
Theory of algebraic functions of one variable.
(By Messrs. R. Dedekind in Braunschweig and H. Weber in Königsberg.)

Introduction.
The investigations communicated below have the aim of founding the theory of
the algebraic functions of one variable, which is one of the principal results of
Riemann’s creation, from a simple and at the same time rigorous and completely
general point of view. In the investigations on this subject so far, certain re-
strictive assumptions are as a rule made about the singularities of the functions
under consideration, and the so-called exceptional cases are either mentioned in
passing as limiting cases or else set aside altogether. Likewise certain principles
about continuity and expandability are admitted, whose evidence rests on geo-
metric intuition of various kinds. A secure basis for the fundamental notions, as
well as for a general treatment of the theory without exceptions, can be gained
if one starts from a generalization of the theory of the rational functions of one
variable, in particular of the theorem that every integral rational function of
one variable can be decomposed into linear factors. This generalization is sim-
ple and well known in the first case, in which the number denoted by Riemann
by p (the genus according to Clebsch) has the value zero. For the general case,
which is related to the one just mentioned as the case of the most general al-
gebraic numbers is to that of the rational numbers, the methods applied with
the best success in the theory of numbers, which attach to Kummer ’s creation
of the ideal numbers, and which are capable of

transfer to the theory of functions, pointed out the right way∗).
If, in analogy with the theory of numbers, one understands by a field of

algebraic functions a system of such functions of such a nature that the appli-
cation of the four species to functions of the system always leads to functions of
the same system, then this notion coincides completely with that of Riemann’s
class of algebraic functions. Among the functions of such a field any one may be
regarded as the independent variable and the rest as dependent on it. For each
of these “modes of representation” there results a system of functions of the
field, to be designated as integral functions, whose quotients exhaust the whole
field. Among these integral functions one can now again single out groups of
functions which possess the characteristic marks of those integral rational func-
tions that have a common divisor. Such a divisor does not, it is true, exist in
the general case; but if one attaches the relevant theorems about rational func-
tions not to the divisor itself but to the system of the functions divisible by it,
then they admit a complete transfer to the general algebraic functions. In this
way one arrives at the notion of the ideal, a name that comes from Kummer ’s
number-theoretic works, where the non-existent divisors are introduced into the
calculation as “ideal divisors”.

Although the present work is by no means concerned with “ideal” functions,
but all operations are carried out only on systems of actually existing functions,
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it nevertheless seemed expedient to retain the name “ideal”, which is already
customary in the theory of numbers.

With these ideals, after a proper explanation of multiplication, one can cal-
culate entirely by the same rules as with rational functions.

*) The ideal numbers were first introduced by Kummer in the memoir: Zur
Theorie der complexen Zahlen (Crelle’s Journal, vol. 35); a further continuation
and a general exposition of the theory of algebraic numbers is to be found in the
second and third editions of Dirichlet’s lectures on the theory of numbers, as well
as in the memoir by Dedekind: Sur la théorie des nombres entiers algébriques
(Paris 1877. Reprint from the Bulletin des Sciences math. et astron. of Darboux
and Hoüel). A knowledge of these writings, however, is nowhere presupposed
in our work.

From oral communications it has now become known to us that Kronecker,
years ago already, with reference to the works of Weierstrass, undertook inves-
tigations which rest on the same foundation as ours.

In particular there results the theorem that every ideal is decomposable in
one single way into factors which themselves cannot be decomposed further and
are therefore called prime ideals. These prime ideals correspond to the linear
factors in the theory of integral rational functions. On their basis one arrives
at a completely precise and general definition of the “point of the Riemann
surface”, i.e. of a perfectly determined system of numerical values which can be
assigned to the functions of the field without contradiction.

A formal definition of the differential quotient founded on this then leads to
the genus number and to a quite general, elegant representation of the differen-
tials of the first kind. To this is attached the proof of the Riemann-Roch theorem
on the number of arbitrary constants in a function determined by its points of
infinity, and the theory of the differentials of the second and third kinds. Up to
this point the continuity and expandability of the functions investigated come
into consideration in no way whatever. There would, e.g. nowhere remain a gap
if one wished to restrict the domain of the numbers used to the system of the
algebraic numbers. Thereby a well delimited and fairly comprehensive part of
the theory of algebraic functions is treated solely by means belonging to its own
sphere.

Admittedly all these results follow with a far smaller expenditure of means,
and as special cases of a far-reaching generality, from Riemann’s theory; but
it is known that this theory still offers certain difficulties as regards a rigorous
foundation, and until these difficulties have been completely overcome, the way
we have taken, or at least a related one, may well be the only one that leads
to the goal for the theory of algebraic functions with satisfactory rigour and
generality. Thus the theory of ideals itself would be extraordinarily simplified
if one were willing to presuppose the notion of the Riemann surface, and in
particular that of a point of it, together with the intuitions founded on the
continuity of algebraic functions. In our work, conversely, the theory of ideals
is founded algebraically by a long detour, and from it a perfectly precise and
rigorous definition of the “point of the Riemann surface” is obtained, which
can also serve as a basis for the investigation of continuity and of the questions
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connected with it. These questions,
to which those relating to the Abelian integrals and the moduli of periodicity

also belong, remain excluded from our investigation for the time being. We hope
to return to them on another occasion.

Königsberg, 22 October 1880.

Part I.
ğ 1. Fields of algebraic functions.
A variable θ is called an algebraic function of an independent variable z if it
satisfies an irreducible algebraic equation

F (θ, z) = 0 (1.)

Here F denotes an expression of the form

F (θ, z) = a0θ
n + a1θ

n−1 + · · ·+ an−1θ + an,

in which the coefficients a0, a1, . . . an are integral rational functions of z without
a common divisor. The assumed irreducibility of equation (1.) implies that θ
does not satisfy an equation of lower degree with respect to θ, and, as follows
from the algorithm of the greatest common divisor, that if

G(θ, z) = b0θ
m + b1θ

m−1 + · · ·+ bm−1θ + bm = 0

is a second equation which θ satisfies, G(θ, z) must be algebraically divisible by
F (θ, z). It can now be shown that G(θ, z) cannot be of lower degree than F (θ, z)
with respect to z either, and is of the same degree only if a factor independent of
z can be split off from G(θ, z). Let us assume that the coefficients b0, b1, . . . bm
have been freed of common factors, and denote by

H(θ, z) = c0θ
m−n + c1θ

m−n−1 + · · ·+ cm−n

the quotient of G by F , freed of its denominator; then

kG(θ, z) = F (θ, z).H(θ, z),

where k is an integral rational function of z, and comparison of the coefficients
gives

kb0 = a0c0,

kb1 = a0c1 + a1c0,

kb2 = a0c2 + a1c1 + a2c0,

· · · · · · · · · · · ·

where the c0, c1, . . . cm−n may likewise be assumed to be without a common
divisor.
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From this it follows first that k must be constant and may be set = 1; for if
a0, a1, . . . ar−1, c0, c1, . . . cs−1 are divisible by some linear factor of k, and ar, cs
are not divisible, then it follows from

kbr+s = · · · ar−1cs+1 + arcs + ar+1cs−1 + · · ·

the contradiction that arcs would have to be divisible by the same linear factor.
But from this it follows further that the degree of G(θ, z) with respect to z is
equal to the sum of the degrees of F and H with respect to z; for if ar, cs are
the first among the coefficients a, c whose degree reaches the maximum value,
then it follows again from

br+s = · · · ar−1cs+1 + arcs + ar+1cs−1 + · · · ,

that the degree of br+s is equal to the sum of the degrees of ar and cs.
If one divides equation (1.) by a0, it can also be put in the form

f(θ, z) = θn + b1θ
n−1 + · · ·+ bn−1θ + bn = 0, (2.)

where the coefficients b1, b2, . . . bn may also be fractional rational functions of z.
The system of all rational functions of θ and z, Φ(θ, z), has the property

that its individuals reproduce themselves under the elementary operations of
calculation, addition, subtraction, multiplication and division, and this system
is therefore designated as a field of algebraic functions Ω of degree n. If first
φ(θ) is an integral rational function of θ whose coefficients depend rationally on
z, then by algebraic division one can determine two functions of the same kind,
q(θ), r(θ), of which the second does not exceed the degree n− 1, such that

φ(θ) = q(θ)f(θ) + r(θ)

or, because of (2.),
φ(θ) = r(θ).

If φ(θ) is not divisible by f(θ), then these two functions (because of the assumed
irreducibility of f(θ)) have no divisor in common, and therefore by the method
of the greatest common divisor two functions f1(θ), φ1(θ) can be determined
such that

f(θ)f1(θ) + φ(θ)φ1(θ) = 1,

hence, because of (2.),
φ1(θ) =

1

φ(θ)
.

From these two remarks, taken together with the assumption of the irreducibility
of f(θ), there results the following

Theorem. Every function ζ of the field Ω can be put in one single way into
the form:

ζ = x0 + x1θ + · · ·+ xn−1θ
n−1,
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where the coefficients x0, x1, . . . xn−1 are rational functions of z. Conversely,
every function of this form belongs, as a matter of course, to the field Ω.

If one chooses from among the functions of the field Ω n arbitrary ones:

η1 = x
(1)
0 + x

(1)
1 θ + · · ·+ x

(1)
n−1θ

n−1,

η2 = x
(2)
0 + x

(2)
1 θ + · · ·+ x

(2)
n−1θ

n−1,

· · · · · · · · · · · ·

ηn = x
(n)
0 + x

(n)
1 θ + · · ·+ x

(n)
n−1θ

n−1,

but in such a way that the determinant

Σ± x
(1)
0 x

(2)
1 . . . x

(n)
n−1

is not identically zero, then it follows that every function of the field Ω can also
be represented in the form

ζ = y1η1 + y2η2 + · · ·+ ynηn,

whose coefficients y1, y2, . . . yn are rational functions of z. Such a system of
functions η1, η2, . . . ηn shall be called a basis of the field Ω.

For a system of functions η1, η2, . . . ηn of the field Ω to form a basis of it, it
is necessary and sufficient that there exist among them no equation (identity)
of the form

y1η1 + y2η2 + · · ·+ ynηn = 0

in which the coefficients y1, y2, . . . yn do not all vanish. For example, the func-
tions 1, θ, θ2, . . . θn−1 form a basis of Ω.

ğ 2. Norms, traces and discriminants.
If one chooses an arbitrary basis η1, η2, . . . ηn for the representation of the func-
tions of Ω, then, if ζ denotes any function in Ω, one can set:

ζη1 = y1,1η1 + y1,2η2 + · · ·+ y1,nηn,

ζη2 = y2,1η1 + y2,2η2 + · · ·+ y2,nηn,

· · · · · · · · · · · ·
ζηn = yn,1η1 + yn,2η2 + · · ·+ yn,nηn,

(1.)

where the coefficients yι,ι′ are rational functions of z. From this there results
the equation ∣∣∣∣∣∣∣∣

y1,1 − ζ, y1,2, . . . y1,n
y2,1, y2,2 − ζ, . . . y2,n
· · · · · · · · · · · ·
yn,1, yn,2, . . . yn,n − ζ

∣∣∣∣∣∣∣∣ = 0, (2.)

which, ordered by powers of ζ, has the shape

φ(ζ) = ζn + b1ζ
n−1 + · · ·+ bn−1ζ + bn = 0 (3.)
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and, as follows without difficulty from the multiplication theorem of determi-
nants, is entirely independent of the choice of the basis η1, η2, . . . ηn taken as
foundation. Of the coefficients b1, b2, . . . bn of the function φ, which are all ratio-
nal functions of z and are completely determined by the function ζ, two which
are of importance in what follows shall be distinguished by special names. The
function

(−1)nbn =

∣∣∣∣∣∣∣∣
y1,1, y1,2, . . . y1,n
y2,1, y2,2, . . . y2,n
· · · · · · · · · · · ·
yn,1, yn,2, . . . yn,n

∣∣∣∣∣∣∣∣ (4.)

is called the norm of the function ζ, and is denoted by N(ζ). The following
theorems hold for this function.

1. The only function whose norm vanishes identically is the function “zero”;
for if one makes the assumption in the system (1.) that N(ζ) = 0, it follows
that a system of rational functions of z which do not all vanish, y1, y2, . . . yn,
can be determined such that

ζ(y1η1 + y2η2 + · · ·+ ynηn) = 0,

hence, since η1, η2, . . . ηn form a basis of Ω, ζ = 0.
2. The norm of a rational function of z is the nth power of this function.

For if ζ is rational, the equations (1.) reduce to the identities ζηh = ζηh, from
which N(ζ) = ζn follows.

3. If ζ ′ is any second function of the field Ω and the system of equations for
this function corresponding to the system (1.) is

ζ ′ηh =
ι

Σy′h,ιηι,

then it follows:

ζζ ′ηh =
ι,ι′

Σ y′h,ιyι,ι′ηι′

1 and from this, by the multiplication theorem of determinants,

N(ζζ ′) = N(ζ)N(ζ ′).

4. From 2. and 3. it follows:

N(ζ)N
(1
ζ

)
= 1,

hence:
N
( ζ
ζ ′

)
=

N(ζ)

N(ζ ′)
.

1Editorial note: Over the second y the print shows a small malformed mark; it is not clear
from the print whether it is a prime or stray ink. Set unprimed, as the composition of the
two systems requires.

6



5. Finally there results from the definition of the function φ, (2.), (3.), the
important theorem: If t is an arbitrary constant (or also a rational function of
z), then

φ(t) = N(t− ζ).

Next, the function

−b1 = y1,1 + y2,2 + · · ·+ yn,n (5.)

shall be called the trace of ζ and denoted by S(ζ). For it the following theorems
result immediately from the definition:

S(0) = 0, (6.)

S(1) = n. (7.)
And if x denotes a rational function of z, and further ζ, ζ ′ two functions in

Ω:
S(xζ) = xS(ζ), (8.)

S(ζ + ζ ′) = S(ζ) + S(ζ ′). (9.)
It has resulted from this consideration that every function ζ in Ω satisfies

an equation of the nth degree, φ(ζ) = 0, whose coefficients depend rationally on
z. If this equation is irreducible, the functions 1, ζ, ζ2, . . . ζn−1 form a basis of
Ω. In the other case let

φ1(ζ) = ζe + b′0ζ
e−1 + · · ·+ b′e−1ζ + b′e = 0 (10.)

2 be the equation of lowest degree, with coefficients rational in z, which the
function ζ satisfies, and consequently φ1(ζ) = 0 irreducible, e < n.

Since φ(ζ) nevertheless vanishes, φ(ζ) must be algebraically divisible by
φ1(ζ), and as in ğ 1 it follows that every rational function η of z and ζ can be
represented in the form

η = x0 + x1ζ + · · ·+ xe−1ζ
e−1,

whose coefficients x0, x1, . . . xe−1 depend rationally on z∗). Now if

θf + η1θ
f−1 + · · ·+ ηf−1θ + ηf = 0

is the equation of lowest degree which θ satisfies, with coefficients depending
rationally on z and ζ, then between the e.f functions

ζhθk (h=0, 1, ... e−1; k=0, 1, ... f−1) (11.)

there exists no linear equation with coefficients depending rationally on z, while
every function in Ω can be represented linearly by these functions with coeffi-
cients depending rationally on z. It follows from this that they form a basis of
Ω, and that accordingly

e.f = n,

2Editorial note: Printed b′0 as the coefficient of ζe−1; the monic equation and the remaining
coefficients b′e−1, b′e require b′1. An apparent misprint.
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hence e is a divisor of n.
If one applies the basis (11.) to setting up the norm of ζ, one easily recognizes

by means of equation (10.) that

N(ζ) = ((−1)eb′e)
f = (−1)nb′fe

holds. Since further, for an arbitrary constant t, the function ζ − t satisfies an
equation of the same degree as ζ, there results the theorem:

10.3 The function φ(t) (3.) is either irreducible or an integral power of an
irreducible function.

If η1, η2, . . . ηn is an arbitrary system of n functions in Ω, no matter whether
it forms a basis or not, we introduce a rational function of z belonging to this
system, which we designate as its discriminant, ∆(η1, η2, . . . ηn), and define as
follows

∆(η1, η2, . . . ηn) =

∣∣∣∣∣∣∣∣
S(η1η1), S(η1η2), . . . S(η1ηn)
S(η2η1), S(η2η2), . . . S(η2ηn)

· · · · · · · · · · · ·
S(ηnη1), S(ηnη2), . . . S(ηnηn)

∣∣∣∣∣∣∣∣ . (12.)

The discriminant is not identically zero if and only if the functions η1, η2, . . . ηn
form a basis of Ω.

*) From the equation φ1(ζ) = 0 there arises a field of algebraic functions Ω1

of degree e, whose functions are all at the same time contained in the field Ω,
and which can therefore be designated as a divisor of the field Ω.

To prove the first part of this assertion, we assume that ∆(η1, η2, . . . ηn) = 0.
Under this assumption a system of rational functions y1, y2, . . . yn of z, which
do not all vanish identically, can be determined such that

y1S(η1ηk) + y2S(η2ηk) + · · ·+ ynS(ηnηk) = S(ηk(y1η1 + y2η2 + · · ·+ ynηn)) = 0.

(k=1, 2, ... n)

If one therefore chooses a system of rational functions x1, x2, . . . xn of z quite
arbitrarily and sets:

y1η1 + y2η2 + · · ·+ ynηn = η,

x1η1 + x2η2 + · · ·+ xnηn = ξ,

it follows:
S(ξη) = 0.

But if the functions η1, η2, . . . ηn form a basis of Ω, then ξ can be any function
whatever in Ω, hence, since η does not vanish, for example also 1

η
. But then

the last equation is certainly not satisfied, and therefore under this assumption
the discriminant of η1, η2, . . . ηn can not vanish identically.

Let us keep to the assumption that η1, η2, . . . ηn is a basis of Ω, and set:

η′k = x1,kη1 + x2,kη2 + · · ·+ xn,kηn, (k=1, 2, ... n)

3Editorial note: Printed 10. although the preceding propositions of this ğ are numbered
1. to 5.; 6. expected. An apparent misprint.
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then the functions η′1, η′2, . . . η′n form a basis of Ω or not, according as the deter-
minant of the rational functions xh,k of z

X = Σ± x1,1x2,2 . . . xn,n

is different from zero or not. Now, however,

S(η′hη
′
k) =

ι,ι′

Σ
1,n
xι,hxι′,kS(ηιηι′),

and from this, by the multiplication theorem of determinants, there results the
fundamental theorem on discriminants

∆(η′1, η
′
2, . . . η

′
n) = X2∆(η1, η2, . . . ηn), (13.)

from which the correctness of the second part of the above assertion also becomes
clear, that the discriminant of a system of functions always vanishes identically
when it does not form a basis of Ω.

ğ 3. The system of integral functions of z in the field Ω.
Definition. A function ω of the field Ω shall be called an integral function of z
if in the equation of lowest degree which it satisfies according to ğ 2:

φ(ω) = ωe + b1ω
e−1 + · · ·+ be−1ω + be = 0, (1.)

the coefficients b1, b2, . . . be are integral rational functions of z; in the opposite
case let it be called a fractional function. The totality of all integral functions
of z in Ω shall be denoted by o. Since according to ğ 2 N(t− ω) is an integral
power of φ(t), it follows that for an integral function ω all the coefficients of
N(t− ω) too are integral rational functions of z, hence in particular:

1. The norm and the trace of an integral function are integral rational
functions of z.

From the definition of the integral functions there results further:
2. A rational function of z belongs to the system o if and only if it is an

integral rational function of z.
3. Every function η in Ω can be converted into a function of the system o

by multiplication by an integral rational function of z different from zero. For
according to ğ 2 η satisfies an equation of lowest degree of the form

b0η
e + b1η

e−1 + · · ·+ be−1η + be = 0,

whose coefficients are integral rational functions of z, and by the substitution
b0η = ω this passes over into an equation of the form (1.) for ω.

4. A function ω of the field Ω which satisfies any equation of the form

ψ(ω) = ωm + c1ω
m−1 + · · ·+ cm−1ω + cm = 0,
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in which the coefficients c1, . . . cm are integral rational functions of z, is an
integral function. For if

φ(ω) = ωe + b1ω
e−1 + · · ·+ be−1ω + be = 0

is the equation of lowest degree which ω satisfies, then ψ(ω) must be alge-
braically divisible by φ(ω):

ψ(ω) = φ(ω)χ(ω),

which, as is easily shown, has the consequence that the coefficients of φ(ω)
and χ(ω) too are integral rational functions of z (Gauss, Disq. Ar. art. 42).
From this there results the fundamental theorem on integral functions:

5. Sum, difference, product of two integral functions are again integral func-
tions.

For if ω′, ω′′ are two integral functions in Ω which satisfy respectively the
equations

ω′n′
+ b′1ω

′n′−1 + · · ·+ b′n′−1ω
′ + b′n′ = 0,

ω′′n′′
+ b′′1ω

′′n′′−1 + · · ·+ b′′n′′−1ω
′′ + b′′n′′ = 0,

then, if one understands by ω1, ω2, . . . ωm the m = n′n′′ products

ω′h′
ω′′h′′

(h′=0, 1, ... n′−1; h′′=0, 1, ... n′′−1)

and by ω one of the three functions ω′ ± ω′′, ω′ω′′, one can set:

ωω1 = x1,1ω1 + · · ·+ x1,mωm,

· · · · · · · · · · · ·
ωωm = xm,1ω1 + · · ·+ xm,mωm,

where the xh,h′ are integral rational functions of z, and from this one obtains∣∣∣∣∣∣∣∣
x1,1 − ω, x1,2, . . . x1,m
x2,1, x2,2 − ω, . . . x2,m
· · · · · · · · · · · ·
xm,1, xm,2, . . . xm,m − ω

∣∣∣∣∣∣∣∣ = 0,

hence an equation for ω whose coefficients are integral rational functions of z.
As a corollary it follows from this that every integral rational function of

functions in o is itself a function of the system o.
6. An integral function ω is called divisible by another integral function ω′

if there exists a third integral function ω′′ which satisfies the condition

ω = ω′ω′′.

From this definition there follows at once:
If ω is divisible by ω′, and ω′ by ω′′, then ω is also divisible by ω′′.
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If ω′ and ω′′ are divisible by ω, then ω′ ± ω′′ is also divisible by ω, and
in general: if ω1, ω2, ω3, . . . are divisible by ω, and ω′

1, ω
′
2, ω

′
3, . . . are arbitrary

functions in o, then ω′
1ω1 + ω′

2ω2 + ω′
3ω3 + · · · is also divisible by ω.

7. If the functions η1, η2, . . . ηn form a basis of Ω, then (by 3.) one can
determine n integral rational functions of z different from zero, a1, a2, . . . an, in
such a way that

ω1 = a1η1, ω2 = a2η2, . . . ωn = anηn

are integral functions, and these likewise form a basis of Ω, since

∆(ω1, ω2, . . . ωn) = a21a
2
2 . . . a

2
n∆(η1, η2, . . . ηn)

is different from zero. There are therefore bases of Ω, ω1, ω2, . . . ωn, which
consist entirely of integral functions, and the discriminant of such a basis, since
the S(ωrωs) are integral rational functions of z, is itself an integral rational
function of z different from zero. Every function of the form

ω = x1ω1 + x2ω2 + · · ·+ xnωn, (2.)

in which the x1, x2, . . . xn are integral rational functions of z, then belongs to
the system o; but it is by no means necessary that, conversely, every function
in o be representable in this form.

Let us therefore assume that there exist in o still other functions than those
contained in the form (2.); then a linear function z − c and certain integral
rational functions x1, x2, . . . xn, not all divisible by z − c, must be capable of
being chosen such that

x1ω1 + x2ω2 + · · ·+ xnωn

z − c

is an integral function. The functions x1, x2, . . . xn can now be reduced to their
constant remainders c1, c2, . . . cn with respect to z − c, which do not all vanish,
and from this it becomes clear that

ω =
c1ω1 + c2ω2 + · · ·+ cnωn

z − c

is also an integral function. If c1 is different from zero, then the n integral
functions

ω and ω2, ω3, . . . ωn

also form a basis of Ω, and at the same time, by ğ 2 (13.),

∆(ω, ω2, . . . ωn) =
c21

(z − c)2
∆(ω1, ω2, . . . ωn),

hence of lower degree than ∆(ω1, ω2, . . . ωn). Now since these two discriminants
are integral rational functions of z, one arrives by repeated application of this
procedure finally at a basis of Ω consisting of integral
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functions, ω′
1, ω

′
2, . . . ω

′
n, whose discriminant cannot be lowered further in

degree, and which consequently has the property that every function ω in o is
contained in the form

ω = x1ω
′
1 + x2ω

′
2 + · · ·+ xnω

′
n

with integral rational functions of z as coefficients. Such a system shall be called
a basis of o.

