 3).

—164. —10. for {(1 — ¢)(1 — ¢*)(1 — ¢°)..} read {(1 — ¢)(1 — ¢*)(1 — ) ..}".
— 169. — 10. for iuZ read iaZ.

— 171. — 21. for classem read in classem.

— 172. — 1. for E read Et.

— 6. for II(u + ¢, a + ib) read II(u + iv, a + ib).

— 174. — 2. for sinam u read sin am u.Ou.
— 176. last line but two, for Quam read Quem.
— 178. — 1. for varie read serie.

— 180. — 8. for Quam read Quem.

REAL TRANSFORMATIONS OF ELLIPTIC FUNC-
TIONS AND THEIR COMPLEMENTARY AND
SUPPLEMENTARY ONES. (g. 25.)

115

A. FIRST TRANSFORMATION WITH THE SUPPLE-
MENTARY.

2K 4K -1
a) A= k"sin* coam ~— sin* coam —. ... sin* coam (n) K {M.E}
n n n
25N’ 43N -1
aa) k= \"sincoam "~ sin® coam ——. . .. sin* coam (n ) i {M.\}
)\n
= M.}
20’ 4N -1 {
A4amA4am....A4am<n )A’
n n n
2K 4K -1
sin? coam — sin? coam —. . . . sin® coam (n K
n n n
b) M= {M.k}
2K 4K -1
sin® am — sin? am —. .. . sin? am (n K
n n n
A 4N’ -1
sin? coam — sin? coam ....sin% coam (n > A
bb) — — o " o (M. X}
M 2/ 4N’ -1 '
K sin® am — sin® am —. .. .sin% am <n )A’
n n n

115 Bditorial note: The folded leaf is printed in four panels: A and B side by side above,
and the two complementary panels below. They are transcribed here in the logical order A,
complementary to A, B, complementary to B. The braces at the right margin are printed as
{M.k} and so on.
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sinam(u, k) = x; sinam (%,)\) =y; sinam(nu,k) =

" 4K K -1
¢) y=(-1)"7T 1/’1\51namu51nam<u—|—n> sin am (u—!— 8n>....sinam<u—|—4<n )K) {M.}

T 1 TT 1 TT ]

M\l ., 2K ., AK || —

M sin? am — sin? am — sin’ am (n 1) K
n n

2K 4K
(1k2sin2amxx) (1k2s,in2amxx) (1k251n am< >
n n
) —1/)\—n1n m —~ sin am u+4iA’ in am £+8iA' in am {M
cc) z =/ sinam - sina i — ) sina 7 ~ .sina - .

nMy 1+L2A, 1+— i+ v

4A -
tg? am — tg?am — tg? am (nl> N
n n n
2N’ 4N’ -1
(1 + A2tgZam nyy) <1 + A2tg?am nyy) e (1 + A2tg2am <nn) A’yy>

COMPLEMENTARY TRANSFORMATIONS.

21K 4K -1
a) X = k" sin? coam 22 sint coam == . ... sin* coam <n > iK {M. K}
n n
k/n
= {M.k}
2K 4K -1
Atam — A%am A%a (n ) K
n n n
AN 4N -1
aa) k' = \N"sin? coam ~—— sin* coam —. .. . sin® coam (n ) AN {M. N}
n n

b) and bb) the same as above.

sinam(u, k') = x; sinam (%, )\’) =vy; sinam(nu,k’) =z

116 Bditorial note: In aa) the exponent of the last sin is badly inked and looks like a prime;
it is read as the exponent 4 of the other factors.
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k™ 4(n—1
c) y= g/7sinamusinam(u+4iK)Sinam(u+8iK)....sinam (u+ (n)zK> {M.K'}
n

x 14 TT 14 T 14 TT
M 2K 4K |7 —
M tg? am — tg? am — tg? am <nl> K
n n n
_ {M.k}

2K 4K -1
(1 + k2 tg? am a:x) <1 + k2 tg? am x;v) e <1 + k2 tg? am (n) K:vm)
n n n

B I u o, u AN u 8N . u 4n-1) ,
cc) z=(—1)> i Sinam orsinam | 37 + — |sinam | -+ —= | ...sinam M—FTA 1

My 1= —o - L= T
n—
sin am — sin? am — sin? am < ) A
= & & " (M. N}

2N/ 4N’ —1
(1 — X2sin? am nyy) (1 — X2sin% am nyy) e <1 — XM2sin? am (nn) A’yy>

A K K
M’ M
n—1
17 Bditorial note: In the first line of ¢) the factor (—1) 2 is absent in the print, whereas it
is printed in the first line of cc) and in the right-hand panel.

vy

117
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B. SECOND TRANSFORMATION WITH THE SUPPLE-
MENTARY.