If ω1, ω2, . . . ωn is a basis of o and

ω′
ι = xι,1ω1 + xι,2ω2 + · · ·+ xι,nωn, (ι=1, 2, ... n)

then the system ω′
1, ω

′
2, . . . ω

′
n will likewise form a basis of o if and only if the

determinant of the integral rational functions xι,ι′

X = Σ± x1,1x2,2 . . . xn,n

is a constant different from zero. For let us assume that this determinant has
some linear factor z − c; then constants c1, c2, . . . cn, not all vanishing, can be
determined such that the n integral rational functions of z

c1x1,ι + c2x2,ι + · · ·+ cnxn,ι

become divisible by z − c (i.e. vanish for z = c); but then

c1ω
′
1 + c2ω

′
2 + · · ·+ cnω

′
n

z − c

is an integral function and consequently ω′
1, ω

′
2, . . . ω

′
n is not a basis of o.

Now since on the other hand

∆(ω′
1, ω

′
2, . . . ω

′
n) = X2∆(ω1, ω2, . . . ωn)

it follows that the discriminant of a basis of o, apart from a constant factor,
is independent of the choice of this basis. One therefore obtains a perfectly
determined integral rational function of z if in the discriminant of an arbitrary
basis of o one makes the coefficient of the highest power of z = 1 by division.
This function shall be called the discriminant of the field Ω or of the system o
and denoted by ∆(Ω) or ∆(o).

ğ 4. The function modules.
In what follows we consider systems of functions which we call function modules,
or also simply modules, and define as follows.

A system of functions (in Ω) is called a module if its functions reproduce
themselves under addition, subtraction and multiplication by integral rational
functions of z.

12



If one denotes by α1, α2, . . . αm any m given functions, and by x1, x2, . . . xm
arbitrary integral rational functions of z, then the totality of all functions of the
form

α = x1α1 + x2α2 + · · ·+ xmαm

forms a module. Such a one shall be called a finite module and denoted by

a = [α1, α2, . . . αm]

The system of functions α1, α2, . . . αm is called the basis of this module.
We shall call a system of functions α1, α2, . . . αm rationally irreducible, or

the functions α1, α2, . . . αp
4 rationally independent, if an equation of the form

x1α1 + x2α2 + · · ·+ xmαm = 0

for rational x can hold only if x1 = 0, x2 = 0, . . . xm = 0. A system of functions
which forms a basis of the field Ω is therefore always rationally irreducible, and
there is no system of more than n rationally independent functions in Ω.

We now prove first the theorem:
1. Every finite module possesses a rationally irreducible basis.
Its proof results immediately from the following lemma:
If the integral rational functions y1,1, y2,1, . . . ym,1 are without a common di-

visor, then other integral rational functions y1,2, y2,2, . . . ym,m can be determined
such that

Σ± y1,1y2,2 . . . ym,m = 1∗).

*) The theorem is true and known for m = 2. Let us therefore assume it
proved form−1; then, if ∂ denotes the greatest common divisor of y1,1, y2,1, . . . ym−1,1,
we can satisfy the equation∣∣∣∣∣∣∣∣

y1,1, y2,1, . . . ym−1,1

y1,3, y2,3, . . . ym−1,3

· · · · · · · · · · · ·
y1,m, y2,m, . . . ym−1,m

∣∣∣∣∣∣∣∣ = ∂

and if we then determine the integral rational functions x, y such that

xym,1 − y∂ = (−1)m−1

it follows: ∣∣∣∣∣∣∣∣∣∣
y1,1, y2,1. . . . ym−1,1, ym,1
xy1,1

∂ ,
xy2,1

∂ , . . .
xym−1,1

∂ , y
y1,3, y2,3, . . . ym−1,3, 0
· · · · · · · · · · · · · · ·
y1,m, y2,m, . . . ym−1,m, 0

∣∣∣∣∣∣∣∣∣∣
= 1.

5

4Editorial note: Printed αp instead of αm; an apparent misprint.
5Editorial note: Printed a period after y2,1 in the first row where a comma is expected;

possibly a comma whose tail failed to ink.
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Now if the functions α1, α2, . . . αm satisfy an equation
ι

Σ
1,m

yι,1αι = 0,

in which the integral rational functions y1,1, . . . ym,1 may be assumed to be
without a common divisor, set

ι

Σ
1,m

yι,2αι = β2,

· · · · · · · · · · · ·
ι

Σ
1,m

yι,mαι = βm;

then the module [α1, α2, . . . αm] is completely identical with the module [β2, β3, . . . βm],
whose basis contains one function fewer. If the functions βι are not yet ratio-
nally independent, one can reduce them further in the same way, and one finally
arrives, provided the functions αι do not all vanish (a case which we wish to
exclude entirely from the notion of a module), at an irreducible basis. In what
follows we shall always understand by a basis simply an irreducible basis.

2. Although by the foregoing one can find very different irreducible bases for
one and the same module, the number of functions contained in such a basis is
nevertheless always the same, since in the opposite case that system of functions
which contains more functions could not be rationally irreducible. If therefore
α1, α2, . . . αm; β1, β2, . . . βm are two irreducible bases of the same module a,
then, since both the αk and the βk are contained in a:

αk =
ι

Σ
1,m

p
(ι)
k βι; βk =

ι

Σ
1,m

q(k)ι αι,

where the coefficients p, q are integral rational functions of z. But from this it
follows:

ι

Σ
1,m

q(k)ι p(h)ι = 0 or 1,

according as h is different from k or not, and from this:

Σ± p
(1)
1 p

(2)
2 . . . p(m)

m .Σ± q
(1)
1 q

(2)
2 . . . q(m)

m = 1,

and since both determinants are integral rational functions of z, they must both
be constant.

3. Definition. A module a is called divisible by a module b, or b a divisor
of a, a a multiple of b (b goes into a), if every function in a is at the same time
contained in b. b shall be called a proper divisor of a if a is divisible by b but
not identical with b∗).

From this definition there follows at once:
If a is divisible by b, and b divisible by c, then a is also divisible by c.
4. Definition. The totality m of all those functions which are contained at

the same time in two modules a, b forms, if it does not consist of the single
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function “zero”, a module (by the general definition), which is called the least
common multiple of a and b, because every module which is a multiple both of
a and of b is also a multiple of m. The least common multiple of an arbitrary
number of modules a, b, c, . . . is correspondingly the totality of all the functions
that are contained at the same time in a, b, c, . . .. One can form it by replacing,
at pleasure, any two of the modules a, b, c, . . . by their least common multiple.

5. Definition. If α is an arbitrary function in a, and β an arbitrary function
in b, then the totality of all functions of the form α+β forms a module d, which
is called the greatest common divisor of the two modules a and b. It is, if a and
b are finite modules, itself such a one. For if

a = [α1, α2, . . . αr], b = [β1, β2, . . . βs],

then
d = [α1, α2, . . . αr, β1, β2, . . . βs].

By the definition of divisibility d is a divisor both of a and of b. If conversely d′

is a divisor of a and of b, then the functions
*) The notion of divisibility of modules is formed contrary to the intuition

familiar from numbers, inasmuch as the divisor has a greater content of functions
than the multiple.

α as well as the functions β, and consequently also the functions α+ β, are
contained in d′; therefore d is divisible by d′.

The definition of the greatest common divisor of an arbitrary number of
modules now follows of itself.

6. Definition. If a is a module, α every function in a, and µ an arbitrary
function in Ω, we understand by the product µa or aµ the totality of all functions
µα, which is again a module. If

a = [α1, α2, . . . αr]

is a finite module, then

µa = [µα1, µα2, . . . µαr],

hence likewise a finite module, and from µa = µb there follows a = b if µ is
different from zero.

7. Definition. If a, b are two modules, and α, β all the functions in a, resp.
in b, we understand by the product

ab = ba = c

the totality of all products of a function α and a function β and of all sums of
such products, hence of all the functions which can be denoted by the sign

γ = Σαβ

This system of functions always forms a module, and indeed a finite one
if a and b are such. For if a and b are defined as in 5., the r.s functions
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αιβκ form a basis of c, albeit a reducible one. A product of arbitrarily many
modules a, b, c, . . . is now explained of itself, and for it the fundamental theorem
of multiplication on the interchangeability of the factors holds. If the individual
functions of such a product, whose number may be m, are equal to one another
and = a, it is denoted by am, and

am+m′
= amam

′
.

In general a product ab is not divisible by a. On the other hand the theorem
holds, whose proof follows immediately from the definition:

If a is divisible by a1, and b by b1, then ab is divisible by a1b1.
8. Definition. By the quotient b

a of two modules a, b shall be understood
the totality of all those functions γ which have the property

that γa is divisible by b. This quotient, if it does not consist of the single
function “zero”, is a module c, as becomes clear at once from the definition.
The product b

a · a is always divisible by b, though not always equal to b.

ğ 5. Congruences.
Two functions α, β are called congruent with respect to the module a

α ≡ β (mod. a),

if the difference of the two functions, α− β, is contained in the module a.
From this definition the following theorems result immediately:
1. If α ≡ β, β ≡ γ (mod. a), then α ≡ γ (mod. a).
2. If d is any divisor of a, it follows from α ≡ β (mod. a) that also α ≡

β (mod. d).
3. If α ≡ β (mod. a), and µ is an arbitrary function in Ω, then µα ≡

µβ (mod.µa) follows, and conversely the former congruence follows from the
latter if µ is different from zero.

4. If α ≡ β, α1 ≡ β1 (mod. a), then also α± α1 ≡ β ± β1 (mod. a).
If λ1, λ2, . . . λm are arbitrarily given functions in Ω, and c1, c2, . . . cm arbi-

trary constants, then the totality of all functions of the form

c1λ1 + c2λ2 + · · ·+ cmλm

is called a family and is denoted by (λ1, λ2, . . . λm). The system of functions
λ1, λ2, . . . λm is called the basis of the family. The functions λ1, λ2, . . . λm are
called linearly independent, or their system linearly irreducible, if an equation
(identity) of the form

c1λ1 + c2λ2 + · · ·+ cmλm = 0

cannot hold otherwise than if the constant coefficients c1, c2, . . . cm all vanish.
Accordingly the theorem holds that every family possesses a linearly irre-

ducible basis. For if c1λ1 + c2λ2 + · · · + cmλm = 0 and c1 is different from
zero, then the family (λ1, λ2, . . . λm) is identical with the family (λ2, λ3, . . . λm),
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whose basis contains one function fewer. If this is not yet linearly irreducible,
one can continue the inference in the same way. Here too, in

what follows, a basis shall be understood simply as an irreducible basis. The
number of functions contained in an irreducible basis of a family is always the
same and is called the dimension of the family. If m is the dimension, the
family is also called an m-fold one. Any m functions of such a family form an
irreducible basis of it if and only if they are linearly independent.

The functions λ1, λ2, . . . λm are called linearly independent with respect to
the module a if a congruence of the form

c1λ1 + c2λ2 + · · ·+ cmλm ≡ 0 (mod. a)

holds for no constant coefficients c1, c2, . . . cm other than vanishing ones. Two
sums of the form Σcιλι with different values of the constant coefficients cι are
then also always incongruent with respect to the module a.

Now let a and b be two modules, and let it first be assumed that there exist in
b only a finite number of functions λ1, λ2, . . . λm which are linearly independent
with respect to the module a. Every function β in b then satisfies one and only
one congruence of the form

β ≡ c1λ1 + c2λ2 + · · ·+ cmλm (mod. a)

with constant coefficients c1, c2, . . . cm. The family (λ1, λ2, . . . λm) can therefore
be called a complete system of residues of the module b with respect to the module
a, and λ1, λ2, . . . λm a basis of it, and in symbolic notation one can set:

b ≡ (λ1, λ2, . . . λm) (mod. a).

If one chooses in b any system of m functions λ′1, λ′2, . . . λ′m, then m congru-
ences hold

λ′h ≡
ι

Σkh,ιλι (mod. a)
with constant kh,ι, and this system forms a basis of a complete system of residues
of b with respect to a if and only if the determinant

Σ± k1,1k2,2 . . . km,m

is different from zero.

ğ 6. Norm of a module with respect to another.
If (λ1, λ2, . . . λm) is an arbitrary complete system of residues of a module b with
respect to another, a, then, because zb is divisible by b,

there results a completely determined system of m2 constants ch,k by which
the congruences are satisfied:

zλ1 ≡ c1,1λ1 + c2,1λ2 + · · ·+ cm,1λm

zλ2 ≡ c1,2λ1 + c2,2λ2 + · · ·+ cm,2λm

· · · · · · · · · · · ·
zλm ≡ c1,mλ1 + c2,mλ2 + · · ·+ cm,mλm

 (mod. a)
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and by solving this system one recognizes that every function λι, and conse-
quently every function β of the module b, is converted into a function of the
module a by multiplication by the integral rational function of z of the mth

degree

(b, a) = (−1)m

∣∣∣∣∣∣∣∣
c1,1 − z, c2,1, . . . cm,1

c1,2, c2,2 − z, . . . cm,2

· · · · · · · · · · · ·
c1,m, c2,m, . . . cm,m − z

∣∣∣∣∣∣∣∣
This function (b, a) is, as follows easily from the multiplication theorem of deter-
minants, independent of the choice of the basis λ1, λ2, . . . λm, hence dependent
only on the two modules a, b, and shall be called the norm of a with respect to
b.

If every function in b is at the same time contained in a, hence b divisible
by a, then m = 0 and (b, a) = 1 is to be set. If on the other hand b does not, as
assumed above, contain a finite number of functions linearly independent with
respect to a, then it shall be stipulated that (b, a) = 0.

1. If m is the least common multiple and d the greatest common divisor of a
and b, then every congruence between functions of the module b with respect to
the module a is completely equivalent to the congruence of the same functions
with respect to the module m; on the other hand every function in b is congruent
to a function in d, and conversely every function in d to a function in b, with
respect to the module a. From these remarks there results at once the important
theorem:

(b, a) = (b,m) = (d, a),

which remains true also when (b, a) = 0.
2. If the module a is divisible by the module b, and this by the third module

c, then
(c, a) = (c, b)(b, a).

The theorem is evidently true if of the two norms (c, b), (b, a)
one vanishes. If this is not the case, and

c ≡ (ϱ1, ϱ2, . . . ϱr) (mod. b),
b ≡ (λ1, λ2, . . . λs) (mod. a),

then the functions ϱ1, ϱ2, . . . ϱr, λ1, λ2, . . . λs taken together are linearly inde-
pendent with respect to the module a; for if

ι

Σcιϱι +
ι

Σc′ιλι ≡ 0 (mod. a),

then, since a is divisible by b and the functions λι are contained in b, it follows
ι

Σcιϱι ≡ 0 (mod. b), hence cι = 0,
ι

Σc′ιλι ≡ 0 (mod. a), hence c′ι = 0.
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Since further every function γ in c satisfies a congruence of the form:

γ ≡ Σcιϱι +Σc′ιλι (mod. a),

the (r+s)-fold family (ϱ1, ϱ2, . . . ϱr, λ1, λ2, . . . λs) is a complete system of residues
of c with respect to a, or

c ≡ (ϱ1, ϱ2, . . . ϱr, λ1, λ2, . . . λs) (mod. a).

If therefore
zϱ1 = e1,1ϱ1 + · · ·+ er,1ϱr + β1

· · · · · · · · · · · ·
zϱr = e1,rϱ1 + · · ·+ er,rϱr + βr,

where the eι,κ are constants and the βι functions in b, hence:

(c, b) = (−1)r

∣∣∣∣∣∣
e1,1 − z, . . . er,1

· · · · · · · · ·
e1,r, . . . er,r − z

∣∣∣∣∣∣ ,
and further:

β1 ≡ h1,1λ1 + · · ·+ hs,1λs

· · · · · · · · · · · ·
βr ≡ h1,rλ1 + · · ·+ hs,rλs

zλ1 ≡ c1,1λ1 + · · ·+ cs,1λs

· · · · · · · · · · · ·
zλs ≡ c1,sλ1 + · · ·+ cs,sλs


(mod. a)

with constant coefficients hι,κ , cι,κ , hence

(b, a) = (−1)s

∣∣∣∣∣∣
c1,1 − z, . . . cs,1

· · · · · · · · ·
c1,s, . . . cs,s − z

∣∣∣∣∣∣ ,
then it follows:

zϱ1 ≡ e1,1ϱ1 + · · ·+ er,1ϱr + h1,1λ1 + · · ·+ hs,1λs

· · · · · · · · · · · ·
zϱr ≡ e1,rϱ1 + · · ·+ er,rϱr + h1,rλ1 + · · ·+ hs,rλs

zλ1 ≡ c1,1λ1 + · · ·+ cs,1λs

· · · · · · · · · · · ·
zλs ≡ c1,sλ1 + · · ·+ cs,sλs


(mod. a)

and from this

(c, a) = (−1)r+s

∣∣∣∣∣∣∣∣∣∣∣∣

e1,1 − z, . . . er,1, h1,1, . . . hs,1
· · · · · · · · · · · · · · · · · ·
e1,r, . . . er,r − z, h1,r, . . . hs,r
0 . . . 0 c1,1 − z, . . . cs,1
· · · · · · · · · · · · · · · · · ·
0 . . . 0 c1,s, . . . cs,s − z

∣∣∣∣∣∣∣∣∣∣∣∣
= (c, b)(b, a).
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3. If the basis functions β1, β2, . . . βs of a finite module b = [β1, β2, . . . βs] can
be converted into functions of a module a by multiplication by integral rational
functions of z different from zero, then the norm of a with respect to b, (b, a),
is different from zero. At the same time the least common multiple of a and b
is a finite module m, of which an irreducible basis may be assumed in the form:

µ1 = a1,1β1,

µ2 = a1,2β1 + a2,2β2,

· · · · · · · · · · · ·
µs = a1,sβ1 + a2,sβ2 + · · ·+ as,sβs,

where the coefficients aι,κ are integral rational functions of z, and indeed such
that

(b, a) = a1,1a2,2 . . . as,s.

To prove this important theorem, let us assume that a1 is the greatest com-
mon divisor of a and [β1], a2 that of a1 and [β2], and so on, so that ar is the
totality of all functions of the form

αr = α+ y1β1 + · · ·+ yrβr

where α is a function in a and y1, . . . yr are integral rational functions of z.
Then as is the greatest common divisor of a and b. Now since every module ar
is divisible by the following one ar+1, it follows from

1. and 2.

(b, a) = (as, a) = (as, as−1)(as−1, as−2) . . . (a1, a),

and it is therefore still a matter of determining (ar, ar−1). But

αr = αr−1 + yrβr ≡ yrβr (mod. ar−1),

and by the assumption there is an integral rational function xr of z, different
from zero, for which

xrβr ≡ 0 (mod. a),

hence also
xrβr ≡ 0 (mod. ar−1).

Now if ar,r is, among all the functions xr satisfying the latter congruence, one
of the lowest possible degree mr, which at the same time is assumed such that
the coefficient of the highest power of z = 1, then all the other functions xr
satisfying this congruence are divisible by ar,r; for, for an arbitrary integral
rational q,

(xr − qar,r)βr ≡ 0 (mod. ar−1),

and if xr is not divisible by ar,r, then q can be chosen such that xr − qar,r
becomes of lower degree than ar,r, contrary to the assumption.
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If one therefore sets
yr = qar,r + br,r

and determines q such that the degree of br,r becomes smaller thanmr, it follows:

αr ≡ br,rβr (mod. ar−1)

and from this
ar ≡ (βr, zβr, . . . z

mr−1βr) (mod. ar−1).

If one therefore sets for the moment:

ar,r = c0 + c1z + · · ·+ cmr−1z
mr−1 + zmr ,

λk = zk−1βr,

it follows:

zλ1 = λ2, zλ2 = λ3, . . .

zλmr ≡ −c0λ1 − c1λ2 − · · · − cmr−1λmr (mod. ar−1)

hence:

(ar, ar−1) = (−1)mr

∣∣∣∣∣∣∣∣∣∣
−z, 1, 0, . . . 0
0, −z, 1, . . . 0
· · · · · · · · · · · · · · ·
0, 0, 0, . . . 1

−c0, −c1, −c2, . . . −cmr−1 − z

∣∣∣∣∣∣∣∣∣∣
= ar,r.

From this it follows, as in 2., that the system of functions

β1, zβ1, . . . zm1−1β1,

β2, zβ2, . . . zm2−1β2,

· · · · · · · · · · · ·
βs, zβs, . . . zms−1βs,

forms a basis of a complete system of residues of b with respect to a, and that

(b, a) = a1,1a2,2 . . . as,s

is of degree
m = m1 +m2 + · · ·+ms

Now since ar,rβr ≡ 0 (mod. ar−1), a function µr in a and integral rational
functions ak,r can be determined such that

µr = a1,rβ1 + a2,rβ2 + · · ·+ ar rβr
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6 holds; the functions determined in this way

µ1 = a1,1β1,

µ2 = a1,2β1 + a2,2β2,

· · · · · · · · · · · ·
µs = a1,sβ1 + a2,sβ2 + · · ·+ as,sβs

are, since none of the functions a1,1, . . . as,s vanishes, rationally independent,
and are all contained at the same time in a and in b, hence also in the least
common multiple m of these two modules. It remains to be shown that they
form a basis of m.

Let mr be the least common multiple of a and [β1, β2, . . . βr], ms = m, so
that among the modules m1,m2, . . .ms each is divisible by all the following ones,
hence also by m, and let

νr = z1β1 + z2β2 + · · ·+ zrβr

be a function in mr, hence also in a.
Accordingly

zrβr ≡ 0 (mod. ar−1),

hence
zr = xrar,r,

where xr denotes an integral rational function. Therefore

νr − xrµr ≡ 0 (mod.mr−1), ν1 − x1µ1 = 0,

from which it follows:

νr = x1µ1 + x2µ2 + · · ·+ xrµr,

hence:
mr = [µ1, µ2, . . . µr],

m = [µ1, µ2, . . . µs],

q. e. d.
Accordingly an irreducible basis of the module m contains exactly as many

functions as an irreducible basis of b. If instead of the basis µ1, µ2, . . . µs one
chooses another one µ′

1, µ
′
2, . . . µ

′
s, then µ′

1, µ
′
2, . . . µ

′
s can be expressed in the

form
µ′
k = a′1,kβ1 + a′2,kβ2 + · · ·+ a′s,kβs

with integral rational coefficients a′ι,k, and from ğ 4, 2. there results

(b, a) = const.Σ± a′1,1a
′
2,2 . . . a

′
s,s.

6Editorial note: Printed ar r without the comma between the two indices; the notation
throughout requires ar,r. An apparent dropped sort.
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4. If we make in particular the assumption that a is likewise a finite module
possessing an irreducible basis of just as many functions as b, and that moreover
a is divisible by b, then, if

a = [α1, α2, . . . αs]

the integral rational functions bι,k of z can be determined such that

αk = b1,kβ1 + b2,kβ2 + · · ·+ bs,kβs,

and the assumption of 3., that the functions βι can be converted into functions
of the module a by multiplication by integral rational functions of z, is fulfilled,
as one recognizes by solving this system of equations. At the same time a itself
is here the least common multiple of a and b, and from this there results

(b, a) = const.Σ± b1,1b2,2 . . . bn,n.

7

5. If m is the least common multiple of two modules a, b, and ν an arbitrary
function in Ω, then, as follows without difficulty from the definition, νm is the
least common multiple of νa and νb. If (b, a) = 0, then also (νb, νa) = 0. But
if (b, a) and ν are different from zero, there results

(νb, νa) = (b, a),

if in 3. one replaces the basis functions µι, βι of m and b by νµι, νβι.

ğ 7. The ideals in o.
A system a of integral functions of z in the field Ω is called an ideal if it fulfils
the two following conditions:

I. The sum and difference of any two functions in a again yield a function in
a.

II. The product of each function in a with each function in o (ğ 3) is again
a function in a.

Every ideal is thus at the same time a module, and all the notions and
notations explained for modules can be applied to ideals.

The module o (the system of all integral functions of z) is itself an ideal, and
every ideal is divisible by o. Likewise, if µ denotes an arbitrary function in o
different from zero, the module oµ (the system of all integral functions divisible
by µ) is an ideal. Such an ideal shall be called a principal ideal. If ω1, ω2, . . . ωn

is a basis of o, then
oµ = [ω1µ, ω2µ, . . . ωnµ]

and oµ is the least common multiple of o and oµ. Therefore, by ğ 6, 4. and by
the definition (4.) in ğ 2:

(o, oµ) = const.N(µ) (1.)
7Editorial note: Printed bn,n as the last diagonal term; the bases here have s members

and the coefficients run to bs,k, so bs,s is expected. An apparent misprint.
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and consequently different from zero.
If a is any ideal and α an arbitrary function in a, then (because of II.) the

principal ideal oα is divisible by a, and consequently, by ğ 6, 2.:

(o, oα) = (o, a)(a, oα), (2.)

consequently (o, a) too is different from zero. Now since again a is the least
common multiple of a and o, a possesses, by ğ 6, 3., an irreducible basis con-
sisting of n integral functions α1, α2, . . . αn, which accordingly also form a basis
of the field Ω.

The norm of a with respect to o, i.e. the integral rational function (o, a) of
z, shall be called the norm of the ideal a and denoted by N(a). The degree of
this integral rational function is at the same time called the degree of the ideal
a.

If
a = [α1, α2, . . . αn], o = [ω1, ω2, . . . ωn]

and
α1 = a1,1ω1 + a2,1ω2 + · · ·+ an,1ωn,

α2 = a1,2ω1 + a2,2ω2 + · · ·+ an,2ωn,

· · · · · · · · · · · ·
αn = a1,nω1 + a2,nω2 + · · ·+ an,nωn

with integral rational coefficients aι,κ , then there results from ğ 6, 4.:

N(a) = const.Σ± a1,1a2,2 . . . an,n. (3.)

Since every function in o, hence also the function “1”, is converted into a function
of the ideal a by multiplication by N(a), N(a) is always a function in a.

The norm of the ideal o is equal to 1, and conversely o is the only ideal which
has this property. Also o is the only ideal which contains the function “1” (or a
constant).

If α is a function in a, it follows from (1.), (2.), (3.):

N(α) = const.N(a)(a, oα), (4.)

i.e. the norm of every function contained in a is divisible by the norm of a.
For congruences with respect to an ideal modulus the following theorem

holds, which essentially distinguishes ideals from general modules.
If µ, µ1, ν, ν1 are functions in o which satisfy the congruences

µ ≡ µ1, ν ≡ ν1 (mod. a),

then also
µν ≡ µ1ν1 (mod. a).
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ğ 8. Multiplication and division of ideals.
From the fundamental properties I., II. of ideals and from the definitions in ğ 4
there results first:

1. The least common multiple, the greatest common divisor, and the prod-
uct of two (and hence also of arbitrarily many) ideals are themselves ideals.
Likewise, if ν is a function in o and a an ideal, the product aν is an ideal.

2. The product of several ideals is divisible by each of its factors, and for
every ideal a

ao = a;

for by I., II. every function in ao is at the same time a function in a, and, since
o contains the function “1”, conversely every function in a is at the same time
a function in ao.

3. A principal ideal oµ is divisible by a principal ideal oν if and only if the
integral function µ is divisible by the integral function ν.

We add the following definitions:
4. Definition. A function α in o shall be called divisible by the ideal a if

the principal ideal oα is divisible by a, or, what says the same thing, if α is a
function in a.

5. Definition. Two ideals a, b are called relatively prime if their greatest
common divisor is o. The necessary and sufficient condition for this is that
there exist in a a function α, and in b a function β, such that

α+ β = 1,

or, expressed otherwise, that there exists in a a function satisfying the congru-
ence α ≡ 1 (mod. b), or in b one satisfying the congruence β ≡ 1 (mod. a).

6. Definition. An ideal p different from o is called a prime ideal if no other
ideal besides p and o goes into p.

On the basis of these definitions the following theorems on the divisibility of
ideals now result.

7. If a, b are two ideals with the least common multiple m and the greatest
common divisor d, then it follows from ğ 6, 1., 2.

N(m) = N(b)(b,m) = N(b)(b, a),

N(a) = N(d)(d, a) = N(d)(b, a),

consequently (b, a) is different from zero and

N(a)N(b) = N(m)N(d).

8. If the ideal a is divisible by the ideal b, then, by ğ 6, 2.

N(a) = (b, a)N(b),

hence N(a) is divisible by N(b).
If in particular (b, a) = 1, then b too is divisible by a, and it follows:
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9. If a is divisible by b and at the same time N(a) = N(b), then a = b, i.e.
the two ideals are identical.

10. If a is divisible by a1, and b by b1, then ab is divisible by a1b1 (ğ 4, 7.).
11. If an ideal a is divisible by a principal ideal oµ, then all functions in a

are of the form βµ, and the totality of the functions β is again an ideal b, so
that one can set

a = µb.

12. If µ is an arbitrary function in o different from zero, and the ideal aµ
divisible by the ideal bµ, then a is divisible by b, and from aµ = bµ follows
a = b.

13. The least common multiple of two ideals a, oν, of which one is a principal
ideal, has by 11. the form rν, where r is an ideal. Since on the other hand aν is
a common multiple of a and oν, hence divisible by rν, r is by 12. a divisor of a.

14. If a is an ideal and ν a function in o, then by ğ 6, 2., 5.:

(o, aν) = (o, oν)(oν, aν) = (o, oν)(o, a),

hence
N(aν) = const.N(a)N(ν).

If therefore rν is the least common multiple and d the greatest common divisor
of the two ideals a, oν, there results from 7.

N(a) = N(r)N(d).

15. Every ideal a different from o is divisible by a prime ideal p.
For if a is not a prime ideal, it has at least one proper divisor different from

o, and among these let p be one whose norm is of the lowest possible degree.
This cannot have a proper divisor p′ different from o, for then p′ too would be
a divisor of a, and at the same time (by 8.) N(p′) of lower degree than N(p).
This contradicts the assumption about p, and consequently p is a prime ideal.

16. If a is relatively prime to b, then ab is the least common multiple of a
and b, and consequently every ideal divisible by a and by b is also divisible by
the product ab.

For by assumption there are in a, b two functions α1, β1 such that

α1 + β1 = 1

(5.). If on the other hand α = β is a function of the least common multiple m
of a and b, then accordingly

α = β = α1β + αβ1,

hence a function in ab. Accordingly m is divisible by ab, and since conversely
(in consequence of 2.) ab is divisible by m, m is identical with ab, and from 7.
it further follows for this case

N(ab) = N(a)N(b).
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17. If a is an arbitrary ideal and p a prime ideal, then either a is divisible
by p or a is relatively prime to p; for since p has no other divisor than o and p,
the greatest common divisor of a and p too can be none other than o or p.

18. If a is relatively prime to b and to c, then a is also relatively prime to
bc.

By assumption (5.) there are in b, c two functions satisfying the congruences

β ≡ 1, γ ≡ 1 (mod. a)

consequently, by ğ 7,
βγ ≡ 1 (mod. a).

Since βγ is contained in bc, the assertion is hereby proved.
It further follows from this that, if the product ab is divisible by a prime

ideal, at least one of the two factors a, b must be divisible by p, and, applied to
principal ideals, that if the product of two integral functions, µν, is contained
in p, at least one of the two factors µ, ν must be contained in p.

19. If a is relatively prime to c and ab divisible by c, then b is divisible by c.
By assumption there is in a a function α which satisfies the congruence

α ≡ 1 (mod. c).

Now if β is an arbitrary function in b, then accordingly

β ≡ αβ and by hyp. ≡ 0 (mod. c),

consequently β is contained in c, hence b divisible by c.

ğ 9. Laws of divisibility of ideals.
All these theorems, which for the most part followed immediately from the
definition of ideals, do not suffice to prove the complete analogy which prevails
between the laws of divisibility of ideals and those of integral rational functions.
In this proof we rely on the following theorem:

1. If a is an ideal and k an arbitrary integral rational function of z, then a
function α can be selected in a such that (a, oα) has no divisor in common with
k∗).

For if
a = [α1, α2, . . . αn],

o = [ω1, ω2, . . . ωn],

and α is an arbitrary function in a, then the integral rational functions xh,k can
be determined such that

αω1 = x1,1α1 + x2,1α2 + · · ·+ xn,1αn,

αω2 = x1,2α1 + x2,2α2 + · · ·+ xn,2αn,

· · · · · · · · · · · ·
αωn = x1,nα1 + x2,nα2 + · · ·+ xn,nαn,
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and (ğ 6, 4.)
(a, oα) = const.Σ± x1,1x2,2 . . . xn,n.

Now if Σ ± x1,1x2,2 . . . xn,n is divisible by a linear factor z − c of k, then a
function ω in o not divisible by z − c and a function α′ in a can be determined
such that

αω = (z − c)α′∗∗).

If one now sets, understanding by t an indeterminate constant:

t(z − c)− ω = ω′,

then

N(ω′) = tn(z − c)n + a1t
n−1(z − c)n−1 + · · ·+ an−1t(z − c) + an,

where the coefficients a1, a2, . . . an, independent of t, are integral rational func-
tions of z. Now it cannot be that at the same time a1 is divisible by z − c, a2
by (z − c)2, . . ., an by (z − c)n, because otherwise, contrary to the assumption,
ω

z − c
would be an integral function (ğ 2, 5., ğ 3, 4.). Therefore not

*) The possibility of proving this theorem already at this point essentially
distinguishes the theory of algebraic functions from that of algebraic numbers,
and permits in the former a not inconsiderable simplification in comparison with
the latter.

**) For if the determinant Σ ± x1,1x2,2 . . . xn,n is divisible by z − c, i.e.
vanishes for z = c, then one can determine a system of constants c1, c2, . . . cn,
not all vanishing, such that the integral rational functions

c1xk,1 + c2xk,2 + · · ·+ ckxk,n (k=1, 2 ... n)

8 vanish for z = c, hence are divisible by z − c, and one then has to set

ω = c1ω1 + c2ω2 + · · ·+ cnωn

all the terms of N(ω′) can be divided by (z− c)n, and if therefore (z− c)n−r

is the highest power of z − c by which they are divisible, then r ⩾ 0 and

N(ω′)

(z − c)n−r
= tn(z − c)r + b1t

n−1 + · · ·+ bn−1t+ bn = f(t),

where the integral rational functions b1, b2, . . . bn do not all vanish for z = c.
There is therefore only a finite number of constant values t for which f(t) is
divisible by z − c. If z − c′ is a linear factor of k different from z − c, then
f(t) likewise becomes divisible by z − c′ only for a finite number of values t.
From this it follows that one can dispose of t in such a way that N(ω′) becomes

8Editorial note: Printed ckxk,n as the last term; the sum runs over c1, c2, . . . cn, so cnxk,n

is expected. An apparent misprint.
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divisible neither by (z − c)n nor at the same time by any other linear factor of
k∗). If, when this has been done, one sets

tα− α′ = α′′,

which is likewise a function in a, it follows

αω′ = (z − c)α′′,

N(α′′) =
N(α)N(ω′)

(z − c)n

and consequently, since by ğ 7, (4.)

(a, oα) = const. N(α)

N(a)

holds:
(a, oα′′) = const. (a, oα)N(ω′)

(z − c)n
.

The function (a, oα′′) therefore contains the factor z−c at least once fewer than
(a, oα), while at the same time it contains no other linear factor of k more often
than (a, oα). By repeated application of this procedure the correctness of the
stated theorem results.

2. Every ideal a can be represented as the greatest common divisor of two
principal ideals oµ, oν, of which one may be assumed quite arbitrarily, only
divisible by a.

Proof. Choose at pleasure in a a function ν different from zero, and a second
function µ such that the two functions (a, oν) and (a, oµ) have no common
divisor (by 1). Now if α is an arbitrary function in a, then by ğ 6 (a, oµ)α is
contained in oµ and (a, oν)α in oν, so that there are two functions ω, ω′ in o
for which

(a, oµ)α = µω, (a, oν)α = νω′.

*) These inferences no longer hold in the analogous question of the theory
of numbers.

If therefore one chooses, as is possible by the assumption about (a, oµ),
(a, oν), two integral rational functions g, h of z which satisfy the condition

g(a, oµ) + h(a, oν) = 1,

it follows
α = gµω + hνω′,

i.e. a is divisible by the greatest common divisor of oµ and oν. And since the
latter conversely is divisible by a (because oµ and oν are divisible by a), it is
equal to a, q. e. d.

3. Every ideal a can be converted by multiplication by an ideal m into a
principal ideal oµ = am.
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Proof. Choose (by 1.) in a a function µ such that (a, oµ) has no divisor in
common with N(a), and thereupon a second function ν such that (a, oν) has no
divisor in common with (a, oµ). Then (by 2.) a is the greatest common divisor
of oµ and oν. The least common multiple of oµ and oν is (by ğ 8, 13) of the
form mν, where m is a divisor of oµ. By ğ 8, 14 we then have

N(m) =
N(oµ)

N(a)
= (a, oµ),

hence, by assumption, without a common divisor with N(a). If therefore one
again determines two integral rational functions g, h of z such that

gN(m) + hN(a) = 1,

then it follows from ğ 8, 5, since N(m) is contained in m and N(a) in a, that m
and a are relatively prime ideals, and from this, by ğ 8, 16.

N(ma) = N(m)N(a) = N(oµ).

Now since oµ is divisible by m and by a, hence also by ma (ğ 8, 16.), by ğ 8, 9.

ma = oµ,

q. e. d.∗)
4. If an ideal c is divisible by an ideal a, there is one and only one ideal b

which satisfies the condition
ab = c

and which is called the quotient of c by a.
*) One can at the same time choose the ideal m such that it becomes rela-

tively prime to an arbitrary ideal b. This is achieved if one takes the function
µ such that (a, oµ) = N(m) has no divisor in common with N(a)N(b) (ğ 8, 8.).

If ab is divisible by ab′, then b is divisible by b′, and from ab = ab′ follows
b = b′.

Proof. Let c be divisible by a and (by 3.) am = oµ. Then cm too is divisible
by am = oµ, and consequently cm = bµ (ğ 8, 10., 11.); hence, by multiplication
of the last equation by a,

cµ = abµ

and by ğ 8, 12.
c = ab,

whereby the first part of the theorem is proved∗).
Further, if ab is divisible by ab′, then (ğ 8, 10.) µb is divisible by µb′, hence

b by b′. — If ab = ab′, then µb = µb′ follows, and consequently b = b′ (ğ 8,
12.).

5. Every ideal different from o is either a prime ideal, or it can be represented,
and in only one way, as a product of prime ideals alone.

Proof. If the ideal a is different from o, it is (ğ 8, 15.) divisible by a prime
ideal p1, and consequently (by 4.) = p1a1, where a1 is a proper divisor of a (for
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from a1 = a it would follow by 4. that p1 = o). Hence the degree of N(a1) is
lower than that of N(a). If a1 is different from o, one infers in the same way
that a1 = p2a2 must hold, where the degree of N(a2) is again lower than that
of N(a1). Continuing in this way, one finally arrives, after a finite number of
decompositions, at an ideal ar−1 = prar such that N(ar) = 1, hence ar = o.
Therefore

a = p1p2 . . . pr.

If such a decomposition were possible in a second way, say

p1p2 . . . pr = q1q2 . . . qs,

then (ğ 8, 18.) of the prime ideals p1, p2, . . . pr at least one, say p1, would have
to be divisible by q1 and hence = q1, hence by 4.

p2p3 . . . pr = q2q3 . . . qs.

From this one infers in the same way p2 = q2, and so on.
If in the decomposition thus obtained one combines the prime ideals equal

to one another into powers, one can set

a = pe11 pe22 . . . perr .

*) This definition of the quotient of two ideals agrees completely with the
one given in ğ 4, 8.

Any divisor aι of a can then be divisible by no prime ideal different from
p1, p2, . . . pr, and by none more often than a. One therefore obtains all the
divisors of a, whose number is finite and = (e1 + 1)(e2 + 1) . . . (er + 1), if in

ph1
1 ph2

2 . . . phr
r

one lets the exponents hι run through the series of numbers 0, 1, 2, . . . eι (where
by p0 the ideal o is to be understood). If a, b are two ideals

a = pe11 pe22 . . . perr ; b = pf11 pf22 . . . pfrr

(where some of the exponents e, f may also be zero), then one obtains the
greatest common divisor and the least common multiple of a and b in the form

pg11 pg22 . . . pgrr ,

if for g1, g2, . . . gr one takes, for the former the smallest, for the latter the great-
est, among the numbers e1, f1; e2, f2; . . . er, fr.

6. If a, b are any two ideals, then in general

N(ab) = N(a)N(b).

Proof. Let, as in 5., a = p1a1; then, because a1 is a proper divisor of a, there
is in a1 a function η not divisible by a. The least common multiple and the
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greatest common divisor of a and oη are respectively p1η and a1, as follows at
once (by 5.) from the decomposition of a and oη into their prime factors. But
from this it follows by ğ 8, 14.

N(a) = N(p1)N(a1).

By repetition of the same inference for a1, and so on, there results, if a =
p1p2 . . . pr:

N(a) = N(p1)N(p2) . . . N(pr)

and from this
N(ab) = N(a)N(b).

7. Every prime ideal is an ideal of the first degree (ğ 7), and conversely,
every ideal of the first degree is a prime ideal∗).

Proof. If p is a prime ideal, then N(p) is divisible by p, and therefore at
least one of the linear factors of N(p), say z − c, is divisible by p

*) By this theorem the theory of algebraic functions differs essentially from
the analogous theory of algebraic numbers.

(ğ 8, 18.). If ω is an arbitrary function in o which satisfies the equation:

ωn + a1ω
n−1 + · · ·+ an−1ω + an = 0,

then one obtains from it, by reducing the integral rational functions a1, a2, . . . an
to their constant remainders a(0)1 , a

(0)
2 , . . . a

(0)
n with respect to z− c, and decom-

posing the integral function

ωn + a
(0)
1 ωn−1 + · · ·+ a

(0)
n−1ω + a(0)n

into its linear factors (ω − b1), (ω − b2), . . . (ω − bn):

(ω − b1)(ω − b2) . . . (ω − bn) = (z − c)ω′ ≡ 0 (mod. p).

Hence at least one of the factors ω − b1, ω − b2, . . . must be divisible by p,
i.e.

ω ≡ b (mod. p),

where b denotes a constant. Since accordingly every function in o is congruent
to a constant (mod. p), by ğ 6 (o, p) = N(p) = z − c is a linear function of z,
whereby the first part of the assertion is proved.

Conversely: if q is an ideal of the first degree, and

N(q) = z − c,

then q is certainly divisible by a prime ideal p, and since N(q) is divisible by
N(p), N(p) = N(q) = z − c, hence (ğ 8, 9.)

p = q.
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It follows from this that the degree of an ideal is equal to the number of
prime factors into which it can be decomposed. If therefore

o(z − c) = pe11 pe22 pe33 . . . ,

then
e1 + e2 + e3 + · · · = n.

It follows further that an integral rational function of z is divisible by a prime
ideal p if and only if it is divisible by the norm of p.

ğ 10. The complementary bases of the field Ω.
1. Definition. If the functions α1, α2, . . . αn form a basis of Ω, and one sets for
brevity

S(αrαs) = ar,s = as,r,

∆(α1, α2, . . . αn) = Σ± a1,1a2,2 . . . an,n = a (ğ 2),

then, since a is different from zero, a completely determined system of func-
tions α′

1, α
′
2, . . . α

′
n can be determined from the linear equations

αr =
ι

Σ
1,n
ar,ια

′
ι, (1.)

and since
∆(α′

1, α
′
2, . . . α

′
n) =

1

a

is different from zero, the functions α′
1, α

′
2, . . . α

′
n likewise form a basis of Ω.

This shall be called the complementary basis to α1, α2, . . . αn.
2. If, when the indices r, s belong to the series of numbers 1, 2, . . . n, one

denotes by (r, s) the number 1 or 0 according as r, s are equal or different, then

S(αrα
′
s) = (r, s), (2.)

for by solving the equations (1.) it follows

α′
s =

ι

Σa′ι,sαι;

a′r,s = a′s,r;
ι

Σar,ιa
′
s,ι = (r, s),

and from this:

αrα
′
s =

ι

Σa′ι,sαιαr; S(αrα
′
s) =

ι

Σa′ι,saι,r = (r, s).

If conversely a system of functions βs satisfies the conditions S(αrβs) = (r, s),
then βs = α′

s; for if one sets βs =
ι

Σbι,sα
′
ι, it follows because of (2.)

br,s = S(βsαr) = (r, s).
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From this it follows immediately that the relation of the αι to the α′
ι is a recip-

rocal one, i.e. that the basis α1, α2, . . . αn is complementary to α′
1, α

′
2, . . . α

′
n.

3. If η is an arbitrary function in Ω, one can always set

η = Σxιαι = Σx′ια
′
ι,

and by application of (2.) it follows:

xι = S(ηα′
ι), x′ = S(ηαι),

9 hence:
η =

ι

ΣαιS(ηα
′
ι) =

ι

Σα′
ιS(ηαι). (3.)

4. If η is an arbitrary function in Ω different from zero, then

α′
1

η
,
α′
2

η
, . . .

α′
n

η

is the complementary basis to ηα1, ηα2, . . . ηαn. This follows from 2. because
of

S
(
ηαr ·

α′
s

η

)
= S(αrα

′
s) = (r, s).

5. If two bases of Ω, α1, α2, . . . αn and β1, β2, . . . βn, are connected by the n
equations

βs =
ι

Σxι,sαι

with rational coefficients xι,s, then the bases complementary to them are con-
nected by the n equations

α′
r =

ι

Σxr,ιβ
′
ι

(transposed substitution). This is an immediate consequence of 3. because of

xr,s = S(α′
rβs).

6. We have
ι

Σαια
′
ι = 1,

hence:
ι,ι′

Σ aι,ι′α
′
ια

′
ι′ =

ι,ι′

Σ a′ι,ι′αιαι′ = 1.

For if one first sets
Σαιαι′ = σ,

10 then it follows from 3. (applied to the functions ηαr),

ηαr =
ι

ΣαιS(ηαrα
′
ι),

9Editorial note: Printed x′ without a subscript; x′
ι is meant, as in the line above.

10Editorial note: Printed αιαι′ ; the argument requires αια′
ι, as in the first formula of 6.

The prime appears to have been set on the subscript.
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consequently, by the definition of the trace in ğ 2, (5.)

S(η) =
ι

ΣS(ηαια
′
ι) = S(Σηαια

′
ι),

hence:
S(ησ) = S(η),

and from this, if in 3. one sets first η = σ, then η = 1:

σ =
ι

ΣαιS(σα
′
ι) =

ι

ΣαιS(α
′
ι) = 1.

We go somewhat more closely into the formation of the complementary bases
in two special cases:

7. Let ω1, ω2, . . . ωn be a basis of o and ε1, ε2, . . . εn the complementary basis
(of Ω). Let

er,s = es,r = S(ωrωs),

which are integral rational functions, and

D = const.Σ± e1,1e2,2 . . . en,n

the discriminant of Ω; then by 2.

εr =
1

D

ι

Σ
∂D

∂eι,r
ωι,

from which it emerges that the functionsDεr belong to the integral functions.
But from 6. it follows further

D =
ι,ι′

Σ
∂D

∂eι,ι′
ωιωι′

and from this

εrεs =
1

D2

ι,ι′

Σ
∂D

∂er,ι

∂D

∂es,ι′
ωιωι′

=
1

D

∂D

∂er,s
+

1

D2

ι,ι′

Σ
( ∂D

∂er,ι

∂D

∂es,ι′
− ∂D

∂er,s

∂D

∂eι,ι′

)
ωιωι′

and from this, by a known theorem on determinants:

εrεs =
1

D

∂D

∂er,s
+

1

D

ι,ι′

Σ
∂2D

∂er,ι∂es,ι′
ωιωι′ ,

from which follows the important result that the functions Dεrεs too belong to
the integral functions.

8. Let θ be a function in Ω such that 1, θ, θ2, . . . θn−1 form a basis of Ω, and
let therefore

f(θ) = θn + a1θ
n−1 + · · ·+ an−1θ + an = 0 (4.)
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be irreducible, with rational coefficients a. The complementary basis to 1, θ, θ2, . . . θn−1

is to be found. Let us set, where t denotes an indeterminate constant,

f(t)

t− θ
= η0 + η1t+ η2t

2 + · · ·+ ηn−1t
n−1,

hence: 

η0 = an−1 + an−2θ + · · ·+ a1θ
n−2 + θn−1,

η1 = an−2 + an−3θ + · · ·+ θn−2,

· · · · · · · · · · · ·
ηn−2 = a1 + θ,

ηn−1 = 1,

(5.)

then the functions η0, η1, . . . ηn−1 likewise form a basis of Ω, since the determi-
nant of the equations (5.) is = (−1)

1
2n(n−1), hence different from zero. Every

function ζ in Ω can therefore be represented in the form

ζ = y0η0 + y1η1 + · · ·+ yn−1ηn−1.

We now continue the series of rational functions y0, y1, . . . yn−1 by determining
the functions yn, yn+1, . . . through the recursion

anyr + an−1yr+1 + · · ·+ a2yr+n−2 + a1yr+n−1 + yr+n = 0. (6.)

Now by (5.) 