K’ 4iK’ -1
a) = k"sin® coam sin® coam ——— . . .. sin* coam <n> iK' {M.k}
n
kn
= M.k}
2K’ 4K’ -1 {
A*am Atam ....A%am (n )K’
n n n
4A -1
aa) k= \"sin* coam ~— sin* coam —....sin* coam (n ) A {M.)}
!/ ! n — 1
sin? coam sin? coam ....sin” coam () K’
n n
b) M = {M. K}
’ 2K’ 4K’ -1
sin? am sin? am ....sin? am (n > K’
n n n
2A 4A -1
sin? coam ~— sin® coam —. . .. sin? coam (n ) A,
bb) —o = n & o (M. N}
nM .o 2N ., 4A 9 (n — 1> '
’ sin®am — sin“am —....sin"am | —— | A,
n n n

sinam(u, k) = z; sinam <Z\Z’ )\’> =y; sinam(nu,k) =z

ko , 4iK"\ . 8iK' ) 4(n—1)
c) y= )\—smamusmam u+ o sinam | u + " ...slnam U+T2K

T Trr rx Trxr

A 1+72 VG 1+ ; 1K 1+
’ tg® am tg® am
n

—1
tg? am (n) K’
n

n

2K’ 4K’ -1
<1 + k2tg?am xm) (1 + k2tg%am mc) e (1 + k2tg?am (n) K’:m‘)
n n

cc) Z*(fl)%l\/)\’nsinamisinam o AA sin i+8—A’ sin am
B k M, M n M n )

)

Yy vy

1-—

Y
M .o 2A ,  4A
’ Sin— am

] “ e - ] n _ 1
sin® am — sin? am A
n n
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COMPLEMENTARY TRANSFORMATIONS.

2K’ 4K’ -1
a) X = ksin® coam sin? coam ....sin* coam <n> K’ {M.K'}
: n n n

n 2iA 4iA . —1\.
aa) k' = \"sin* coam % sint coam —. . . .sin* coam <n > il {M. )X}
: n " :

A"
- , (M)}

A4am2—A’A4am4A’....A4am (nl)/\
n n

b) and bb) the same as above.

sinam(u, k') = x; sinam (JZ,X) =y; sinam(nu,k’) =z

w1 K™ 4K’ K’ 4(n—1
c) y:(fl)Tl 7sinamusinam (u+ )sinam <u+8 )....sinam <u+(n)K') {M
n n n

T 1 Tx 1 Tx Tx
M 2K’ o ! n—1
’ sin? am sin? am sin? am < > K’
n n ‘
= 7 1 {M' k/_
<1 — k2 sin? am

2K 4K’ -1
mx) (1—k;’2 sin? am xx) (1—k’2sin2 am <n ) K’a:x)
n n n
) = —)\:" inam | — | sinam [ — + 4id, inam [ — + Bid, inam | — + 74(n -1 iA
cc) 2=/ sina i sin a i — | sina i — ) ....sina i3 i,

aMy |1+ —2 1+ —2 | |1+ Yy
’ 9 2A 9 4A n—1
tg®am — tg® am — tg? am A
n n u ,
- 27 A n—1 {MAY
<1 + M2 tg? am yy) (1 + M2 tg? am ’yy) <1 + M tg? am <> A,yy>

U8 Editorial note: In cc) the third factor of the first line is printed sin (...) without am; the

numerator of the second line is printed % where the complementary panel has nM y; and

the second factor of the denominator is printed with A\’? without the sub-comma. All are kept
as printed; apparent misprints.

205



n—1
instead

119 Bditorial note: In the numerator of the last line of cc) the fraction is printed

-1
ofn

; an apparent misprint. The marker of that line is printed without the sub-comma.
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