θη0 = − anηn−1,

θη1 = η0 − an−1ηn−1,

θη2 = η1 − an−2ηn−1,

· · · · · · · · · · · ·
θηn−1 = ηn−2 − a1ηn−1,

(7.)

hence
ζθ = y1η0 + y2η1 + · · ·+ yn−1ηn−2 + ynηn−1,

and likewise in general for every positive integer r:

ζθr = yrη0 + yr+1η1 + · · ·+ yr+n−2ηn−2 + yr+n−1ηn−1,

or, if one expresses η0, η1, . . . ηn−1 by 1, θ, θ2, . . . θn−1:

ζθr = x
(r)
0 + x

(r)
1 θ + x

(r)
2 θ2 + · · ·+ x

(r)
n−1θ

n−1,

where
x
(r)
0 = yran−1 + yr+1an−2 + · · ·+ yr+n−2a1 + yr+n−1,

x
(r)
1 = yran−2 + yr+1an−3 + · · ·+ yr+n−2,

· · · · · · · · · · · ·

x
(r)
n−2 = yra1 + yr+1,

x
(r)
n−1 = yr.
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Consequently (by the definition of S, ğ 2 (5.))

S(ζ) = x
(0)
0 + x

(1)
1 + x

(2)
2 + · · ·+ x

(n−1)
n−1

= y0an−1 + 2y1an−2 + · · ·+ (n− 1)yn−2a1 + nyn−1,

hence, applied to ζ = ηr:

S(ηr) = (r + 1)an−1−r; S(ηn−1−r) = (n− r)ar,

where a0 = 1 is to be set.
If one therefore sets for brevity

S(θr) = sr,

it follows, as long as r ≦ n, by means of (5.)

(n− r)ar = ars0 + ar−1s1 + · · ·+ a1sr−1 + sr (8.)

and by (4.) in general

0 = ansr + an−1sr+1 + · · ·+ a1sr+n−1 + sr+n. (9.)

But from these formulae it follows further:
f ′(θ) = nθn−1 + (n− 1)a1θ

n−1 + · · ·+ 2an−2θ + an−1

= s0η0 + s1η1 + · · ·+ sn−1ηn−1,

θrf ′(θ) = srη0 + sr+1η1 + · · ·+ sr+n−2ηn−2 + sr+n−1ηn−1.

(10.)

11

If one now takes into account the value of the determinant of the system of
equations (5.), then from this, with regard to the definition of the norm and of
the discriminant in ğ 2 (4.) and (12.), there follows the important formula

Nf ′(θ) = (−1)
1
2n(n−1)

∣∣∣∣∣∣∣∣
s0, s1, . . . sn−1

s1, s2, . . . sn
· · · · · · · · · · · ·
sn−1, sn, . . . s2n−2

∣∣∣∣∣∣∣∣ = (−1)
1
2n(n−1)∆(1, θ, θ2, . . . θn−1).

(11.)
But the equations (10.), with regard to the definition 1., also yield the comple-
mentary basis to 1, θ, θ2, . . . θn−1:

η0
f ′(θ)

,
η1
f ′(θ)

, . . .
ηn−1

f ′(θ)
.

9. If a = [α1, α2, . . . αn] denotes a module whose basis is at the same
time a basis of Ω, then from the basis of Ω complementary to α1, α2, . . . αn,

11Editorial note: In the first line of (10.) the print sets (n − 1)a1θn−1; the derivative
requires θn−2. An apparent misprint.
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α′
1, α

′
2, . . . α

′
n, one obtains another module a′ = [α′

1, α
′
2, . . . α

′
n], which is called

the complementary module to a. It is, as follows at once from 5. in connection
with ğ 4, 2., independent of the choice of the basis of a.

10. We consider in particular the module e = [ε1, ε2, . . . εn] complementary
to o = [ω1, ω2, . . . ωn]. If we set

ωrωs =
ι

Σe(ι)r,sωι,

then by 3.
e(ι)r,s = e(ι)s,r = S(ωrωsει)

is an integral rational function of z, and it follows:

ωrεs =
ι

Σe(s)r,ι ει.

From this it results that the module oe (ğ 4, 7.) is divisible by e; on the other
hand, because o contains the function 1, e is divisible by oe, hence

oe = e,

i.e. the module e, which, it is true, does not contain merely integral functions,
possesses the characteristic property II. ğ 7 of ideals. The same consequently
holds also of the module e2. Since the two modules De, De2 contain by 7. only
integral functions, they are ideals, and from 7. there further results

N(De) = Dn−1.

11. If θ is a function in o of such a kind that 1, θ, θ2, . . . θn−1 forms a basis
of Ω, so that in the irreducible equation

f(θ) = θn + a1θ
n−1 + · · ·+ an−1θ + an = 0

the coefficients are integral rational functions of z, then for r = 0, 1, 2, . . . n− 1

one can determine the integral rational functions k(r)ι such that

θr =
ι

Σ
1,n
k(r)ι ωι

holds. If one applies to this the theorems 5. and 8., it follows:

f ′(θ)εs = k(0)s η0 + k(1)s η1 + · · ·+ k(n−1)
s ηn−1,

and from this it results that the module

f ′(θ)e = k

contains only integral functions. From 10. one infers that it is an ideal.
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ğ 11. The ramification ideal.
1. Lemma. If any two of the ideals a, b, c, . . . are relatively prime, there always
exists a function which with respect to each of them is congruent to a given
function in o.

Proof. Set
m = abc · · · = aa1 = bb1 = cc1 = · · · ;

the greatest common divisor of a1 = bc . . ., b1 = ac . . ., c1 = ab . . . is then
equal to o, since no prime ideal can go into a1, b1, c1, . . . at the same time.
Consequently (ğ 4, 5.) one can select α1 from a1, β1 from b1, γ1 from c1, . . .
such that

α1 + β1 + γ1 + · · · = 1,

hence:
α1 ≡ 1, β1 ≡ 0, γ1 ≡ 0, . . . (mod. a),
α1 ≡ 0, β1 ≡ 1, γ1 ≡ 0, . . . (mod. b),
α1 ≡ 0, β1 ≡ 0, γ1 ≡ 1, . . . (mod. c),

· · · · · · · · · · · ·

If therefore λ, µ, ν, . . . are given functions in o, then

ω ≡ λα1 + µβ1 + νγ1 + · · · (mod.m)

satisfies the conditions

ω ≡ λ (mod. a), ω ≡ µ (mod. b), ω ≡ ν (mod. c), . . .

2. Let p, p1, p2, . . . be all the mutually different prime ideals going into an
arbitrary linear function z − c, and

o(z − c) = pepe11 pe22 . . . , e+ e1 + e2 + · · · = n (ğ 9, 7.).

Choose the functions λ, λ1, λ2, . . . divisible respectively by p, p1, p2, . . ., but not
by p2, p21, p

2
2, . . ., and let b, b1, b2, . . . denote arbitrary but mutually different con-

stants. By 1. a function ζ can then be determined which satisfies the congru-
ences

ζ ≡ b+ λ (mod. p2), ζ ≡ b1 + λ1 (mod. p21), ζ ≡ b2 + λ2 (mod. p22), . . . ,

hence

ζ ≡ b (mod. p), ζ ≡ b1 (mod. p1), ζ ≡ b2 (mod. p2), . . . ,

so that, if a denotes any constant, ζ − a is divisible by at most one of the
prime ideals p, p1, p2, . . . and never by one of their squares. If therefore φ(t) =
Π(t− a) is an integral function of the variable t with constant coefficients, then
φ(ζ) = Π(ζ − a) is divisible by pm always and only when φ(t) is algebraically
divisible by (t − b)m, and if pm is the highest power of p going into φ(ζ), then
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consequently pm−1 is the highest power of p going into φ′(ζ). If therefore φ(ζ)
is to be divisible by z− c, then φ(t) must be divisible by the function of the nth

degree
ψ(t) = (t− b)e(t− b1)

e1(t− b2)
e2 . . .

Consequently the congruence

x0 + x1ζ + x2ζ
2 + · · ·+ xn−1ζ

n−1 ≡ 0 (mod. z − c)

can be satisfied only by such integral rational x as are all divisible by z − c. If
therefore one sets, denoting by k(0)1 , k

(1)
1 , . . . integral rational functions of z and

by ω1, ω2, . . . ωn a basis of o:

1 = k
(0)
1 ω1 + k

(0)
2 ω2 + · · ·+ k(0)n ωn,

ζ = k
(1)
1 ω1 + k

(1)
2 ω2 + · · ·+ k(1)n ωn,

ζ2 = k
(2)
1 ω1 + k

(2)
2 ω2 + · · ·+ k(2)n ωn,

· · · · · · · · · · · ·

ζn−1 = k
(n−1)
1 ω1 + k

(n−1)
2 ω2 + · · ·+ k(n−1)

n ωn,

then the determinant
k = Σ± k

(0)
1 k

(1)
2 . . . k(n−1)

n

can neither vanish identically nor be divisible by z − c (cf. the note to ğ 9, 1.).
It follows therefore that

N(t− ζ) = f(t, z)

is irreducible. Now since f(ζ, z) = 0, and hence f(ζ, c) is divisible by z − c,
f(t, c) must be divisible by ψ(t), and hence, since both functions are of the
same degree,

f(t, c) = ψ(t)

from which one further infers, for a later application:

S(ζ) ≡ eb+ e1b1 + e2b2 + · · · (mod. z − c),

and, by applying the same consideration to the functions ζ2, ζ3, . . ., which is
certainly permitted if none of the constants b vanishes:

S(ζ2) ≡ eb2 + e1b
2
1 + e2b

2
2 + · · · (mod. z − c),

S(ζ3) ≡ eb3 + e1b
3
1 + e2b

3
2 + · · · (mod. z − c).

· · · · · · · · · · · ·

Thus pe is the highest power of p going into f(ζ, c), hence pe−1 the highest
going into f ′(ζ, c), and since

f ′(ζ, c) ≡ f ′(ζ, z) (mod. pe),
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pe−1 is also the highest power of p going into f ′(ζ, z). From this there results

of ′(ζ, z) = mpe−1pe1−1
1 . . . ,

where m, and consequently also N(m), is relatively prime to z − c.
Now if D is the discriminant of Ω, then accordingly, and by ğ 10, (11.) and

ğ 2, (13.) (apart from constant factors)

Nf ′(ζ, z) = ∆(1, ζ, ζ2, . . . ζn−1) = Dk2 = (z − c)n−sN(m),

if s denotes the number of the different prime ideals p, p1, p2, . . . going into z−c;
and since k and N(m) are not divisible by z− c, (z− c)n−s is the highest power
of z − c going into D. Consequently:

D = Π(z − c)n−s, (1.)

where the product sign Π refers to all such linear expressions z − c into which
fewer than n different prime factors go, which are therefore divisible by the
second or a higher power of a prime ideal.

There is therefore only a finite number of linear functions z − c which are
divisible by the square of a prime ideal.

We now set
z = Πpe−1, (2.)

where the product sign Π refers to all those prime ideals p
of which a higher power than the first, namely the eth, goes into their norm,

and we call this ideal z the ramification ideal. From (1.) and (2.) there follows
at once

N(z) = D. (3.)
Since further n − s ≧ e − 1, hence e(n − s) − 2(e − 1) ≧ (e − 1)(e − 2) ≧ 0, D
is divisible by p2(e−1), hence also by z2, and one can set, denoting by d likewise
an ideal:

oD = dz2, N(d) = Dn−2. (4.)
3. If a function ϱ in o is divisible by every prime ideal going into z− c, then

S(ϱ) is divisible by z − c.
Proof. Let ζ be the same function as in 2., so that one can set:

xϱ = x0 + x1ζ + x2ζ
2 + · · ·+ xn−1ζ

n−1,

where the coefficients x, x0, x1, . . . xn−1 are integral rational functions of z with-
out a common divisor, of which the first is not divisible by z − c (cf. 2.). From
our assumption about the function ϱ it follows, if the constants b have the same
meaning as in 2.,

x0 + x1b+ x2b
2 + · · ·+ xn−1b

n−1 ≡ 0 (mod. z − c),

x0 + x1b1 + x2b
2
1 + · · ·+ xn−1b

n−1
1 ≡ 0 (mod. z − c),

x0 + x1b2 + x2b
2
2 + · · ·+ xn−1b

n−1
2 ≡ 0 (mod. z − c),

· · · · · · · · · · · ·
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and from this, by multiplying the congruences by e, e1, e2, . . . and adding:

x0n+ x1S(ζ) + x2S(ζ
2) + · · ·+ xn−1S(ζ

n−1) = xS(ϱ) ≡ 0 (mod. z − c),

hence, since x is not divisible by z − c,

S(ϱ) ≡ 0 (mod. z − c)

q. e. d.
4. Now let

r = (z − c)(z − c1)(z − c2) . . .

be the product of all the mutually different linear factors of D, and

r = pp1p2 . . .

the product of all the mutually different prime ideals going into r. If, as above,
z is the ramification ideal, then

rz = Πpe = or (5.)

and consequently
N(r) =

rn

D
.

Every function ϱ in r has by 3. the property that S(ϱ) is divisible by r. Now
if, as in ğ 10,

e = [ε1, ε2, . . . εn]

is the module complementary to o, and ϱ an arbitrary function in r, one can set

ϱ = x1ε1 + x2ε2 + · · ·+ xnεn,

where by ğ 10, 3.
xι = S(ϱωι),

hence, since ϱωι is a function in r, xι is an integral rational function of z divisible
by r. From this it follows that the ideal r is divisible by the module re. Hence
the ideal Dr too is divisible by the ideal rDe. At the same time

N(Dr) = rnDn−1, N(rDe) = rnDn−1 (ğ 10, 10.);

consequently, by ğ 8, 9.
Dr = rDe

or
r = re. (6.)

From which, by means of the above remark about ϱ, it follows that, if ε denotes
an arbitrary function in e, S(ε) is an integral rational function of z. From the
formula (6.) there follows, by multiplication by z, by (5.)

rz = rez = or
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and consequently
ez = o. (7.)

If one multiplies the last equation by D, there results from (4.)

eDz = z2d,

consequently
De = zd (8.)

and by multiplication of this equation by e, by (7.)

De2 = d. (9.)

4.12 If θ is an integral function of z in Ω and N(t− θ) = f(t), then f ′(θ) is
divisible by the ramification ideal z.

Proof. If f(t) is reducible, then f ′(θ) = 0, hence certainly divisible by z. In
the other case, by ğ 10, 11.,

ef ′(θ) = k

is an ideal, consequently, by multiplication by z, by (7.)

of ′(θ) = kz. (10.)

At the same time it follows, if as in ğ 10, 11. we set

θr =
ι

Σk(r)ι ωι,

k = Σ± k
(0)
1 k

(1)
2 . . . k(n−1)

n

that
Nf ′(θ) = N(k)N(z) = DN(k)

= const. k2D (ğ 10, (11.) and ğ 2, (13.)),

hence:
N(k) = const. k2 (11.)

a perfect square.

ğ 12. The fractional functions of z in the field Ω.
1. Every function η whatever in Ω can, by ğ 3, 3., be represented in infinitely
many ways as the quotient of two integral functions of z (the denominator can
even be an integral rational function of z). Let therefore

η =
ν

µ

12Editorial note: The print numbers this item 4. a second time, after item 4. on p. 226; 5.
would be expected.
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and µ, ν integral functions of z (functions in o). Now if m is the greatest
common divisor of the two principal ideals oµ, oν, hence, if a, b are relatively
prime ideals,

oµ = am, oν = bm, (1.)

then it follows (ğ 4, 6.)
aν = bµ or aη = b. (2.)

If therefore α is an arbitrary function in a, then αη is contained in b, hence
in any case an integral function of z. If conversely α is an integral function of z
which has the property that αη = β is an integral function, it follows

αν = βµ,

hence by (1.)
αb = βa;

now since a, b are relatively prime, α must be divisible by a and β by b, and
from this it follows:

a is the totality of all those integral functions α which have the property
that αη is an integral function, and the totality of all these integral functions
αη is the ideal b; or, expressed otherwise:

b is the least common multiple of oη and o, and likewise a the least common
multiple of o

η and o. Accordingly, if a′, b′ are two ideals satisfying the condition

a′η = b′

a′ must be divisible by a. Let therefore

a′ = na,

then it follows:
b′ = naη = nb.

Conversely, for an arbitrary ideal n too,

naη = nb.

2. Now let a, b be two ideals satisfying the condition

aη = b

no matter whether relatively prime or not. The quotient b
a is by ğ 4, 8. the

totality of all those functions γ which have the property that aγ is divisible by
b. To these functions certainly belong all functions of the form ωη, if ω denotes
an arbitrary function in o. But conversely, too, every function γ is of this form;
for since aγ is divisible by b, hence also by o, it is an ideal (since it possesses
the properties I., II. ğ 7), hence, if c is likewise an ideal:

aγ = cb
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and by multiplication by η
bγ = cbη.

Now if, as above, η = ν
µ , and, if ϱ, σ are integral functions, γ = ϱ

σ , it follows
from this

bϱµ = cbνσ,

hence:
oϱµ = cνσ, oγ = cη.

Both together yield the theorem

oη =
b

a
. (3.)

If in this representation b, a are relatively prime, which by 1. can always be
assumed, and in only one way, then b shall be called the upper ideal and a the
lower ideal of the function η.

3. If again in general

aη = b, hence oη =
b

a

and α is an arbitrary function in a, and β a corresponding function in b, then

η =
β

α
and aβ = bα.

From this it follows, by forming the norms,

N(η) = const. N(a)

N(b)
.

13

4. If η, η′ are two functions in Ω and, as in 1.,

aη = b; a′η′ = b′,

no matter whether a, b; a′, b′ are relatively prime or not, it follows

aa′ηη′ = bb′.

Thus from
oη =

b

a
, oη′ =

b′

a′

there follow the equations

oηη′ =
bb′

aa′
, o

1

η
=

a

b
, o

η

η′
=

ba′

ab′
.

13Editorial note: As printed, with N(a) in the numerator. Since aη = b, the quotient N(b)
over N(a) would be expected; this appears to be a misprint.

45



5. If aη = b, aη′ = b′, then also

a(η ± η′) = b′′

will be an ideal, because, if αη, αη′ are integral functions, α(η ± η′) is always
one too. If therefore

oη =
b

a
, oη′ =

b′

a
,

it follows
o(η ± η′) =

b′′

a
;

if the two ideals b, b′ have a common divisor, it is also a divisor of b′′.
6. Now let ϱ be a function in Ω whose upper ideal is divisible by an arbitrarily

given prime ideal p, but not by p2 (such functions
always exist; they can even be integral functions of z), hence

oϱ =
mp

n
,

where m, n are ideals not divisible by p. Let further η be an arbitrary function
in Ω whose lower ideal is not divisible by p, hence

oη =
b

a

and a not divisible by p. Choose an arbitrary function α in a which is not
divisible by p, and a corresponding function β in b, so that

η =
β

α

holds. Let
α ≡ α0, β ≡ β0 (mod. p), c0 =

β0
α0
,

where α0, β0, c0 are constants, of which the first is different from zero. By 5.

o(η − c0) = o
β − c0α

α
=

b1
a
,

and from
a(β − c0α) = b1α, β − c0α ≡ 0 (mod. p)

it follows, since α is not divisible by p, that b1 must be divisible by p. If therefore
one sets

η − c0 = ϱη1,

then the lower ideal of η1 too is not divisible by p. In this way a completely
determined series of constants c0, c1, . . . cr−1, . . . can be found such that

η = c0 + ϱη1,

η1 = c1 + ϱη2,

· · · · · · · · · · · ·
ηr−1 = cr−1 + ϱηr, . . . ,
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where the η1, η2, . . . ηr, . . . denote functions whose lower ideals can have no other
prime factors than the lower ideal of η and the upper ideal of ϱ, with the
exclusion of p. Accordingly, for every positive integer r,

η = c0 + c1ϱ+ · · ·+ cr−1ϱ
r−1 + ηrϱ

r.

If the lower ideal of ζ is divisible by ps, not by ps+1, then one can apply the
same consideration to the function η = ζϱs and obtains

ζ = c0ϱ
−s + c1ϱ

−s+1 + · · ·+ cr−1ϱ
−s+r + ηrϱ

−s+r.

14

ğ 13. The rational transformations of the functions of the
field Ω.
If z1 is an arbitrary, non-constant function of the field Ω (a variable in Ω), then,
as shown in ğ 2, there exists between z1 and z an irreducible algebraic equation
which, freed of denominators, may be of degree e with respect to z1 and of
degree e1 with respect to z. As was shown in that same place, e is a divisor of
n, n = ef . Let this equation be

G(
e
z1,

e1
z ) = 0. (1.)

Every rational function ζ of z and z1 can (ğ 1), with the help of this equation,
be brought into the two forms{

ζ = x0 + x1z1 + · · ·+ xe−1z
e−1
1 ,

ζ = x
(1)
0 + x

(1)
1 z + · · ·+ x

(1)
e1−1z

e1−1
(2.)

and indeed in only one way such that x0, x1, . . . xe−1 are rational functions of
z, and x

(1)
0 , x

(1)
1 , . . . x

(1)
e1−1 rational functions of z1.

Now if θ is a function such that 1, θ, θ2, . . . θn−1 form a basis∗) of Ω (with
respect to z), then by ğ 2 the n functions

1, z1, z21 , . . . ze−1
1 ,

θ, θz1, θz21 , . . . θze−1
1 ,

· · · · · · · · · · · · · · ·
θf−1, θf−1z1, θf−1z21 , . . . θf−1ze−1

1

(3.)

likewise form such a basis, and from this it follows by (2.) that between the
e1f = n1 functions

1, z, z2, . . . ze1−1,
θ, θz, θz2, . . . θze1−1

· · · · · · · · · · · · · · ·
θf−1, θf−1z, θf−1z2, . . . θf−1ze1−1,

(4.)

14Editorial note: Printed cr−1ϱ−s+r; by the preceding expansion cr−1ϱ−s+r−1 is expected,
an apparent misprint.
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which for brevity may be denoted by

η
(1)
1 , η

(1)
2 , . . . η(1)n1

an equation of the form

x
(1)
1 η

(1)
1 + x

(1)
2 η

(1)
2 + · · ·+ x(1)n1

η(1)n1
= 0

*) Instead of the basis 1, θ, . . . θn−1 one could also take any other basis of Ω
as the foundation of this consideration. For our purpose, however, it suffices to
choose just this one.

holds only if the rational functions x(1)1 , x
(1)
2 , . . . x

(1)
n1 of z1 all vanish. From

this it follows by (2.) that every function η in Ω can be represented, and indeed
in only one single way, in the form:

η = x
(1)
1 η

(1)
1 + x

(1)
2 η

(1)
2 + · · ·+ x(1)n1

η(1)n1
,

where the x(1) are rational functions of z1.
Every such function η satisfies an algebraic equation of degree n1 whose

coefficients depend rationally on z1, for

ηη
(1)
1 = x

(1)
1,1η

(1)
1 + x

(1)
1,2η

(1)
2 + · · ·+ x

(1)
1,n1

η(1)n1
,

ηη
(1)
2 = x

(1)
2,1η

(1)
1 + x

(1)
2,2η

(1)
2 + · · ·+ x

(1)
2,n1

η(1)n1
,

· · · · · · · · · · · ·

ηη(1)n1
= x

(1)
n1,1

η
(1)
1 + x

(1)
n1,2

η
(1)
2 + · · ·+ x(1)n1,n1

η(1)n1
,

and consequently ∣∣∣∣∣∣∣∣∣
x
(1)
1,1 − η, x

(1)
1,2, . . . x

(1)
1,n1

x
(1)
2,1, x

(1)
2,2 − η, . . . x

(1)
2,n1

· · · · · · · · · · · ·
x
(1)
n1,1

, x
(1)
n1,2

. . . . x
(1)
n1,n1 − η

∣∣∣∣∣∣∣∣∣ = 0.

15

It can now be shown that one can select a function η = θ1 such that θ1
does not at the same time satisfy an equation of lower degree whose coefficients
depend rationally on z1.

To prove this assertion we rely on the following theorem, whose proof results
easily by inference from m− 1 to m. If

F (x1, x2, . . . xm)

is an integral rational function of x1, x2, . . . xm whose coefficients are functions
in Ω that do not all vanish, then one can put for x1, x2, . . . xm such constant

15Editorial note: The entry x
(1)
n1,2

is printed with a period where every other entry carries
a comma; probably a comma that printed incompletely.
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quantities, or quantities depending rationally on z1, that F passes over into a
non-vanishing function in Ω. If therefore F (x1, x2, . . . xm) is equal to zero for
all such x1, x2, . . . xm, it follows also, for arbitrary dx1, dx2, . . . dxm, constant
or depending rationally on z1, that

dF = F ′(x1) dx1 + F ′(x2) dx2 + · · ·+ F ′(xm) dxm = 0.

Now if
θ1 = x1η

(1)
1 + x2η

(1)
2 + · · ·+ xn1η

(1)
n1

and 
1 = x1,0η

(1)
1 + x2,0η

(1)
2 + · · ·+ xn1,0η

(1)
n1
,

θ1 = x1,1η
(1)
1 + x2,1η

(1)
2 + · · ·+ xn1,1η

(1)
n1
,

· · · · · · · · · · · ·

θm1 = x1,mη
(1)
1 + x2,mη

(1)
2 + · · ·+ xn1,mη

(1)
n1
,

(5.)

then the xk,h are integral rational and homogeneous functions of degree h of
x1, x2, . . . xn1 and depend, besides, rationally on z1.

If therefore

φ(θ1) = amθ
m
1 + am−1θ

m−1
1 + · · ·+ a1θ1 + a0 = 0

is the equation of lowest degree which θ1 satisfies, with coefficients depending
rationally on z1, then the functions a0, a1, . . . am satisfy the condition

a0xι,0 + a1xι,1 + · · ·+ amxι,m = 0, (ι=1, 2, ... n1)

and at the same time m ≦ n1. Now since not all the determinants of m rows
formed from the coefficients xh,k can vanish, because otherwise θ1 would satisfy
an equation of lower than the mth degree, it follows from the latter equations
that the a0, a1, . . . am may be assumed to be integral homogeneous functions of
x1, x2, . . . xn1 .

Now if the equation φ(θ1) = 0 is to hold for all x1, x2, . . . xn1 depending
rationally on z1, then by the above theorem also

dφ = φ′(θ1) dθ1 + damθ
m
1 + · · ·+ da1θ1 + da0 = 0

must hold, and if m < n1, the dx1, dx2, . . . dxn1 can be determined, without all
of them vanishing, such that

dam : dam−1 : . . . : da1 : da0 = am : am−1 : . . . : a1 : a0

and consequently
φ′(θ1) dθ1 = 0

But since φ′(θ1) is of degree m − 1, dθ1 = 0 must hold, hence dx1 = 0, dx2 =
0, . . . dxn1 = 0. Therefore only m = n1 is possible.
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If therefore θ1 is so determined that the equation of lowest degree

F1(
n1

θ1, z1) = 0

actually reaches the degree n1, then all functions in Ω can be represented, and
indeed in only one way, in the form

η = x
(1)
0 + x

(1)
1 θ1 + · · ·+ x

(1)
n1−1θ

n1−1
1 ,

where the coefficients x(1)0 , x
(1)
1 , . . . x

(1)
n1−1 depend rationally on z1; for under this

assumption one can represent η(1)1 , η
(1)
2 , . . . η

(1)
n1 in the stated way by means of

the equations (5.).
Thus z1, θ1 can be represented rationally by z, θ, and conversely z, θ ratio-

nally by z1, θ1.
The variable z, which we have so far designated as the independent one, can

therefore be any (non-constant) function of the field Ω whatever.
But while the totality of all functions of the field Ω remains entirely un-

changed, the notions basis, norm, trace, discriminant, integral function, module,
ideal are essentially dependent on the choice of the independent variable z.

Only in the special case when two variables z, z1 depend linearly on one
another is a basis of Ω with respect to z at the same time one with respect to
z1; likewise norms, traces and discriminants are in this case identical for z and
z1.

If α, β are any two functions in Ω, then there exist between them equations
whose left-hand side is an integral rational function of α and β.

Among these there is one (by ğ 1)

F (α, β) = 0,

which is of the lowest possible degree both with respect to α and with respect
to β, and this shall be called the irreducible equation existing between α and β.
It is, apart from a constant factor, completely determined.

Part II.
ğ 14. The points of the Riemann surface.
The considerations so far on the functions of the field Ω were of a purely formal
nature. All the results were rational consequences, i.e. consequences derived
according to the rules of literal calculation by means of the four species, of the
irreducible equation existing between two functions in Ω. The numerical values
of these functions nowhere came into consideration. One could even, without
applying other principles, carry the formal treatment considerably further by
regarding two functions of the field Ω not as connected by an equation but
as independent variables, whereupon everything comes down to the algebraic
divisibility of rational functions of two variables. We have also carried out this
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way, which however is very cumbersome in exposition and mode of expression,
and as regards rigour

accomplishes nothing more than the course used in the foregoing. But now
that the formal part of the investigation has been carried so far, the question
forces itself upon us to what extent it is possible to assign to the functions in
Ω such determinate numerical values that all the rational relations (identities)
existing between these functions pass over into correct numerical equations. In
this investigation it proves expedient to regard the infinitely great too as one
determinate number ∞ (constant), with which one calculates according to deter-
minate rules∗). The calculations carried out by means of the rational operations
in the number domain thus extended always lead to a completely determinate
numerical result, unless in the course of the calculation one of the signs ∞±∞,
0.∞, 0

0 , ∞
∞ occurs, signs to which no determinate value belongs. The occurrence

of such an indeterminacy in an equation is not to be regarded as a contradiction,
since in this case the equation no longer contains any determinate assertion at
all, and so there can be no question of its truth or falsity either. Among the
functions of the field Ω there are, besides infinitely many variables, also all the
constants, i.e. numbers. Accordingly the requirement posed above leads to the
following notion.

1. Definition. If all the individuals α, β, γ, . . . of the field Ω are replaced by
determinate numerical values α0, β0, γ0, . . . in such a way that

(I.) α0 = α, if α is constant, and in general
(II.) (α+ β)0 = α0 + β0, (IV.) (αβ)0 = α0β0,

(III.) (α− β)0 = α0 − β0, (V.)
(
α

β

)
0

=
α0

β0

then to such a concurrence of determinate values a point P shall be assigned
(which, to make it perceptible, one may imagine as situated somewhere in
space∗∗)), and we say that at P α = α0, or that α has the value α0 at P.
Two points are called different always and only

*) To regard the infinite as a determinate value is in many ways customary
and useful in the theory of functions. With Riemann this is expressed, e.g. in
his regarding his surfaces representing the algebraic functions as closed.

**) A geometric illustration of the “point” is, moreover, by no means neces-
sary, and does not even contribute much to an easier comprehension. It suffices
to regard the word “point” as a short and convenient expression for the co-
existence of values described.

when there exists a function α in Ω which has different values at the two
points.

From this definition of the point, its existence as well as the extent of the
notion is now to be deduced. But first it must be emphasized that by this
definition the “point” is an invariant notion belonging to the field Ω, which
in no way depends on the choice of the independent variable by which one
represents the functions of the field.
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2. Theorem. If a point P is given, and z is a variable in Ω that is finite at
P (such a one exists for every point; for if z0 = ∞, then

(
1
z

)
0
= 0, hence finite),

then every integral function ω of z too has a finite value ω0 at P — for between
ω and z there exists a relation of the form

1 = a
1

ω
+ b

1

ω2
+ · · ·+ k

1

ωm
,

where a, b, . . . k, as integral rational functions of z, have finite values at P by
(II.), (III.), (IV.). Consequently

(
1
ω

)
0

cannot be equal to 0, hence ω0 cannot be
equal to ∞.

3. Theorem. If z is any variable finite at P, then the totality p of all those
integral functions π of z which vanish at P is a prime ideal in z; we say that
the point P generates this prime ideal p. If ω is an integral function of z which
has the value ω0 at P, then ω ≡ ω0 (mod. p).

Proof. If π′
0 = 0, π′′

0 = 0, then also (π′ + π′′)0 = π′
0 + π′′

0 = 0, and if ω
is an arbitrary integral function of z, hence ω0 finite, then from π0 = 0 also
(ωπ)0 = ω0π0 = 0 follows; hence p is an ideal in z (ğ 7, I., II.). The ideal p is
different from o, since it does not contain the function “1”.

If ω has the value ω0 at P, then (ω−ω0)0 = 0, consequently ω ≡ ω0 (mod. p),
hence every integral function of z is congruent to a constant with respect to the
modulus p. Therefore (ğ 9, 7.) p is a prime ideal.

4. Theorem. The same prime ideal p cannot be generated by two different
points.

For first, the value of every integral function ω at a point P generating the
ideal p is completely determined by the congruence ω ≡ ω0 (mod. p). But if η
is an arbitrary function in Ω, then

by ğ 12, 1. two integral functions α, β, not both divisible by p, can be
determined such that

η =
α

β

Now since the finite values α0, β0 do not both vanish, it follows from (V.)

η0 =
α0

β0
,

which is therefore likewise completely determined by p.
It further follows from this that two points at which a variable z has finite

values are different from one another if and only if there exists an integral
function of z which has different values at the two.

5. Theorem. If z is any variable in Ω and p a prime ideal in z, there is one
(and by 4. also only one) point P which generates this prime ideal, and which
shall be called the zero point of the ideal p.

Proof. Let η be an arbitrary function in Ω, and ϱ one whose upper ideal is
divisible by p but not by p2. Then by ğ 12, 6. an integer m, a finite constant
c different from zero, and a function η1 whose lower ideal is not divisible by p
can always be determined, and in only one way, such that

η = cϱm + η1ϱ
m+1.
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We set
η0 = 0, c, ∞,

according as m is positive, zero or negative. To this determination of the values
of the functions of the field Ω there corresponds a point P, since the conditions
(I.) to (V.), as one sees at once, are fulfilled∗).

*) If η′ = c′ϱm
′
+ η′1ϱ

m′+1, then e.g.

η

η′
= ϱm−m′

( c
c′

+ ϱη′′1

)
,

where
η′′1 =

c′η1 − cη′1
c′(c′ + ϱη′1)

is a function of the same nature as η1 (the proof is still simpler in the remaining
cases).

Every function whose upper ideal is divisible by p, hence in particular every
function in p, receives by this stipulation the value zero at P, i.e. the point P
so determined generates the prime ideal p.

Every function whose lower ideal is divisible by p, and only such a one,
has the value ∞ at P, and from this it emerges that an integral function of
z is infinite at no point at which z has a finite value; and since a fractional
function of z certainly contains a prime ideal in its lower ideal, and hence must
be infinite at at least one point at which z is finite, conversely every function
which is infinite at no point at which z has a finite value is an integral function
of z.

6. From 3., 4., 5. there now results the following. In order to obtain all
existing points P, and each only a single time, take an arbitrary variable z of
the field Ω; form all the prime ideals p in z and construct the zero point for each
of them; then all those points P have been found at which z remains finite; if
P′ is a point different from these, then at it z′ = 1

z has the finite value zero;
conversely every point P′ at which z′ has the value zero is different from the
points P. The prime ideal p′ in z′ generated by such a point P′ (which consists
of all integral functions of z′ vanishing at P′) goes into z′, and conversely the
zero point of every prime ideal p′ in z′ going into z′ is a point P′ at which
z′ = 0, hence z = ∞. With these supplementary points, finite in number and
corresponding to the different p′, and those derived before from the prime ideals
p in z, the totality of all points P is exhausted, whose aggregate forms the
Riemann surface T .

ğ 15. The order numbers.
1. Definition. If P is a determinate point, we consider all the functions π
in Ω vanishing at P, and assign to each of them a determinate order number
according to the following point of view.
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Such a function ϱ has the order number 1, or is called infinitely small of
the first order, or 01 at P, if all the quotients π

ϱ remain finite at P. If ϱ′ is a
function of the same kind as ϱ, then ϱ′

ϱ is at P

neither 0 nor ∞, and conversely, if ϱ′

ϱ is neither 0 nor ∞ at P, then ϱ′ is
likewise infinitely small of the first order. If further for some function π there is
a positive integral exponent r such that π

ϱr becomes neither 0 nor ∞ at P, then
the same holds of π

ϱ′r , and π receives the order number r, or is called infinitely
small of the order r at the point P. We shall also say that π is 0r at P, or π is
0 at Pr.

To decide the question of the existence of such functions ϱ and such order
numbers r, take an arbitrary variable z finite at P, denote by p the prime ideal
in z generated by P, and represent every function π (with the exception of the
orderless constant 0) according to ğ 12 as the quotient of two relatively prime
ideals in z. The upper ideal of each of these functions is then divisible by p,
and among them there are also such whose upper ideal is not divisible by p2;
these have the order number 1; for the remaining functions π the order number
is the exponent of the highest power of p going into the upper ideal, as follows
directly from the theorems of ğ 12.

2. If a function η has the finite value η0 at P, we say that η has this value r
times at P, or at r points coinciding with P, or at Pr, if the function η − η0 is
infinitely small of the order r at P. But if η0 = ∞, we say that η has the value
∞ r times at P, or at r points coinciding with P, or that η is ∞r at P or ∞ at
Pr, if 1

η vanishes at Pr.
3. If a function η becomes ∞r at P, we also attribute to it the order number

−r; but if η becomes neither 0 nor ∞ at P, let it have the order number 0.
Accordingly, at an arbitrary point P, a completely determinate order number
belongs to every function of the field Ω, with the exception of the two constants
0 and ∞.

4. If ϱ is a function which possesses the order number 1 at an arbitrary point
P, and η a function with the (positive, negative or vanishing) order number m,
then by the concluding theorem of ğ 12, for every arbitrary positive r, a series
of constants c0, c1, . . . cr−1, of which the first does not vanish, and a function σ
finite at P can be determined such that

η = c0ϱ
m + c1ϱ

m+1 + · · ·+ cr−1ϱ
m+r−1 + σϱm+r

5. From this it follows immediately that the order number of a product of
two or more functions is equal to the sum of the order numbers of the individual
factors.

The order number of a quotient of two functions is equal to the difference of
the order numbers of the numerator and denominator.

If η1, η2, . . . ηs is a series of functions and m the algebraically smallest among
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their order numbers, then

η1 = e1ϱ
m + σ1ϱ

m+1,

η2 = e2ϱ
m + σ2ϱ

m+1,

· · · · · · · · · · · ·
ηs = esϱ

m + σsϱ
m+1,

where the constants e1, e2, . . . es in any case do not all vanish. If therefore
c1, c2, . . . cs are constants, the order number of

η = c1η1 + c2η2 + · · ·+ csηs,

if c1e1 + c2e2 + · · ·+ cses is different from zero, is likewise m, otherwise greater
than m.

6. Complexes of points, which may also contain the same point several times,
we call polygons and denote them by A,B,C, . . .

Further let AB denote the polygon composed of the points of A and of B, in
such a way that, if a point P occurs r times in A and s times in B, it occurs (r+s)
times in AB. From this follows the meaning of Pr and of A = PrPr1

1 Pr2
2 . . .,

and the laws of divisibility of polygons, in complete agreement with those of the
divisibility of the integers and of ideals. The role of the prime factors is here
taken over by the points; but in order to obtain the unit as well, one must admit
the polygon O containing no point at all (the zero-gon).

The number of points of a polygon is called its order. A polygon of the order
n is also called briefly an n-gon.

The greatest common divisor of two polygons A,B is that polygon which
contains every point P as often as it occurs at least in A and B. If this is O,
A,B are called relatively prime.

The least common multiple of A and B is that polygon which contains every
point as often as it occurs at most in A and B.

If A,B are relatively prime, then AB is their least common multiple.
If A = PrPr1

1 Pr2
2 . . . is an arbitrary polygon, there are always functions z

in Ω which are infinite at none of the points A. For if z is infinite at some
points of A, one can choose a constant c such that z − c has the value 0 at
none of the points of A, and then 1

z−c is finite at all points of the polygon A.
If one takes such a variable z as the foundation, then the totality of all those
integral functions of z which vanish at the points of the polygon A (each counted
according to its multiplicity) is an ideal a = prpr11 pr22 . . ., and one can say that
the polygon A generates the ideal a, or that A is the zero polygon of the ideal
a. The notion of ideal accordingly coincides completely with the notion of a
system of integral functions all of which vanish at the same fixed points. The
ideal o is generated by the zero-gon O.

The product of two or more ideals is generated by the product of the zero
polygons of the factors, and the greatest common divisor and least common
multiple of two ideals by the greatest common divisor and the least common
multiple of the corresponding zero polygons.
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7. Theorem. If z is any variable in Ω and n the degree of the field Ω with
respect to z, then z takes every determinate value c at exactly n points. — For
if o denotes the system of all integral functions of z and c a finite constant, then

o(z − c) = pe11 pe22 . . . , e1 + e2 + · · · = n (ğ 9, 7.),

if p1, p2, . . . denote mutually different prime ideals in z. If one denotes by
P1,P2, . . . the zero points of p1, p2, . . ., then by 2. z has the value c at e1
points P1 (or at Pe1

1 ), at e2 points P2 (or at Pe2
2 ), and so on, hence at the

n points of the polygon Pe1
1 Pe2

2 . . . Conversely: if P is a point at which z has
the value c, and p the prime ideal in z generated by P, then z ≡ c (mod. p),
and consequently p is one of the ideals p1, p2, . . ., and hence P one of the points
P1P2 . . . But the same result also holds for c = ∞; for because n is also the
degree of Ω with respect to 1

z , the latter variable takes the value 0, and conse-
quently z the value ∞, at exactly n points. From ğ 11 it follows that only for a
finite number

of values of the constant c can one of the exponents e1, e2, . . . be greater
than 1.

The number n, i.e. the number of points at which the function z has any
one constant value, shall be called the order of the function z. The constants,
and only these, have the order zero. For all other functions in Ω the order is a
positive integer. The order of a variable z is at the same time the degree of the
field Ω with respect to z.

ğ 16. Conjugate points and conjugate values.
1. Definition. If c is a determinate numerical value, there corresponds to it, as
shown in ğ 15, a polygon A of n (equal or different) points P′,P′′, . . .P(n), at
which the variable z of the nth order has just this value; these n points shall
be called conjugate with respect to z; by one of them (and by the variable z)
the rest are determined. If one lets c take all values in succession, the polygon
A = P′P′′ . . .P(n) moves, and indeed in such a way that all its points always
change. One thus obtains all points that exist at all, and only those (finite in
number) several times at which z − z0 or 1

z vanishes in higher than the first
order. Therefore the product of all these polygons is

ΠA = TZz,

where T is the simple totality of all points, the Riemann surface, and Zz a
determinate finite polygon, which is called the ramification or winding polygon
of T in z. Every point Q contained in Zz is called a ramification or winding
point of T in z, and indeed of the order s if it occurs exactly s times in Zz. We
have s = e− 1 if z − z0 or 1

z is infinitely small of the eth order at Q. The order
of the polygon Zz is called the ramification or winding number wz of the surface
T with respect to z. Those points of the ramification polygon at which z has a
finite value together generate the ramification ideal in z (ğ 11).
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If one wishes to pass from this definition of the “absolute” Riemann surface,
which is an invariant notion belonging to the field Ω, to the familiar conception
of Riemann, one has to think of the surface

as spread out over a z-plane, which it then covers n-fold everywhere with
the exception of the branch points.

2. Theorem. If
z′ =

c+ dz

a+ bz
,

where a, b, c, d denote constants whose determinant ad−bc is different from zero,
then

Zz = Zz′ ; wz = wz′ .

For if at a point P z − z0 or 1
z is infinitely small of the eth order, then at the

same point

z′ − z′0 =
(ad− bc)(z − z0)

(a+ bz)(a+ bz0)
,

or, if z0 is infinite:

z′ − z′0 =
−(ad− bc)

b(a+ bz)
,

or, if z′0 = ∞, hence a+ bz0 = 0:

1

z′
=
a+ bz

c+ dz

is also infinitely small of the eth order.
If in particular z′ = 1

z , then the ramification number wz = wz′ is equal to the
degree of the discriminant ∆z(Ω) increased by the number of vanishing roots of
∆z′(Ω) = 0 (ğ 11).

3. Definition. The values η′, η′′, . . . η(n) which an arbitrary function η in Ω
takes at n points P′,P′′, . . .P(n) conjugate with respect to z are called conjugate
values of η with respect to z.

4. Theorem. If Nz(η) is the norm of an arbitrary function η with respect to
z, then the value which this rational function of z possesses for z = z0 is equal
to the product η′η′′ . . . η(n) of the conjugate values of η belonging to z = z0,
the case in which this product becomes indeterminate, i.e. in which one of these
conjugate values is 0 and another ∞, being disregarded. In the proof of this
theorem we may assume that z0 is finite; for if z0 = ∞, we take as foundation,
instead of z, the variable z′ = 1

z , whereby the norm remains unchanged. Further
we may assume that the values η′, η′′, . . . η(n) are all finite; for if one of them is
infinite, then by hyp. none of them is equal to 0, and we consider instead of η
the function 1

η .
Now under these assumptions let

o(z − z0) = pe11 pe22 pe33 . . .
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and let P1,P2,P3, . . . be the zero points of the mutually different prime ide-
als p1, p2, p3, . . . We construct a system of integral functions λ, µ of z by the
following rule: Let

λ1 divisible by p1, not by p21;
λ2 ” ” p2, ” ” p22;
λ3 ” ” p3, ” ” p23;
· · · · · · · · · · · · · · · · · · · · ·

µ1 divisible by pe22 , p
e3
3 , . . . , not by p1, p

e2+1
2 , pe3+1

3 , . . . ;

µ2 ” ” pe11 , p
e3
3 , . . . , ” ” p2, p

e1+1
1 , pe3+1

3 , . . . ;

µ3 ” ” pe11 , p
e2
2 , . . . , ” ” p3, p

e1+1
1 , pe2+1

2 , . . . ∗).
· · · · · · · · · · · · · · · · · · · · ·

The n functions
µ1, µ1λ1, µ1λ

2
1, . . . µ1λ

e1−1
1 ,

µ2, µ2λ2, µ2λ
2
2, . . . µ2λ

e2−1
2 ,

µ3, µ3λ3, µ3λ
2
3, . . . µ3λ

e3−1
3 ,

· · · · · · · · · · · · · · ·

which we denote by η1, η2, . . . ηn, then form a basis of Ω; this assertion is con-
tained in the more general one now to be proved.

If
(z − z0)ζ = x1η1 + x2η2 + · · ·+ xnηn

with integral rational coefficients x1, x2, . . . xn, and ζ has finite values ζ ′, ζ ′′, ζ ′′′, . . .
at the points P1,P2,P3, . . ., then all the coefficients x1, x2, . . . xn must be di-
visible by z − z0. Indeed, e.g. at the point P1 the left-hand side is infinitely
small of at least the order e1. Hence by ğ 15, 5. also

x1η1 + x2η2 + · · ·+ xe1ηe1 = µ1(x1 + x2λ1 + · · ·+ xe1λ
e1−1
1 )

must be infinitely small of this order. But this is possible only if x1, x2, . . . xe1
vanish at P1, hence are divisible by z − z0, q. e. d.

*) The possibility of determining such functions follows from ğ 9, 3., note,
or also from ğ 11, 2., according to which one can set, e.g.,

λ = ϱ− b, µλe = ψ(ϱ).

Accordingly we can set:

ηµ1λ
r
1 = µ1(x

(0)
1 + x

(1)
1 λ1 + · · ·+ x

(e1−1)
1 λe1−1

1 )

+ µ2(x
(0)
2 + x

(1)
2 λ2 + · · ·+ x

(e2−1)
2 λe2−1

2 )

+ µ3(x
(0)
3 + x

(1)
3 λ3 + · · ·+ x

(e3−1)
3 λe3−1

3 ) + · · · ,

where the x(0)1 , x
(1)
1 , . . . x

(0)
2 , . . . are rational functions of z which all remain finite

for z = z0. At the points P2,P3, . . . the left-hand side is infinitely small of at
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least the order e2, e3, . . . The same holds at P2 of µ1, µ3, . . . but not of µ2, and
at P3 of µ1, µ2, . . . but not of µ3, . . .; consequently for z = z0

x
(0)
2 = 0, x

(1)
2 = 0, . . . x

(e2−1)
2 = 0,

x
(0)
3 = 0, x

(1)
3 = 0, . . . x

(e3−1)
3 = 0,

· · · · · · · · · · · ·
At P1 the left-hand side is infinitely small of at least the order r; therefore, if
r < e1, for z = z0

x
(0)
1 = 0, x

(1)
1 = 0, . . . x

(r−1)
1 = 0, x

(r)
1 = η′.

The same consideration can be applied to the functions ηµ2λ
r
2, ηµ3λ

r
3, . . .. If

therefore one sets
ηη1 = x1,1η1 + x1,2η2 + · · ·+ x1,nηn,

ηη2 = x2,1η1 + x2,2η2 + · · ·+ x2,nηn,

· · · · · · · · · · · ·
ηηn = xn,1η1 + xn,2η2 + · · ·+ xn,nηn,

then in the determinant
N(η) = Σ± x1,1x2,2 . . . xn,n

all the terms standing to the left of the diagonal will vanish for z = z0, while of
the diagonal terms e1 become equal to η′, e2 equal to η′′, e3 equal to η′′′, . . ..
Hence for z = z0

N(η) = η′e1η′′e2η′′′e3 . . .

q. e. d.
5. Since by the definition of the trace (ğ 2)

S(η) = x1,1 + x2,2 + · · ·+ xn,n

the same considerations lead to the theorem:
For z = z0

S(η) = e1η
′ + e2η

′′ + e3η
′′′ + · · · ,

which however holds only under the assumption that the values η′, η′′, η′′′, . . .
are finite.

Theorem 4. yields, for an arbitrary constant t (or one depending rationally
on z), for z = z0

N(t− η) = (t− η′)e1(t− η′′)e2(t− η′′′)e3 . . . ,

and from this, by comparison of the coefficients of equal powers of t, an expres-
sion for each of these coefficients by the conjugate values (symmetric functions).

6. If η1, η2, . . . ηn is a basis of Ω, then by application of 5. there results at
once the value of the discriminant of this system for z = z0

∆z(η1, η2, . . . ηn) = (Σ± η′1η
′′
2 . . . η

(n)
n )2,

if η′ι, η′′ι , . . . η
(n)
ι denote all the conjugate values of ηι belonging to z = z0, equal

or different, but assumed to be finite.

59



ğ 17. Representation of the functions of the field Ω by
quotients of polygons.
A function η of the field Ω has an order number different from zero at only a
finite number of points; the sum of all the order numbers is equal to 0, hence the
sum of the positive equal to the sum of the negative order numbers, and indeed
equal to the order of the function η (ğ 15). If the order numbers of a function
η are known for every point P, then the function η is thereby determined up to
a constant factor; for if η′ has everywhere the same order number as η, then η

η′

has (by ğ 15, 5.) everywhere the order number zero and is therefore (by ğ 15,
7.) a constant.

If therefore we form a polygon A, into which we take every point at which
η has a positive order number as often as this order number indicates, and
a second polygon B, into which we take in a corresponding way the points at
which η has a negative order number, then the polygons A,B are of equal order,
and indeed of the order of the function η. By these polygons A,B the function
η is therefore determined up to a constant factor. We set in symbolic notation

η =
A

B
,

and call A the upper polygon, B the lower polygon of the function η∗).
By this stipulation the two polygons A,B are relatively prime; but it is

expedient to extend the notation so that common factors are also admitted in
A,B, which is done by the stipulation that

MA

MB
=

A

B

shall hold, if M denotes an arbitrary polygon. If according to this generalized
notation we set

η =
A

B
,

then a point P at which η possesses the order number m can be taken m1 times
into A and m2 times into B, if m1 −m2 = m. Even now the order of A is equal
to that of B, but no longer equal to the order of the function η.

From this definition there follows immediately (by ğ 15, 5.) the theorem: If

η =
A

B
, η′ =

A′

B′ ,

then
ηη′ =

AA′

BB′ ,
η

η′
=

AB′

BA′ .

By ğ 14, 5. a function η′ is an integral function of η if and only if every point
going into the lower polygon of η′ is also contained in that of η.
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ğ 18. Equivalent polygons and polygon classes.
1. Definition. Two polygons A,A′ with the same number of points are called
equivalent, if there exists a function η in Ω which (by ğ 17) has the notation:

*) All functions of the simple family (η) accordingly have the same notation
A
B , and it would therefore be more correct to set (η) = A

B ; however, this notation
leads to unnecessary prolixity.

η =
A

A′ .

2. Theorem. If A is equivalent to A′ and to A′′, then A′ is also equivalent to
A′′; for from

η′ =
A′

A
; η′′ =

A′′

A

it follows:
η′

η′′
=

A′

A′′ .

3. Definition and theorem. All the polygons A′,A′′, . . . equivalent to a given
polygon A form a polygon class A. By 2. every polygon whatever then occurs
in one and only one class; for if A,B are two equivalent polygons which lead to
the classes A,B, then by 2. every polygon of the class B is at the same time
contained in A and conversely, and therefore the two classes are identical.

All the polygons of a class have the same order, which shall be called the
order of the class.

4. But there may exist polygons which are equivalent to no other, and each
of which therefore forms a class by itself. Such polygons may be called isolated.

5. If M is an arbitrary polygon, and A equivalent to A′, then MA is also
equivalent to MA′; but conversely too, from the equivalence of MA with MA′

follows the equivalence of A with A′.
6. If A is equivalent to A′, and B to B′, then AB is also equivalent to

A′B′. The class C to which the product AB belongs therefore comprises all
the products of any two polygons of the classes A,B of A and B (but besides,
in certain circumstances, infinitely many other polygons as well), and shall be
designated as the product of the two classes A,B:

C = AB = BA.

The definition of the product of several classes and the validity of the funda-
mental theorem of multiplication follow from this of themselves.

7. If A,B,D are three classes which satisfy the condition

DA = DB

then A = B follows; for if A,B,D are three polygons of the classes A,B,D, it
follows from the assumption that DB is equivalent to DA, and consequently B
to A.

61



8. If a polygon A of the class A goes into a polygon C of the class C, then
the same holds of every polygon A′ of the class A; for from C = AB it follows
by 5. that C′ = A′B is contained in C, and we may therefore say, although
conversely not every polygon of the class C need be divisible by a polygon of
the class A, that the class C is divisible by the class A. If B′ is any polygon of
the class B of B, then C′′ = A′B′ too is contained in C, and consequently

C = AB.

If therefore C is divisible by A, there is one and (by 7.) only one class B which
satisfies the condition

C = AB

ğ 19. The polygon families.
1. If A1,A2, . . .As are determinate and indeed equivalent polygons, and A an
arbitrary polygon of the same class A, then there exist s functions in Ω

η1 =
A1

A
, η2 =

A2

A
, . . . ηs =

As

A
.

If one sets, as in ğ 15, 5., for an arbitrary point P

η1 = e1ϱ
m + σ1ϱ

m+1,

η2 = e2ϱ
m + σ2ϱ

m+1,

· · · · · · · · · · · ·
ηs = esϱ

m + σsϱ
m+1,

where ϱ is 01 at P, e1, e2, . . . es denote constants which do not all vanish, and
σ1, σ2, . . . σs functions finite at P, it follows that every function η of the family
(η1, η2, . . . ηs), i.e. every function of the form

η = c1η1 + c2η2 + · · ·+ csηs

has at P an order number which is not smaller than m, and from this, by ğ 17,
that the function η can be put in the form

η =
A′

A

where A′ is likewise contained in the class A.
If for A one chooses any other polygon B of the class A, and sets

ζ =
A

B
,

η1ζ = η′1 =
A1

B
, η2ζ = η′2 =

A2

B
, . . . ηsζ = η′s =

As

B
,

then also
ηζ = η′ = c1η

′
1 + c2η

′
2 + · · ·+ csη

′
s,
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and consequently

η′ =
A′

B
.

Every polygon generated by the denominator A and a system of constants
c1, c2, . . . cs is therefore also generated by every other denominator B belong-
ing to the same class, and the totality of all the polygons A′ corresponding to
the different values of the constants c1, c2, . . . cs depends only on the polygons
A1,A2, . . .As. This totality shall therefore be called a polygon family with the
basis A1,A2, . . .As and denoted by

(A1,A2, . . .As)

2. If the polygons A1,A2, . . .As have a greatest common divisor M, then
by 1. it is also a divisor of every polygon A′ of the family (A1,A2, . . .As),
and can be called the divisor of the family; but a polygon A′ = MB can be
determined in this family such that B becomes relatively prime to an arbitrarily
given polygon. For if, keeping the notation of 1., a point P is contained exactly
µ times in M and ν times in A, then, if

η = eϱm + σϱm+1

is set, m is never smaller than µ−ν, and m = µ−ν if one chooses the constants
c1, c2, . . . cs such that

e = c1e1 + c2e2 + · · ·+ cses

is different from zero. The point P is therefore contained at least µ times in A′,
and under the latter assumption also not more often than µ times. Now since
one can always choose the constants c1, c2, . . . cs such that an arbitrary number
of expressions of the form

Σcιeι, Σcιe
′
ι, . . . ,

in none of which all the constants eι, e′ι, . . . vanish, have values different from
zero, the correctness of the stated assertion follows.

3. If the functions η1, η2, . . . ηs in 1. are linearly dependent or independent,
the same holds of the functions η′1, η′2, . . . η′s. Correspondingly we shall also call
the polygons A1,A2, . . .As linearly dependent or independent, and their system
linearly reducible or irreducible.

Since by ğ 5, 4. every family of functions possesses an irreducible basis, it
follows that every polygon family also has an irreducible basis. If s is the number
of polygons of such a basis, the family is called an s-fold one, or s the dimension
of the family. Any s polygons of such a family form an irreducible basis of it or
not, according as they are linearly independent or dependent. (Cf. ğ 5, 4.).

4. If the polygons A1,A2, . . .As are linearly dependent or independent, then,
if M denotes an arbitrary polygon, MA1,MA2, . . .MAs too are linearly depen-
dent or independent, and conversely.
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ğ 20. Lowering of the dimension of the family by conditions
of divisibility.
1. Let

S = (A1,A2, . . .As)

be an s-fold family with the divisor M. We ask for the manifold of those
polygons A′ of the family S which contain an arbitrarily given point at least
once more often than the divisor M of the family.

If the point P is contained µ times in M and ν times in an arbitrary polygon
A equivalent to A1,A2, . . ., then, if as in ğ 19 we set

A1

A
= η1 = e1ϱ

m + σ1ϱ
m+1,

A2

A
= η2 = e2ϱ

m + σ2ϱ
m+1,

· · · · · · · · · · · ·
As

A
= ηs = esϱ

m + σsϱ
m+1

m = µ − ν, and of the constants e1, e2, . . . es at least one, say es, is different
from zero. The polygons A′ sought are then characterized by the equation

A′

A
= η′ = c1η1 + c2η2 + · · ·+ csηs,

where the constants c1, c2, . . . cs are bound to the condition

c1e1 + c2e2 + · · ·+ cses = 0.

Accordingly we can set

A′

A
= esη

′ = c1(esη1 − e1ηs) + · · ·+ cs−1(esηs−1 − es−1ηs).

But from this it follows, if we set

η′1 = esη1 − e1ηs,

η′2 = esη2 − e2ηs,

· · · · · · · · · · · ·
η′s−1 = esηs−1 − es−1ηs

that the functions η′ form an (s−1)-fold family (η′1, η
′
2, . . . η

′
s−1); for the functions

η′1, η
′
2, . . . η

′
s−1 are linearly independent if, as assumed, the functions η1, η2, . . . ηs

are. Hence the polygons A′ too form an (s− 1)-fold family

S′ = (A′
1,A

′
2, . . .A

′
s−1),

if
A′

ι

A
= esηι − eιηs
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is set. The divisor of this family is divisible by MP, though not necessarily
identical with it.

2. From this it follows at once that the polygons of a family S which are
divisible by an arbitrary r-gon R form an at least (s− r)-fold family. For let us
assume that this has already been proved for an r-gon R; then the correctness
of the assertion for an (r+1)-gon PR follows immediately from 1, since by the
addition of the point P the dimension is not changed further if P is contained
in the divisor of the family already reduced by R, and is otherwise lowered by
1.

From this it follows as a special case that in an s-fold family there is always
at least one polygon which is divisible by a given (s− 1)-gon.

3. If r ≦ s, one can choose the r-gon R such that the polygons of the family
S divisible by R form an exactly (s− r)-fold family. To this end choose a point
P which is not contained in the divisor of S; the polygons in S divisible by P
form by 1. an (s − 1)-fold family S′; choose a second point P′ which is not
contained in the divisor of S′; the polygons in S′ which are divisible by P′, i.e.
the polygons in S which are divisible by PP′, form an (s− 2)-fold

family, and so on; at the same time it is clear from this mode of formation
that R may be assumed relatively prime to an arbitrarily given polygon. If
r = s, then accordingly no polygon divisible by R will exist in S.

ğ 21. The dimensions of the polygon classes.
1. The polygons of a class form a family of finite dimension, which shall be
called the dimension of the class.

Proof. If in a class A, whose order may be m, one selects any s polygons
A1,A2, . . .As, then all the polygons of the family (A1,A2, . . .As) belong at the
same time to the class A. The number of linearly independent polygons con-
tained in A can therefore certainly not be greater than m+1, because otherwise
(by ğ 20, 2.) one could find in the class a polygon divisible by an arbitrary
(m+1)-gon, which is absurd. If therefore s is the maximum number of linearly
independent polygons A1,A2, . . .As of the class A, every polygon of this class
must be contained in the family (A1,A2, . . .As), and s is the dimension of the
class. The system of polygons A1,A2, . . .As shall be called a basis of the class.

The isolated polygons form classes of dimension 1.
2. If there are in a class C s, and not more, linearly independent polygons

divisible by a given polygon A of the class A

C1 = AB1, C2 = AB2, . . . Cs = ABs,

then C is divisible by A, and there exist in C also just as many linearly inde-
pendent polygons

C′
1 = A′B1, C′

2 = A′B2, . . . C′
s = A′Bs,

which are divisible by an arbitrary polygon A′ equivalent to A. (ğ 18, 8.; ğ 19,
4.). This number s therefore depends only on the two classes A, C and can
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fittingly be denoted by (A,C). The value of the symbol (A,C) is to be set equal
to 0 if C is not divisible by A. The dimension of a class A is accordingly denoted
by (O,A), where O denotes the class consisting of the zero-gon O. If (by ğ 18,
8.)

C = AB,

it follows:
(A,C) = (A,AB) = (O,B); (1.)

for the polygons B1,B2, . . .Bs, which are all contained in B, are linearly
independent, hence (O,B) is certainly not smaller than s. If conversely B is
an arbitrary polygon of the class B, then AB is contained in C, hence also in
the family (AB1,AB2, . . .ABs), and consequently B is contained in the family
(B1,B2, . . .Bs), i.e. (O,B) = s.

If a is the order of the class A, then by ğ 20, 2. (A,C) ≧ (O,C) − a, and
from this follows by means of (1.) the general theorem

(O,B) ≧ (O,AB)− a. (2.)

3. If all16 the basis polygons of a class A have the greatest common divisor
M, then this is also a divisor of all the polygons of the class A. If M is equal to
the zero-gon O, the class is called a proper one, in the opposite case an improper
one with the divisor M.

If in all the polygons of an improper class A one suppresses the divisor M,
one obtains a proper class A′ of lower order but of the same dimension. This
relation of A to A′ shall be expressed by the sign

A = MA′.

4. The17 divisor M of an improper class A is always an isolated polygon.
For if

A = MA′,

then by ğ 19, 2. one can choose in the proper class A′ a polygon A′ such that
it is relatively prime to M. If therefore M′ is equivalent to M, then M′A′ is
equivalent to MA′, hence contained in A, and consequently divisible by M.
Hence M′ too is divisible by M, and since M and M′ are of the same order,

M = M′.

Accordingly the single polygon M forms a class M , and the notation MA′ is
equivalent to MA′ (ğ 18, 6.).

16Editorial note: Printed “sämmmtlichen” with three m; read “sämmtlichen”. An apparent
misprint.

17Editorial note: Printed “Dêr” with a circumflex-like mark over the e; read “Der”. Probably
a stray or damaged piece of type.
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ğ 22. The normal bases of o.
1. In what follows we consider the system o of the integral functions ω of an
arbitrary variable z in Ω, and at the same time the system o′ of the integral
functions ω′ of z′ = 1

z . From the definition of the integral functions
it becomes clear at once that the two systems o, o′ have only the constants

in common with each other, but that on the other hand every function ω can be
converted into a function ω′ by multiplication by a determinate positive power
of z′. If ωz′r is contained in o′, the same also holds of ωz′r+1, ωz′r+2, . . . In the
series of functions

ω,
ω

z
= z′ω,

ω

z2
= z′2ω, . . .

therefore, from a determinate term ωz′r on, all the following functions will be
contained in o′, while all the preceding ones are not contained in it. The smallest
number r for which z′rω is contained in o′ shall be called the exponent of the
function ω with respect to z. The constants, and only these, have the exponent
zero. If ω is different from zero, and r its exponent, then r + 1 is the exponent
of (z − c)ω; for if ω = zrω′, then

(z − c)ω

zr+1
= (1− cz′)ω′ is contained in o′,

(z − c)ω

zr
= zω′ − cω′ is not contained in o′,

since cω′, it is true, but not zω′ = ω
zr−1 , is contained in o′. From this it follows

in general:
If x is an integral rational function of z of degree s, and r the exponent of

ω, then (r + s) is the exponent of xω.
2. We now select a system of functions λ1, λ2, . . . λn in o according to the

following rule:
Let λ1 be a constant different from zero, e.g. 1; let λ2 be, among those

functions in o which are not congruent to a constant with respect to the mod-
ulus oz, one of the lowest possible exponent r2, and so on; in general let λs
be, among those functions in o which are not congruent to a function of the
family (λ1, λ2, . . . λs−1) (mod. oz), one of the lowest possible exponent rs. Since
(o, oz) = N(z) = zn is of the nth degree, there are in o n, and not more, func-
tions linearly independent with respect to the modulus oz (ğ 6), and therefore
the series of functions λ1, λ2, λ3, . . . can contain neither more nor fewer than n
terms. Then (ğ 5)

o ≡ (λ1, λ2, . . . λn) (mod. oz).
The exponents r1, r2, . . . rn of the functions λ1, λ2, . . . λn satisfy the requirement

r1 = 0, 1 ≦ r2 ≦ r3 · · · ≦ rn.

Every function in o whose exponent is < rs is congruent with respect to the
modulus oz to a function from the (s− 1)-fold family

(λ1, λ2, . . . λs−1).
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These functions λ1, λ2, . . . λn form a basis of o, as results from the following
consideration.

If this were not the case, one could (ğ 3, 7.) determine a linear function z−c
and a system of constants a1, a2, . . . an, not all vanishing, such that

a1λ1 + a2λ2 + · · ·+ anλn = (z − c)ω

If among the constants a the last non-vanishing one is as, then also

a1λ1 + a2λ2 + · · ·+ asλs = (z − c)ω,

and the exponent of ω is certainly smaller than rs (because (z−c)ω
zrs is contained in

o′). Hence ω, and consequently, since as is different from 0, also λs, is congruent
to a function of the family (λ1, λ2, . . . λs−1) (mod. oz), which is contrary to the
assumption.

The functions λ1, λ2, . . . λn therefore form a basis of o, and this shall be
called a normal basis. The characteristic properties of the normal basis are:

I. The functions λ1, λ2, . . . λn are linearly independent with respect to the
modulus oz.

II. Every function in o whose exponent is smaller than the exponent rs of
λs is contained in the form

c1λ1 + c2λ2 + · · ·+ cs−1λs−1 + zωs,

where c1, c2, . . . cs−1 are constants and ωs a function in o.
3. The functions contained in o′

λ′1 =
λ1
zr1

, λ′2 =
λ2
zr2

, . . . λ′n =
λn
zrn

form a normal basis of o′.
For if ω is a function in o not divisible by z, of exponent r, then the exponent

of ω′ = ω
zr with respect to z′ is likewise r; for ω′

z′r = ω is contained in o, but
ω′

z′r−1 = ω
z is not. Since the functions λ1, λ2, . . . λn are all not divisible by z,

the exponents of λ′1, λ′2, . . . λ′n with respect to z′ are accordingly r1, r2, . . . rn
respectively. This premised, we prove that the system of functions λ′1, λ′2, . . . λ′n
possesses the properties I., II., if o, z are there replaced by o′, z′.

If the condition I. were not fulfilled, the constants a1, a2, . . . as, of which the
last does not vanish, could be determined such that

a1λ
′
1 + a2λ

′
2 + · · ·+ asλ

′
s = z′ω′,

hence also (by multiplication by zrs)

a1z
rs−r1λ1 + a2z

rs−r2λ2 + · · ·+ asλs = ω,

where
ω = zrs−1ω′,

68



would thus be a function in o whose exponent is smaller than rs. But this, since
as is different from zero, is impossible because of the assumption about the λ,
and consequently the condition I. is fulfilled; from this it follows:

o′ ≡ (λ′1, λ
′
2, . . . λ

′
n) (mod. o′z′).

If the condition II. were not fulfilled, and λ′ were a function in o′ whose
exponent is r < rs, which is not contained in the form

a1λ
′
1 + a2λ

′
2 + · · ·+ as−1λ

′
s−1 + z′ω′,

then one could choose e ≧ s such that

λ′ = a1λ
′
1 + a2λ

′
2 + · · ·+ aeλ

′
e + z′ω′

with constant coefficients, of which the last, ae, does not vanish. Accordingly
also re ≧ rs > r.

Hence λ = zre−1λ′ is a function in o, and there results, by multiplication by
zre ,

zλ = a1z
re−r1λ1 + a2z

re−r2λ2 + · · ·+ aeλe + zre−1ω′.

Therefore ω = zre−1ω′ is a function in o whose exponent is (by 1.) ≦ re − 1,
and which satisfies the congruence

ω ≡ a′1λ1 + a′2λ2 + · · ·+ a′eλe (mod. oz),

where a′e = −ae is different from zero. But then, because of the property II.
of the functions λ, the exponent of ω ≧ re would have to hold, from which the
contradiction becomes clear.

It is thereby proved that the system of functions λ′1, λ′2, . . . λ′n forms a normal
basis of o′.

4. We now form the discriminant of Ω with respect to the variables z and z′
with the help of the two normal bases λ, λ′; we have:

∆z(Ω) = const.∆(λ1, λ2, . . . λn),

∆z′(Ω) = const.∆(λ′1, λ
′
2, . . . λ

′
n).

But if for λ′ι one puts the expressions z′rιλι, it follows from the theorem ğ 2,
(13.)

∆z′(Ω) = const. z′2(r1+r2+···+rn)∆z(Ω).

If ∆z(Ω) is of degree δ, then ∆z′(Ω) possesses the root z′ = 0 (2(r1 + r2 + · · ·+
rn)− δ) times, and from this there results by ğ 16, 2. the ramification number

wz = 2(r1 + r2 + · · ·+ rn),

which is accordingly always an even number.
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ğ 23. The differential quotients.
1. Since every function of the field Ω different from zero has the value zero at
only a finite number of points, it follows that a function in Ω of which infinitely
many zero points can be shown to exist is necessarily identically zero, or that
two functions in Ω which have the same value at infinitely many points must be
identical.

2. If α, β are any two variables of the field Ω, there exists in Ω a function, to
be denoted by

(
dα
dβ

)
, which at infinitely many points P satisfies the condition:(

dα

dβ

)
0

=

(
α− α0

β − β0

)
0

,

and which is called the differential quotient of α with respect to β. For if
F (α, β) = 0 is the irreducible equation existing between α, β, then, if we first
exclude those points (finite in number) at which α0 or β0 = ∞ or F ′(α0) = 0
or F ′(β0) = 0,

0 = F (α, β) = F (α0, β0) + (α− α0)F
′(α0) + (β − β0)F

′(β0)

+
1

2
{(α− α0)

2F ′′(α0, α0) + 2(α− α0)(β − β0)F
′′(α0, β0) + (β − β0)

2F ′′(β0, β0)}+ · · ·

Of the two quotients
(

α−α0

β−β0

)
0
,
(

β−β0

α−α0

)
0

one is certainly finite; if it is the former,
we derive from the last equation the following:

0 =
α− α0

β − β0
F ′(α0) + F ′(β0)

+(β − β0)
1

2

{(
α− α0

β − β0

)2

F ′′(α0, α0) + 2

(
α− α0

β − β0

)
F ′′(α0, β0) + F ′′(β0, β0)

}
+ · · · ,

from which it follows for the point P:(
α− α0

β − β0

)
0

= −F
′(β0)

F ′(α0)
= −

(
F ′(β)

F ′(α)

)
0

.

If
(

α−α0

β−β0

)
0

were infinite, we would infer in the same way with respect to β−β0

α−α0
.

Thus (
dα

dβ

)
= −F

′(β)

F ′(α)
(1.)

has the required property. This still remains true when one of the two functions
α, β is constant; for if e.g. α is constant, then F (α, β) = α− α0 is independent
of β, hence F ′(α) = 1, F ′(β) = 0.

3. From the foregoing it follows that, if β is not constant, then apart from
a finite number of points

(
α−α0

β−β0

)
0

is a finite value. If therefore γ is a third
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variable in Ω, then at infinitely many points(
α− α0

β − β0

)
0

=

(
α− α0

γ − γ0

)
0

(
γ − γ0
β − β0

)
0

,

hence also (
dα

dβ

)
0

=

(
dα

dγ

)
0

(
dγ

dβ

)
0

.

But by this and by 1. the identity is satisfied:(
dα

dβ

)
=

(
dα

dγ

)(
dγ

dβ

)
∗). (2.)

4. In consequence of this last theorem we can assign to each of the functions
α, β, γ, . . . of the field Ω a function dα, dβ, dγ, . . . (differential) in

*) One can also define the differential quotient by the equation(
dα

dβ

)
= −F

′(β)

F ′(α)

and arrive by algebraic division at the proof of the theorem(
dα

dβ

)
=

(
dα

dγ

)(
dγ

dβ

)
such a way that in general

dα

dβ
=

(
dα

dβ

)
holds. The differentials of the constants, and only these, are to be set equal
to zero; the rest are completely determined as soon as one of them has been
assumed arbitrarily. If there exists between the variables α, β, γ, . . . a rational
equation

F (α, β, γ, . . .) = 0,

then it follows from it that

F ′(α) dα+ F ′(β) dβ + F ′(γ) dγ + · · · = 0; (3.)

for in the same way as in 2. one infers that this equation is satisfied for infinitely
many points.

Immediate consequences of the last theorem are the familiar rules for the
differentiation of sums, differences, products and quotients:

d(α± β) = dα± dβ, (4.)

d(αβ) = αdβ + β dα, (5.)

d

(
α

β

)
=
β dα− αdβ

β2
. (6.)
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5. If ω is an integral function of z, then in general dω
dz will not be an integral

function of z. But it is evident from the expression (ğ 3, 7.)

ω = x1ω1 + x2ω2 + · · ·+ xnωn

since the differential quotients of the integral rational functions x1, x2, . . . xn are
again integral rational functions, that the lower ideals of all the functions dω

dz
must go into a determinate ideal, namely into the least common multiple of the
lower ideals of dω1

dz ,
dω2

dz , . . .
dωn

dz . It is to be investigated which ideal this is. To
this end let z − c be an arbitrary linear function of z and

o(z − c) = pepe11 pe22 . . . ,

where the prime ideals p, p1, p2, . . . are different from one another. Now let ζ be
the same function as in ğ 11, 2., i.e. an integral function of z which at the points
P,P1,P2, . . . generated by the prime ideals p, p1, p2, . . . has values all different,
and each of them only simply;

then ω can be represented in the form

ω = y0 + y1ζ + · · ·+ yn−1ζ
n−1,

where the rational functions y0, y1, . . . yn−1 of z may indeed be fractional, but
certainly do not contain the factor z − c in the denominator. From this it
follows that the lower ideal of dω

dz can be divisible by no higher powers of the
ideals p, p1, p2, . . . than the lower ideal of dζ

dz . But if

f(ζ, z) = 0

is the irreducible equation existing between ζ and z, then by ğ 11, 2.

of ′(ζ) = mpe−1pe1−1
1 pe2−1

2 . . .

and m is relatively prime to p, p1, p2, . . . But since

dζ

dz
= −f

′(z)

f ′(ζ)

the lower ideal of dζ
dz , and consequently also that of dω

dz , can contain none of the
factors p, p1, p2, . . . more often than (e − 1), (e1 − 1), (e2 − 1), . . . times. Now
since z − c can be any linear function whatever, it follows that dω

dz can have
no other lower ideal than one which goes into the ramification ideal z = Πpe−1

(ğ 11). Hence, if a denotes an ideal:

z
dω

dz
= a,

hence by ğ 11, (7.)

o
dω

dz
= ea,
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from which it emerges that the functions dω
dz all belong to the module e comple-

mentary to o.
6. If the irreducible equation F (ω, z) = 0 between ω and z is of the nth

degree with respect to ω, hence 1, ω, ω2, . . . ωn−1 a basis of Ω, then by ğ 11,
(10.)

oF ′(ω) = zk,

and therefore, because of
dω

dz
= − F ′(z)

F ′(ω)

oF ′(z) must be divisible by the ideal k,

oF ′(z) = ka,

k can therefore be called the ideal of the double points with respect to ω, z.
7. If P is a point at which z − c is infinitely small of the first order (hence

not a branch point in z), then by 5. the functions dω
dz are all finite at P. If

therefore η is any function in Ω which is finite at P, one can represent it as
the quotient of two integral functions α

β , of which β does not vanish at P, and
therefore by (6.) dη

dz too is finite at P.
8. Now let α, β be any two variables in Ω; the behaviour of dα

dβ at any point
P is to be investigated.

Choose a variable z in Ω which is infinitely small of the first order at P. If
α has a finite value α0 at P, then by ğ 15, 1., 2. one can determine a positive
integer r and a function α′ finite and different from zero at P such that

α = α0 + zrα′

This still holds when α is infinite at P; only then r is a negative integer, and
α0 is to be replaced by an arbitrary finite constant, e.g. 0. Likewise one can set

β = β0 + zsβ′

r and s are then the order numbers of α−α0, β− β0 at the point P, which can
be positive as well as negative, but not 0. From (2.) there then results:

dα

dβ
= zr−s rα

′ + z dα′

dz

sβ′ + z dβ′

dz

or
β − β0
α− α0

dα

dβ
=
r + z dα′

α′dz

s+ z dβ′

β′dz

.

If one now again denotes by the index 0 the value of a function at the point P,
then, since (

dα′

α′dz

)
0

,

(
dβ′

β′dz

)
0
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are finite by 7., (
β − β0
α− α0

dα

dβ

)
0

=
r

s
, (7.)

hence finite and different from zero. From this it follows that the order number
of the differential quotient dα

dβ is equal to the difference of the order numbers of

α−α0 and β − β0. If r ≷ s, then
(

α−α0

β−β0

)
0
, and consequently

(
dα
dβ

)
0
, is zero or

infinite. If on the other hand r = s, both values are finite and different from 0,
and we therefore have in all cases(

α− α0

β − β0

)
0

=

(
dα

dβ

)
0

. (8.)

Here α0, β0 are the values of α, β at P if these values are finite, otherwise
arbitrary constants, e.g. 0.

9. If a, b are the order numbers of α − α0, β − β0 at P, then, if a, b are
positive, the point P occurs (a− 1) times resp. (b− 1) times in the ramification
polygons Zα, Zβ in α, β. But if a is negative, Zα contains the point P (−a− 1)
times, and correspondingly when b is negative (ğ 16, 1.). If therefore one denotes
by A, B the lower polygons of α, β, one obtains, because the order number of
dα
dβ is (as just proved) always equal to a − b, the following expression for this
function as a quotient of polygons

dα

dβ
=

ZαB
2

ZβA2
. (9.)

ğ 24. The genus of the field Ω.
1. If one denotes by wα, wβ the ramification numbers and by nα, nβ the orders
of the variables α, β, then from the formula (9.) of the preceding ğ, since
the numerator and denominator of dα

dβ must contain equally many points, there
follows the important relation

wα − 2nα = wβ − 2nβ ;

if therefore one sets
p =

1

2
w − n+ 1 (1.)

which by ğ 22, 4. is an integer, then this is independent of the choice of the
variable and is a number characteristic of the field Ω,

which is called the genus of the field Ω. That this number is never negative
follows if for 1

2w one substitutes the value r1+r2+ · · ·+rn from ğ 22. One then
obtains

p = (r2 − 1) + (r3 − 1) + · · ·+ (rn − 1), (2.)

which, since r2, r3, . . . rn ≧ 1, cannot become negative.
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2. Let α, β be two functions in Ω of the orders m, n, of such a nature that
all functions in Ω can be represented rationally by α, β. Then

F (α, β) = a0α
n + a1α

n−1 + · · ·+ an−1α+ an

= b0β
m + b1β

m−1 + · · ·+ bm−1β + bm = 0

is the irreducible equation existing between α, β, where a0, a1, . . . an are integral
rational functions of β, and likewise b0, b1, . . . bm integral rational functions of
α.

Let further
α =

A1

A
, β =

B1

B
and A1 relatively prime to A, and B1 to B, so that A, A1 are of the order m,
and B, B1 of the order n. Now

F ′(α) = na0α
n−1 + (n− 1)a1α

n−2 + · · ·+ an−1,

αF ′(α) = −a1αn−1 − 2a2α
n−2 − · · · − nan,

from which it emerges that

F ′(α) =
K

An−2Bm

and likewise
F ′(β) =

L

AnBm−2

must hold. It is now to be shown that the polygon K is divisible by Zβ , and L
by Zα.

For K this is easily seen under the assumption that at all points of Zβ the
function β has a finite value and a0 a value different from zero; for

α′ = a0α

is an integral function of β, and if one sets

f(α′) = an−1F (α, β)

18 then
f ′(α′) = an−2

0 F ′(α).

Now since by ğ 11, 5. oβf
′(α′) is divisible by the ramification ideal in

β generated by Zβ , the correctness of the assertion follows from this. The
analogous holds for F ′(β).

If one now makes arbitrary linear substitutions for α, β:

α =
c+ dα′

a+ bα′ ; β =
c′ + d′β′

a′ + b′β′ ,

(a+ bα′)(d− bα) = ad− bc,

(a′ + b′β′)(d′ − b′β) = a′d′ − b′c′,

18Editorial note: Printed an−1 without the subscript; an−1
0 is meant, as α′ = a0α and the

next line has an−2
0 . Possibly a dropped subscript.
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then by ğ 16, 2.
Zα = Zα′ ; Zβ = Zβ′ ,

and the irreducible equation existing between α′, β′ reads:

F1(α
′, β′) = (a+ bα′)n(a′ + b′β′)mF (α, β) = 0.

But under all circumstances the constants a, b, c, d; a′, b′, c′, d′ can be chosen
such that the assumptions stated above are fulfilled both for α′ and for β′.

For if one puts the coefficients a′0, b′0 of α′n, β′m in F1(α
′, β′) into the form

a′0 = (a′ + b′β′)m(a0d
n + a1d

n−1b+ · · ·+ anb
n) =

(
a′d′ − b′c′

d′ − b′β

)m

(a0d
n + a1d

n−1b+ · · ·+ anb
n),

b′0 = (a+ bα′)n(b0d
′m + b1d

′m−1b′ + · · ·+ bmb
′m) =

(
ad− bc

d− bα

)n

(b0d
′m + b1d

′m−1b′ + · · ·+ bmb
′m),

one easily recognizes that only for a finite number of values of the ratios d : b,
d′ : b′ can the functions a′0, d′ − b′β vanish at a point of Zβ , and b′0, d− bα at a
point of Zα.

Now if we set
α′ =

A′
1

A′ , β′ =
B′

1

B′ ,

it follows (ğ 19, 1.)

d− bα =
A2

A
, a+ bα′ =

A′
2

A′ ,

hence:
A2A

′
2 = AA′.

But if, as assumed, b is different from zero, then A2 is relatively prime to A,
because at a point of A the order number of d − bα is the same as that of α
(ğ 15, 5.), and consequently

A2 = A′, A′
2 = A,

hence:
a+ bα′ =

A

A′ ,

and likewise:
a′ + b′β′ =

B

B′ .

But now, since F (α, β) = 0:

F ′
1(α

′) = (ad− bc)(a+ bα′)n−2(a′ + b′β′)mF ′(α),

and if therefore, as assumed:

F ′
1(α

′) =
RZβ

A′n−2B′m ,
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it follows
F ′(α) =

RZβ

An−2Bm

and in the same way
F ′(β) =

RZα

AnBm−2
.

That the polygon R occurring in the numerator of these two expressions must
be the same in both follows from

dα

dβ
= −F

′(β)

F ′(α)
=

B2Zα

A2Zβ
.

Now the order of the polygon An−2Bm is

m(n− 2) +mn = 2m(n− 1),

hence the order of R
2r = 2m(n− 1)− wβ

is always an even number, and from this there results

p =
1

2
wβ − n+ 1 = (n− 1)(m− 1)− r. (3.)

The polygon R is called the polygon of the double points in (α, β).

ğ 25. The differentials in Ω.
If z, z1 are any two variables in Ω of the orders n, n1 and the ramification
numbers w, w1, and further Z, Z1 the ramification polygons and U, U1 the lower
polygons of z, z1, then (ğ 23)

dz

dz1
=

ZU2
1

Z1U2
. (1.)

Every function ω in Ω can be put in the form

ω =
U2A

ZB
, (2.)

where A, B denote polygons whose orders a, b satisfy the condition

2n+ a = w+ b

or (ğ 24)
a = b+ 2p− 2. (3.)

If one now explains a function ω1 by the equation

ω dz = ω1 dz1,

77



then by (1.) ω1 receives the notation

ω1 =
U2
1A

Z1B
.

In what follows we call such expressions as

ω dz = ω1 dz1

differentials in Ω, and denote them symbolically by a sign such as dϖ. Such a
differential is hereby explained invariantly, i.e. independently of the choice of
the variable z, and is completely determined by the two polygons A, B.

We can, without danger of misunderstanding, use the symbolic notation

dϖ =
A

B
,

hence for example also
dz =

Z

U2

This notation of a differential by a quotient of polygons differs from the similar
notation of the functions in Ω (ğ 17) in that in the latter the numerator and
denominator are of equal order, while with the differentials the order of the
numerator exceeds that of the denominator by 2p − 2. As in the notation of
ğ 17, common divisors which A and B may contain can be suppressed here too.
If A and B are relatively prime, A is called the upper polygon and B the lower
polygon of the differential dϖ.

Under the general notion of the differential in Ω set up here there fall, as
special cases, also the differentials of the functions of the field Ω explained in
ğ 23, 4. These we call proper differentials,

while the others, which cannot be represented as differentials of functions
existing in Ω, are called improper or Abelian differentials.

Functions of the form (2.), which by our present stipulation can be denoted
by dϖ

dz , we call differential quotients with respect to z, and likewise distinguish
between proper and improper differential quotients, according as dϖ is a proper
or an improper differential∗).

There now arises the task of establishing the extent of the notion of differ-
entials, i.e. of finding all the polygons A, B which can be the upper and lower
polygon of a differential. We premise on this the following general remarks:

The necessary and sufficient condition for A
B to be a differential is that for

an arbitrary variable z
U2A

ZB

be a function in Ω, hence that U2A be equivalent to ZB. But this relation
persists if A, B themselves are replaced by equivalent polygons A′, B′. If we
keep B fixed, and A

B is a differential, then accordingly

A′

B
,

A′′

B
, . . .
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will represent differentials if and only if the polygons A, A′, A′′, . . . all belong
to the same class A. If the polygons A1, A2, A3, . . . form a basis of A, hence

A = (A1,A2,A3, . . .),

then the corresponding differential quotients with respect to an arbitrary vari-
able z, dϖ1

dz , dϖ2

dz , dϖ3

dz , . . ., form the basis of a family of functions of finite
dimension, and correspondingly we shall also call dϖ1, dϖ2, dϖ3, . . . the basis
of a family of differentials

(dϖ1, dϖ2, dϖ3, . . .)

*) The quotient dϖ
dϖ′ of any two proper or improper differentials always has

the meaning of a determinate function in Ω. In what follows, however, we
restrict ourselves to the consideration of such quotients in which at least the
denominator is a proper differential.

of the same dimension. This says that every differential dϖ whose lower
polygon is B or a divisor of B can be represented in the form

dϖ = c1 dϖ1 + c2 dϖ2 + c3 dϖ3 + · · ·

with constant coefficients c1, c2, c3, . . .

ğ 26. The differentials of the first kind.
We consider first the simplest among the differentials in Ω, namely those whose
lower polygon is the zero-gon O. Such differentials (whose existence, admit-
tedly, has still to be proved) are called differentials of the first kind. The upper
polygon W of such a differential dw, whose order is 2p− 2, is designated as the
fundamental polygon of dw and is called a complete polygon of the first kind,
while every divisor of such a one is called simply a polygon of the first kind.
If W = AB, then A, B are called supplementary polygons of each other. A
polygon which is not a divisor of a complete polygon of the first kind, hence in
particular every polygon of more than 2p − 2 points, is called a polygon of the
second kind.

1. By what was remarked above, all the complete polygons of the first kind
form a polygon class W , whose dimension is to be determined; if this dimension
turns out > 0, then the existence of the polygons of the first kind is thereby
proved at the same time. But this dimension is the same as the dimension of
the family of differentials of the first kind, or also, for an arbitrary variable z, of
the family of differential quotients of the first kind, if we designate as differential
quotients of the first kind with respect to z the functions

u =
dw

dz

Such a function u has by ğ 25, (2.) the expression

u =
U2W

Z
,
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and one easily recognizes from the consideration of the order numbers at the
various points that such a differential quotient of the first kind is completely
defined by the following two properties:

I. At every point P at which z has a finite value z0,

(u(z − z0))0 = 0.

II. At a point P at which z is infinite,

(zu)0 = 0.

If, as in ğ 11, 4.,
r = (z − c)(z − c1)(z − c2) . . .

denotes the product of all the mutually different linear factors of the discrimi-
nant ∆z(Ω), and r the product of all the mutually different prime ideals going
into r, then the condition I. is completely equivalent to the condition that ru
be a function in r, or that u must be a function of the module e complementary
to o (ğ 11, 4. (6.)). In order therefore to obtain the totality of the functions u,
one has to look among the functions in e for those which satisfy the condition
II.

2. For this purpose we take as foundation a normal basis λ1, λ2, . . . λn of o
(ğ 22) and denote the basis complementary to it by µ1, µ2, . . . µn, so that every
function satisfying the condition I., hence also every differential quotient of the
first kind, is contained in the form

u = y1µ1 + y2µ2 + · · ·+ ynµn, (1.)

where y1, y2, . . . yn are integral rational functions of z. But from the fundamental
properties of the complementary basis there results (ğ 10, 3.)

ys = S(uλs);
ys

zrs−1
= S

(
uz · λs

zrs

)
.

Now since λs

zrs is contained in o′, hence finite for z = ∞, and uz by II. vanishes
at every such point, it follows (ğ 16, 5.) that ys

zrs−1 must vanish for z = ∞, i.e.
that the integral rational function ys cannot exceed the degree rs − 2.

Therefore, if rs < 2, ys must vanish; hence under all circumstances (ğ 22,
2.)

y1 = 0; S(u) = 0

(Abel’s theorem for differentials of the first kind) and, if rs ≧ 2:

ys = c0 + c1z + c2z
2 + · · ·+ crs−2z

rs−2. (2.)

It remains to be shown that these conditions are also sufficient, i.e. that every
function of the form (1.), in which the ys have the expression (2.), satisfies the
requirement II., or, what is the same, that, if rs ≧ 2, zrs−1µs vanishes at all
points at which z becomes infinite.
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This results at once from the consideration of the system o′ of the integral
functions of z′ = 1

z , for which by ğ 22, 3. the functions

λ′1 =
λ1
zr1

, λ′2 =
λ2
zr2

, . . . λ′n =
λn
zrn

form a normal basis. The basis complementary to this is by ğ 10, 5.

µ′
1 = zr1µ1, µ′

2 = zr2µ2, . . . µ′
n = zrnµn,

and since (because of the property I., applied to z′, µ′)

z′µ′
s = 0 for z′ = 0,

it follows
zrs−1µs = 0 for z = ∞

q. e. d.
But since the functions zhµs are linearly independent (because of the rational

independence of the functions µs), there results from this, by ğ 24, (2.), the
fundamental theorem:

The family of differentials of the first kind is of the dimension

(r2 − 1) + (r3 − 1) + · · ·+ (rn − 1) = p,

and accordingly p is also the dimension of the class W of the complete polygons
of the first kind.

As a basis of the family of differential quotients of the first kind with respect
to z one can choose the p functions zhµs (h ≦ rs − 2), and the fundamental
polygons W1,W2, . . .Wp of the corresponding differentials dw form a basis of
the class W .

3. For the sake of a later application, a special kind of differential quotients
of the first kind u′ shall be considered here, namely those in which the condition
II. is replaced by the following condition, which includes it.

III. At every point P at which z is infinite, let

(zku′)0 = 0,

where k is a given positive integer.
The functions u′ can be represented by

u′ =
Uk+1W′

Z

and likewise form a family; similarly the polygons W′ form a class W ′, whose
order is

w − n(k + 1) = 2p− 2− n(k − 1).

The polygons W′, however, are not independent of the choice of the variable z.
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The dimension of the class W ′ can be determined by the same method as
that of the class W . For since the condition I. is fulfilled, the functions u′ are
likewise contained in the form (1.); but now

ys
zrs−k

= S

(
u′zk

λs
zrs

)
must vanish for z = ∞, and therefore the degree of the integral rational function
ys cannot exceed the number rs − k − 1. Thus ys vanishes identically as soon
as rs < k + 1; otherwise

ys = c0 + c1z + · · ·+ crs−k−1z
rs−k−1. (3.)

If conversely ys has this form, then the condition III. is satisfied by the function

u′ =
s

Σysµs

for, as proved in 2.,
zk(zrs−k−1µs) = zrs−1µs

has the value 0 for z = ∞.
From this it follows that the dimension of the family of the functions u′, and

consequently also of the class W ′, is

=
ι

Σ(rι − k)

where, however, only those terms of the sum are to be retained which have a
positive value. If all rι − k ≦ 0, the functions sought do not exist at all.

ğ 27. Polygon classes of the first and second kind.
If A is a polygon of the first kind, then all the polygons equivalent to A are
likewise of the first kind. For if A and B are supplementary polygons and

AB = W,

then, if A, B are the classes of A and B:

AB =W,

and, if A′ is equivalent to A, A′B = W′ too is equivalent to W (ğ 18, 5.).
We therefore call such classes as contain polygons of the first kind polygon

classes of the first kind, and the rest polygon classes of the second
kind. The class W of the complete polygons of the first kind is called the

principal class, and two classes A, B which satisfy the condition

AB =W,

supplementary classes.
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If
η =

A′

A

is a function in Ω, and A′ relatively prime to A, hence the class A of A a proper
one, then we call η a function of the first or second kind, according as the class
A is of the first or of the second kind.

If A is an arbitrary class of the first kind and q the number of mutually
independent polygons W which are divisible by some polygon A of the class A,
then by ğ 21, 2.

q = (A,W ) = (O,B)

i.e. equal to the dimension of the supplementary class B of A. Likewise (B,W )
is equal to the dimension of the class A. If A is a class of the second kind, then
(A,W ) = 0. Since p is the dimension of W , then by ğ 20, 2., 3. every class
whose order is ≦ p− 1 is of the first kind, and there are in particular classes A
of the order p − k such that (A,W ) = (O,B) = k. From the same theorems it
follows that there are classes of the order p which are of the second kind.

ğ 28. The Riemann-Roch theorem for proper classes.
The Riemann-Roch theorem, which in its usual mode of expression teaches the
number of arbitrary constants contained in a function that becomes infinite at a
certain number of given points, contains, in our mode of presentation, a relation
between the dimension and the order of a class, resp. between a class and its
supplementary class. Restricting ourselves first to proper classes, we premise
the following remarks to the derivation of this fundamental relation.

1. In a proper class A one can by ğ 19, 2. always select two polygons A, A′

relatively prime to each other (one of them may be assumed arbitrarily in the
class). If therefore one sets

z =
A′

A

and, if A′′ denotes an arbitrary third polygon of the class A:

ω =
A′′

A
,

ω

z
=

A′′

A′ ,

then by ğ 17 ω is an integral function of z, and ω
z an integral function of 1

z .
Therefore (ğ 22) the exponent of ω ≦ 1.

If conversely ω is an integral function of z whose exponent is ≦ 1, then it
has the form

ω =
A′′

A
,

where A′′ is a polygon of the class A. For if

ω =
A′′

1

A1
,

ω

z
=

A′′
1A

A1A′
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and A′′
1 is assumed relatively prime to A1, then first, since ω is to be an integral

function of z, A1 can contain no point which is not also contained in A. But
neither can A1 contain any point more often than A, because otherwise ω

z would
be infinite at such a point (which cannot occur in A′), and hence would not be
an integral function of 1

z . Therefore A is divisible by A1, and ω can be put into
the form A′′

A .
2. In order therefore to obtain the totality of the polygons of the class A,

we have only to look for those integral functions of z whose exponent is ≦ 1.
If n is the order of the class A, hence also the order of the variable z, and

λ1, λ2, . . . λn form a normal basis of o with the exponents r1, r2, . . . rn, among
them rs the last which is ≦ 1, then every function ω whose exponent is ≦ 1 can
by ğ 22, 2. be represented in the form

ω = c1λ1 + c2λ2 + · · ·+ csλs + zω1.

But since the exponent of zω1 cannot be greater than 1, ω1 must be a constant,
and therefore

ω = c1λ1 + c2λ2 + · · ·+ csλs + cs+1z.

Conversely every function of this form satisfies the requirement posed. Hence
s+1 is the dimension of the class A, which accordingly, in agreement with ğ 21,
1., is always ≦ n+1. But the upper limit n+1 can be reached only in the case
p = 0, and is also actually reached, because in this case r2, r3, . . . rn = 1. From
this it follows

that a single point P can belong to a proper class only if p = 0.
3. If one of the exponents rs+1, rs+2, . . . rn is greater than 2, then certainly

also rn > 2, and by ğ 26, 2., if Z denotes the ramification polygon in z,

µn =
A2W

Z
, µnz =

A2W1

Z
=

AA′W

Z

are differential quotients of the first kind with respect to z, hence

AW1 = A′W

or, since A, A′ are relatively prime,

W = AB, W1 = A′B,

i.e. the class A is of the first kind (z a variable of the first kind). If therefore
we first make the assumption that A is a class of the second kind, it follows

rs+1 = 2, rs+2 = 2, . . . rn = 2

and

p = (r2 − 1) + · · ·+ (rs − 1) + (rs+1 − 1) + · · ·+ (rn − 1) = n− s.

The dimension s+ 1 of the class A is therefore

(O,A) = n− p+ 1.
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4. Let us make secondly the assumption that A is of the first kind and, as
in ğ 27,

q = (A,W ),

then there exist q linearly independent complete polygons of the first kind di-
visible by A, and the differential quotients of the first kind with respect to z
corresponding to them, of which there are likewise q, and not more, linearly
independent ones, have the expression

v =
A3B

Z
,

where B denotes a polygon of 2p− 2−n points; the class B of B is the supple-
mentary class of A, and therefore its dimension is equal to q (ğ 27).

But these functions v have the property that at the vertices of A, i.e. for
z = ∞, not only zv but also

z2v =
AA′2B

Z

vanishes, and they are completely determined by this and by the requirement
of being differential quotients

of the first kind. For if

v =
A2W

Z
, vz2 =

A′2W

Z
,

then, if z2v is to vanish at all points of A, W must be divisible by A, since A′

is assumed relatively prime to A. Therefore by ğ 26, 3:

q = (rs+1 − 2) + (rs+2 − 2) + · · ·+ (rn − 2),

on the other hand

p = (rs+1 − 1) + (rs+2 − 1) + · · ·+ (rn − 1),

consequently:
p− q = n− s, s = n− p+ q.

In this is contained the Riemann-Roch theorem, to which, with regard to ğ 27,
we can give the following expression for this case: If A, B are supplementary
classes of the first kind, of which at least one is a proper one, and a, b their
orders, hence

a+ b = 2p− 2,

then
(O,A)− 1

2
a = (O,B)− 1

2
b.

5. If we do not exclude the case (A,W ) = 0, we can combine the Riemann-
Roch theorem for both cases thus:
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If A is a proper class of the order n, then its dimension is

(O,A) = n− p+ 1 + (A,W ).

Since the dimension of a proper class (if it does not consist of the single zero-gon)
must be at least = 2, it further follows, if (A,W ) = 0,

n ≧ p+ 1,

and from this the theorem due to Riemann:
Every function whose order is ≦ p is a function of the first kind.
6. With the help of these theorems it can easily be proved that the principal

class W of the complete polygons of the first kind is always a proper one.
For if M is the divisor of W , then by ğ 19, 2. a polygon AM can be found in

W such that A is relatively prime to M. The class A of A is a proper one (ğ 21,
3.), and at the same time AM is the only polygon of the class W divisible by A
(because every polygon in W has the divisor M). Hence

(A,W ) = 1.

Now p is the dimension of W , hence also that of A, and consequently by the
Riemann-Roch theorem the order of A is equal to 2p − 2, i.e. just as great as
that of W . Consequently M = O.

ğ 29. The Riemann-Roch theorem for improper classes of
the first kind.
If A is a class of the first kind with the divisor M and

A = MA′,

then A′ is a proper class of the first kind. Let B be the supplementary class of
A, B′ that of A′; a, b the orders of the classes A, B; m the order of M. The
whole class B is obtained if in all the polygons of the class B′ divisible by M
one suppresses the factor M; for if

AB = A′MB = W,

then MB belongs to the class B′, and conversely, if

A′B′ = A′MB = W

then B belongs to the class B.
But from this there results by ğ 21, 2.

(O,B) ≧ (O,B′)−m.

Now A′ is a proper class of the same dimension as A and of the order a −m,
hence (ğ 28, 5.)

(O,A) = (O,A′) = a−m− p+ 1 + (A′,W ),
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or
(O,A) = (O,B′)−m+ a− p+ 1;

therefore
(O,A) ≦ (O,B) + a− p+ 1 = (O,B) +

1

2
(a− b),

hence
(O,A)− 1

2
a ≦ (O,B)− 1

2
b.

But since the classes A, B can be interchanged with each other, it follows in the
same way

(O,B)− 1

2
b ≦ (O,A)− 1

2
a,

i.e.
(O,A)− 1

2
a = (O,B)− 1

2
b,

whereby the Riemann-Roch theorem is proved in general for polygon classes
of the first kind, in the same form as in ğ 28, 4.∗).

ğ 30. Improper classes of the second kind.
The condition is now to be sought under which a polygon class A of the second
kind of the order n can be an improper one at all, whereby the general validity
of the Riemann-Roch theorem will result of itself.

1. Every class A can always be converted into a proper class AN by multi-
plication by another class N of the order ν. For if A is an arbitrary polygon in
A, choose a variable z which remains finite at all points of A (ğ 15, 6.). If then
η is an arbitrary function of the ideal in z generated by A, the upper polygon of
η is divisible by A, hence of the form AN, and the class of AN is a proper one.

2. The dimension of the proper class AN of the second kind is by ğ 28, 3.

(O,AN) = n+ ν − p+ 1,

and from this it follows by ğ 21, 2.

(O,A) ≧ n− p+ 1.

Now if the divisor M of the class A is of the order m, and

A = MA′,

then A′ is a proper class of the same dimension as A, and consequently (ğ 28,
5.)

(O,A) = (O,A′) = n−m− p+ 1 + (A′,W ),

hence
(A′,W ) ≧ m,
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i.e. A′ must certainly be of the first kind if A is an improper class. If therefore
B′ is the supplementary class of A′, then also

(O,B′) ≧ m.

*) In the terminology of Christoffel (Ueber die canonische Form der Rie-
mannschen Integrale erster Gattung, Annali di Matematica pura ed applicata,
Serie II, Tomo IX)

(A,W ) + a− p = (O,B) + a− p = (O,A)− 1

is the “excess” and
(A,W )− 1 = (O,B)− 1

the “defect” of the point system A.
But if (O,B′) > m, then by ğ 20, 2. a polygon MB divisible by M could be

found in B′, and we would have

A′MB = AB = W,

hence A of the first kind, contrary to the assumption. Hence

(A′,W ) = m

and consequently
(O,A) = n− p+ 1,

in which again the Riemann-Roch theorem for this case is contained, exactly in
the form of ğ 28, 3.

3. If the class A contains only one single isolated polygon, then (O,A) =
n − p + 1 = 1, consequently n = p, i.e. an isolated polygon of the second kind
always has the order p. Conversely, by 2., every polygon of the second kind of
the order p is an isolated one.

4. Keeping the notation of 2., (O,B′) = m, and therefore, by the often
applied theorem (ğ 20, 2.), a polygon divisible by an arbitrary (m− 1)-gon can
be found in B′. If therefore, separating off an arbitrary point P of M, one sets

M = PM′,

then a polygon M′B is contained in B′, and hence

A′M′B = W.

The polygon A′M′ = A′′ and its class A′′ are therefore of the first kind, and A
has, if P denotes the class of P, the form

A = PA′′.

At the same time (A′′,W ) = (O,B′′) = 1 must hold, i.e. the supplementary
class B′′ of A′′ contains only one single isolated polygon B′′, since otherwise a
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polygon divisible by P would exist in B′′, and hence A too would be of the first
kind, contrary to the assumption.

5. If conversely A′′ is a class of the first kind for which (A′′,W ) = 1, so that
the supplementary class B′′ of A′′ consists of an isolated polygon B′′; if further
P is a point not going into B′′, and P its class, then A = PA′′ is an improper
class of the second kind of the order n, into whose divisor P goes.

That A is of the second kind follows first from the assumption that P does
not go into B′′. The dimension of A is therefore by 2.

(O,A) = n− p+ 1,

where n denotes the order of A; on the other hand the dimension of the class
A′′ is by ğğ 28 and 29:

(O,A′′) = n− p+ (A′′,W ) = n− p+ 1;

hence A and A′′ are of the same dimension. But all the polygons of the class A′′

pass over by multiplication by P into polygons of the class A, and because of the
equality of the dimensions the latter class too is thereby completely exhausted.
Therefore all the polygons of the class A contain the factor P, which accordingly
also goes into the divisor of A.

6. In the special case where the genus p of the field Ω has the value 0,
polygons and classes of the first kind do not occur at all. Hence in this case no
improper classes exist either. The dimension of every class is greater by 1 than
its order. In particular, therefore, every point P too belongs to a proper class of
dimension 2, and therefore in this case there exist in Ω functions z which are of
the first order. By such a one every other function of the field can be expressed
rationally, for the irreducible equation existing between z and another variable
of the field is of the first degree with respect to the latter (ğ 15, 7.).

ğ 31. The differentials of the second and third kind.
1. If now, in the notation introduced in ğ 25,

dϖ =
A

B

is an arbitrary differential in Ω, hence, if a, b are the orders of A and B,

a = b+ 2p− 2,

and if A, B are assumed relatively prime, then, if U, Z denote the lower polygon
and ramification polygon for an arbitrary variable z, U2A must be equivalent to
ZB (ğ 25). If therefore one denotes by U , Z, A, B the classes of the polygons
U, Z, A, B, then

U2A = ZB

must hold. But on the other hand, if W is the principal class of the first kind,

U2W = Z,
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from which the relation
A = BW

results. If conversely A is an arbitrary polygon of the class BW , then from this
follows the equivalence of U2A with ZB, hence the existence of a differential
with the notation A

B . From this it follows that B can be the lower polygon of a
differential dϖ if and only if there exists in BW a polygon relatively prime to
B, i.e. if the divisor of the class BW is relatively prime to B. The dimension
of the class BW then gives at the same time the dimension of the family of
differentials dϖ belonging to the lower polygon B (ğ 25). The theorems ğ 30,
4., 5. therefore yield, since (W,W ) = 1, the following result.

a) If B consists of a single point (if b = 1), then the class BW is an improper
one with the divisor B; hence the order b of the lower polygon of a differential
dϖ cannot be equal to one.

b) If b ≧ 2, then BW is always a proper class of the second kind, and
therefore its dimension is

b+ p− 1.

Any polygon whatever of more than one point can therefore be the lower polygon
of a differential, and among the differentials belonging to a lower polygon of the
order b there exist b+ p− 1 linearly independent ones.

2. We now look, under the assumption that b ≧ 2, for a basis of the class
A of such a kind that every element Ar of this basis yields a differential dϖr of
the simplest possible nature, namely one whose lower polygon is a power of a
single point or the product of only two different points.

Suppose that such a basis has already been found for the class BW

A1,A2,A3, . . .Ab+p−1, (1.)

then from it, if P denotes the class of an arbitrary point P, we form a basis of
the same kind for the class BPW of the dimension b+ p, namely

PA1,PA2, . . .PAb+p−1,A
′. (2.)

The first b+ p− 1 of these polygons actually belong to the class BPW and are
independent of one another, because the polygons (1.) are; at the same time

the differentials formed from them

dϖr =
PAr

PB
=

Ar

B

are identical with those formed from (1.). It therefore only remains to form A′,
where two cases are to be distinguished.

a) If P goes into B and B = MPm, M not divisible by P, then Pm+1W is
a proper class (because m+1 ≧ 2, ğ 30, 4.), in which consequently there exists a
polygon N not divisible by P; if one now sets A′ = MN, then A′ belongs to the
class BPW and is not divisible by P, and consequently is also not contained
in the family (PA1,PA2, . . .PAb+p−1), whose divisor is P; consequently the
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polygons (2.) are independent of one another, and since their number is b+ p,
they form a basis of the class BPW . The differential formed from A′

dϖ′ =
A′

PB
=

N

Pm+1

has the required form, since its lower polygon is a power of a single point.
b) If P does not go into B, choose once for all a point P1 going into B and

set B = MP1 (no matter whether M is divisible by P1 or not). Then choose in
the proper class PP1W a polygon N not divisible by P and P1; then A′ = MN
again belongs to the class PBW , and since A′ is not divisible by P, it follows
as above that the polygons (2.) form a basis of BPW . At the same time

dϖ′ =
A′

PB
=

N

PP1
,

hence of the required form.
It still remains to describe the beginning of this operation. If b = 0, hence

B = O, then
BW =W = (W1,W2, . . .Wp)

(the principal class of the first kind).
If b = 2, choose from the proper class BW a polygon N which is relatively

prime to B; then
BW = (BW1,BW2, . . .BWp,N).

If one starts from this basis in order to determine, in the way described above,
a basis (1.) which corresponds to the arbitrarily given polygon

B = Pm1
1 Pm2

2 Pm3
3 . . .

and determines the two polygons A′
r, B′

r from the condition

dϖr =
Ar

B
=

A′
r

B′
r

,

so that they have no common divisor, then the polygons B′
r which occur as

lower polygons of the differentials dϖr are the following:
a) p times the denominator O occurs, and the corresponding differentials

dϖr are the differentials of the first kind.
b) Once each there occur the lower polygons P2

1,P
3
1, . . .P

m1
1 (if m1 ≧ 2),

P2
2,P

3
2, . . .P

m2
2 ; P2

3,P
3
3, . . .P

m3
3 , . . . .

The differentials dϖr belonging to the lower polygons Pr are, when a more
precise distinction is necessary, denoted by dt(Pr−1) and are called differentials
of the second kind.

c) Finally the products P1P2, P1P3, . . . (with P1 held fixed) occur once
each. The corresponding differentials dϖr are denoted by dπ(P1,Pr) and are
called differentials of the third kind.
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Every differential dϖ whose lower polygon is B can be represented in the
form

dϖ =
r

Σcr dϖr (3.)
with constant coefficients cr, which is called the normal form of the differential
dϖ. If each of the individual differentials dϖr has been chosen in a determinate
way, then the normal form can also be produced in only one single way, which
follows immediately from the linear independence of the differentials dϖr.

ğ 32. The residues.
1. If dϖ is an arbitrary differential in Ω and P a point which occurs m times in
its lower polygon B (m ≧ 0), choose a variable z such that it becomes ∞1 at
P. Then one can set (by ğ 15, 4.), and indeed in only one way,

dϖ

dz
= am−2z

m−2 + am−3z
m−3 + · · ·+ a1z + a0 + a−1z

−1 + ηz−2, (1.)

where the a are constants and η a function in Ω which is finite at P. The
coefficient −a−1 of −z−1 in this expression is called the residue of the differential
dϖ with respect to the point P. From this definition the following theorems
result:

2. The residue with respect to a point P can be different from zero only if
m > 0, i.e. if the point P actually occurs in the lower polygon of dϖ, and is
therefore always equal to 0 for the differentials of the first kind.

3. The residue of a sum of differentials is equal to the sum of the residues
of the individual differentials.

4. The residue of a proper differential is always equal to 0. For if σ is a
function in Ω, and, where the b denote constants and σ′ a function finite at P,

σ = bmz
m + bm−1z

m−1 + · · ·+ b1z + σ′,

then there results, by differentiation of this expression with respect to z, since
dσ′

dz is infinitely small of at least the second order at P (ğ 23, 10.)19, that in the
expression for dσ

dz a term with z−1 does not occur at all, whereby the assertion
is proved.

5. The residue of a differential dϖ is independent of the choice of the variable
z. For if z1 is a second variable of the same nature as z, hence, where a is
constant and ζ finite at P:

z = az1 + ζ, (2.)
then there results, if for brevity

α =
am−2z

m−1

m− 1
+
am−3z

m−2

m− 2
+ · · ·+ a0z

19Editorial note: Printed "ğ 23, 10.", but ğ 23 has only articles 1.9. and formulas (1.)(9.).
The fact used is presumably ğ 23, 8.: the order of dα

dβ
is the difference of the orders of α−α0

and β−β0 (following formula (7.)). Here z is ∞1 in P and σ′ is finite there, so dσ′

dz
has order

at least 1− (−1) = 2.
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is set:
dϖ

dz1
=
dϖ

dz

dz

dz1
=

dα

dz1
+ a−1z

−1 dz

dz1
− η

dz−1

dz1
.

Now, if ζ ′, ζ ′′ are functions finite at P, then, as follows easily by ğ 23 and ğ 15,
4.:

z−1 dz

dz1
= z−1

1 + z−2
1 ζ ′,

dz−1

dz1
= z−2

1 ζ ′′,

and from this follows by 3., 4. the correctness of the stated assertion∗).
6. The sum of the residues of every differential dϖ with respect to all points

P is always equal to zero.
*) In the definition of the residue one can also take as foundation a variable

r which is infinitely small of the first order at P. If then

dϖ

dr
= amr

−m + · · ·+ a1r
−1 + η

and η is finite at P, then a1 is the residue of dϖ with respect to P.
In proving this important theorem we can restrict ourselves to the consid-

eration of the residues which belong to all the mutually different points going
into the lower polygon B of dϖ; to these, however, we add as many mutually
different arbitrary points with vanishing residues as are needed to obtain a poly-
gon P1P2 . . .Pn consisting entirely of simple points and belonging to a proper
class. Then we choose a variable z of the order n whose lower polygon is just
this polygon, which therefore becomes ∞1 at each of the points P1,P2, . . .Pn

and only at these. Among these are then found all the mutually different points
going into B. Under this assumption there results for ι = 1, 2, . . . n

dϖ

dz
= a

(ι)
m−2z

m−2 + a
(ι)
m−3z

m−3 + · · ·+ a
(ι)
0 + a

(ι)
−1z

−1 + η(ι)z−2, (3.)

where η(ι) denotes a function finite at Pι. If we also admit the value 0 for the
constants a(ι), the exponent m can be assumed independent of ι (m is then, if
not all a(ι)m−2 vanish, the exponent of the highest power of a single point which

occurs in B). The theorem to be proved then consists in this, that
ι

Σa
(ι)
−1 = 0.

To prove it, we form the trace of the function dϖ
dz for the variable z (ğ 2), and

in doing so make use of an extension of the procedure of ğ 16, 4. We choose a
system of functions ϱ1, ϱ2, . . . ϱn in Ω as follows: Let

ϱ1 = 0m at P2,P3, . . .Pn, finite and different from zero at P1,
ϱ2 = 0m at P1,P3, . . .Pn, ” ” ” ” ” ” P2,

· · · · · · · · · · · · · · · · · · · · · · · · · · ·
ϱn = 0m at P1,P2, . . .Pn−1, ” ” ” ” ” ” Pn.

Now if x1, x2, . . . xn are rational functions of z, and

η = x1ϱ1 + x2ϱ2 + · · ·+ xnϱn
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is a function in Ω which is finite for z = ∞, i.e. at P1,P2, . . .Pn, then x1, x2, . . . xn
must likewise be finite for z = ∞. For if the x1, x2, . . . xn are not all finite for
z = ∞, there exists a positive exponent r of such a nature that the products
x1z

−r, x2z
−r, . . . xnz

−r are all finite for z = ∞, and at least one of them, say
x1z

−r, is different from zero; but then the equation

ηz−r = x1z
−rϱ1 + · · ·+ xnz

−rϱn

contains the contradiction that at the point P1 the left-hand side and all the
terms of the right-hand side except the first vanish.

From this it follows at the same time, if one sets η = 0, that the functions
ϱ1, ϱ2, . . . ϱn form a basis of Ω. If therefore one sets, denoting by xι,ι′ rational
functions of z,

dϖ

dz
ϱι = xι,1ϱ1 + xι,2ϱ2 + · · ·+ xι,nϱn, (ι=1, 2, ... n) (4.)

then (ğ 2)

S

(
dϖ

dz

)
= x1,1 + x2,2 + · · ·+ xn,n. (5.)

Now, as emerges from (3.), z−m+2 dϖ
dz ϱι is finite for z = ∞, and from this it

follows, by the property of the functions ϱ just proved, that the

z−m+2xι,ι′

too are finite for z = ∞. Now, e.g., at the point P2 the functions ϱ1, ϱ3, . . . ϱn
are infinitely small of the mth order, while ϱ2 is finite there and different from
zero. Therefore at P2 the functions

z
dϖ

dz
ϱ1, zx1,1ϱ1, zx1,3ϱ3, . . . zx1,nϱn

will all vanish, and consequently zx1,2 too must vanish for z = ∞. The same
follows for zx1,3, . . . zx1,n, and in general for zxι,ι′ as soon as ι, ι′ are different
from each other. Therefore z2xι,ι′ will be finite for z = ∞.

If one now sets, letting xι denote a new rational function,

xι,ι = a
(ι)
m−2z

m−2 + a
(ι)
m−3z

m−3 + · · ·+ a
(ι)
−1z

−1 + xιz
−2, (6.)

then it follows from (3.)

xι,ι −
dϖ

dz
= z−2(xι − η(ι)),

and from (4.)

(η(ι) − xι)ϱι = z2xι,1ϱ1 + · · ·+ z2xι,ι−1ϱι−1 + z2xι,ι+1ϱι+1 + · · ·+ z2xι,nϱn.

Now since at Pι η
(ι) is finite and ϱι different from zero, and further all the terms

of the right-hand side are zero, it follows that xι too is finite at the point Pι,

94



and consequently, since it is rational, for z = ∞. From (5.) and (6.) there then
results

S

(
dϖ

dz

)
=

ι

Σa
(ι)
m−2z

m−2 +
ι

Σa
(ι)
m−3z

m−3 + · · ·+
ι

Σa
(ι)
−1z

−1 +
ι

Σxιz
−2. (7.)

But now on the other hand, if again U is the lower polygon and Z the ramification
polygon of z:

dϖ

dz
=

U2A

ZB
,

and B contains no point which is not also contained in U. From this it
follows, as in ğ 26, that dϖ

dz , regarded as a function of z, is a function of the
module e complementary to o, and consequently

S

(
dϖ

dz

)
is an integral rational function of z (ğ 11, 4.). If one takes this into account,
there follows from (7.)

ι

Σxι = 0, and further the theorem to be proved

(ι)

Σa
(ι)
−1 = 0.

We can also give this theorem the following expression: The residue of a
differential of the second kind dt(Pr) with respect to the point P is zero.

The residues of an integral of the third kind dπ(P1,P2) with respect to P1,
P2 are equal and opposite to each other, and certainly different from zero, since
otherwise dπ would be a differential of the first kind.

From these remarks it further follows by means of 4. that a proper differential
dσ, represented in the normal form, can contain no differential of the third
kind. It deserves further to be mentioned that the residues of the logarithmic
differential dσ

σ are integers, namely the order numbers of the function σ (in
consequence of ğ 23).

ğ 33. Relations between differentials of the first and second
kind.
1. Let σ be a function in Ω with the lower polygon

B′ = Pm1−1
1 Pm2−1

2 . . . (m1,m2, ...≧2)

and the ramification polygon (ğ 16)

S = S′Pm1−2
1 Pm2−2

2 . . . ,

where S′ is not divisible by the points P1,P2, . . ., which are assumed different.
Accordingly, in the symbolic notation of ğ 25, the proper differential is

dσ =
S

B′2 =
S′

Pm1
1 Pm2

2 . . .
,
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from which it emerges first that a proper differential can never be of the first
kind.

2. The proper differential dσ, which in its representation by the normal form
can contain only differentials of the first and second kind, belongs to the family
of those differentials whose lower polygon is

B = Pm1
1 Pm2

2 · · · = B′P1P2 . . .

Conversely, therefore, one will also always find at least one proper differential
dσ in such a family, provided that m1,m2, . . . ≧ 2 and that B′ belongs to a
proper polygon class. For by 1. all that is required for this is that there exist in
Ω a function σ with the lower polygon B′.

3. From this there now results the following important theorem. All differ-
entials of the second kind can be represented linearly, with constant coefficients,
by p particular suitably chosen differentials of the second kind, by differentials
of the first kind, and by proper differentials.

To see this, choose an arbitrary polygon A of the second kind of the order
p. Now if P is an arbitrary point and r a positive exponent, then the polygon
APr is likewise of the second kind, and consequently the divisor M of the
corresponding class cannot be divisible by P, because otherwise APr−1, and
hence also A, would be a polygon of the first kind (ğ 30, 4.). If therefore one
sets

APr = MB′,

then P will not go into M, and consequently B′ contains the factor P exactly r
times more often than A. At the same time B′ belongs to a proper class. Now
if

B′ = Pm+rP′m′
P′′m′′

. . . ,

then the powers of points Pm, P′m′ , P′′m′′ , . . . all go into A. If therefore we
set

B = Pm+r+1P′m′+1P′′m′′+1 . . . = B′PP′P′′ . . . ,

then by 2. there certainly exists a proper differential dσ in the family of dif-
ferentials belonging to the lower polygon B. Its representation by the normal
form certainly contains the differential

dt(Pm+r) (1.)

and besides all or some of the differentials
dt(P), dt(P2), . . . dt(Pm) . . . dt(Pm+r−1),
dt(P′), dt(P′2), . . . dt(P′m′ ),

dt(P′′), dt(P′′2), . . . dt(P′′m′′ )

· · · · · · · · · · · ·

(2.)

together with differentials of the first kind. Hence the differential (1.) can
be expressed linearly, with constant coefficients, by (2.), by differentials of the
first kind, and by dσ.
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If therefore the p-gon of the second kind is

A = Pm1
1 Pm2

2 . . .

one recognizes, by repeated application of the procedure described here, that
all differentials of the second kind can be represented, in the way our theorem
states, by the p differentials 

dt(P1) . . . dt(Pm1
1 ),

dt(P2) . . . dt(Pm2
2 ),

· · ·
(3.)

Braunschweig and Königsberg i. Pr., October 1880.
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