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The transcendental functions considered up to now by geometers are very

few in number. Almost the whole theory of transcendental functions reduces
to that of the logarithmic, exponential, and circular functions, functions which,
at bottom, form only a single species. It is only in recent times that some
other functions have also begun to be considered. Among these, the elliptic
transcendentals, of which M. Legendre has developed so many remarkable and
elegant properties, hold first rank. The author has considered, in the memoir
which he has the honor of presenting to the Académie, a very extensive class
of functions, namely: all those whose derivatives can be expressed by means of
algebraic equations, all of whose coefficients are rational functions of a single
variable, and he has found for these functions properties analogous to those of
the logarithmic and elliptic functions.

A function whose derivative is rational has, as is known, the property that
one can express the sum of any number of similar functions by an algebraic and
logarithmic function, whatever the variables of these functions may otherwise
be. Likewise any elliptic function, that is to say a function whose derivative con-
tains no other irrationalities than a radical of the second degree, under which
the variable does not exceed the fourth degree, will still have the property that
one can express any sum of similar functions by an algebraic and logarithmic
function, provided one establishes a certain algebraic relation between the vari-
ables of these functions. This analogy between the properties of these functions
led the author to inquire whether it might not be possible to find analogous
properties for more general functions, and he arrived at the following theorem:

«If one has several functions whose derivatives can be roots of a single alge-
braic equation, all of whose coefficients are rational functions of a single variable,
one can always express the sum of any number of similar functions by an alge-
braic and logarithmic function, provided one establishes among the variables of
the functions in question a certain number of algebraic relations.»

The number of these relations does not depend at all on the number of
functions, but only on the nature of the particular functions under consideration.
Thus, for example, for an elliptic function this number is 1; for a function whose
derivative contains no other irrationalities than a radical of the second degree,
under which the variable does not exceed the fifth or sixth degree, the number
of relations required is 2, and so on.

The same theorem still holds when the func- tions are supposed multiplied
by arbitrary rational numbers, positive or negative.

From this one further deduces the following theorem:
«One can always express the sum of a given number of functions, each multi-

plied by a rational number, and whose variables are arbitrary, by a similar sum
of a determined number of functions, whose variables are algebraic functions of
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the variables of the given functions.»
At the end of the memoir the theory is applied to a particular class of

functions, namely those which are expressed as integrals of differential formulas
containing no other irrationalities than an arbitrary radical.

[1]
Let

0 = p0 + p1y + p2y
2 + · · ·+ pn−1y

n−1 + yn = χ(y) (1)
be any algebraic equation whatever, all of whose coefficients are rational and
integral functions of a single variable quantity x. This equation, supposed irre-
ducible, gives for the function y a number n of different forms; we will denote
them by y′, y′′ . . . y(n), keeping the letter y to indicate any one of them.

Let likewise

θ(y) = q0 + q1y + q2y
2 + · · ·+ qn−1y

n−1 (2)

be a rational integral function of y and x, such that the coefficients q0, q1, q2 . . . qn−1

are integral functions of x. A certain number of the coefficients of the various
powers of x in these functions will be supposed indeterminate; we will denote
them by a, a′, a′′, etc. That being posed, if one puts into the function θ(y), in
place of y, successively y′, y′′ . . . y(n), and if one denotes by r the product of all
the functions thus formed, that is to say if one sets

r = θ(y′) · θ(y′′) . . . θ(y(n)), (3)

the quantity r will be, as is known from the theory of algebraic equations, a
rational and integral function of x and of the quantities a, a′, a′′, etc.

Suppose that one has
r = F0x · Fx, (4)

F0x and Fx being two integral functions of x, of which the first, F0x, is inde-
pendent of the quantities a, a′, a′′, etc.; and let

Fx = 0. (5)

This equation, whose coefficients are rational functions of the quantities a, a′, a′′,
etc., will give x as a function of these quantities, and this function will have as
many forms as the equation Fx = 0 has roots. Let us denote these roots by
x1, x2 . . . xµ, and by x any one of them.

The equation Fx = 0, which we have just formed, necessarily entails the
following one r = 0, and this one in turn brings about another of the form

θ(y) = 0. (6)

Putting into this last equation, in place of x, successively x1, x2 . . . xµ, and
denoting the corresponding values of y by y1, y2 . . . yµ, one will have the following
µ equations:

θ(y1) = 0, θ(y2) = 0 . . . θ(yµ) = 0. (7)
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[2]
That being posed, I say that if one denotes by f(x, y) any rational function of
x and y, and if one sets

dv = f(x1, y1) dx1 + f(x2, y2) dx2 + · · ·+ f(xµ, yµ) dxµ, (8)

the differential dv will be a rational function of the quantities a, a′, a′′, etc.
Indeed, by combining the equations θ(y) = 0 and χ(y) = 0, one can derive

the value of y, expressed as a rational function of x and of the quantities a, etc.;
denoting this function by ρ, one will therefore have

y = ρ and f(x, y) = f(x, ρ). (9)

But by differentiating the equation Fx = 0, one will have

F ′x · dx+ δFx = 0,

denoting, for brevity, by F ′x the derivative of Fx with respect to x alone, and by
δFx the differential of the same function with respect to the quantities a, a′, a′′,
etc. From this one draws

dx = −δFx
F ′x

; (10)

and consequently

f(x, y) dx = −f(x, ρ)
F ′x

δFx = φ2(x), (11)

where it is clear that φ2(x) is a rational function of x, a, a′, a′′, etc. By means
of this expression for the differential f(x, y) dx, the value of dv becomes

dv = φ2(x1) + φ2(x2) + · · ·+ φ2(xµ).

Now, the right-hand side of this equation is a function that is rational in
the quantities a, a′, a′′ . . . x1, x2 . . . xµ, and moreover symmetric with respect to
x1, x2 . . . xµ; hence dv can be expressed by a rational function of a, a′, a′′ . . . and
of the coefficients of the equation Fx = 0; but these coefficients are themselves
rational functions of a, a′, etc.; hence dv will be so likewise, as has just been
said.

If now dv is a rational differential function of the quantities a, a′, a′′ . . . its
integral, or the quantity v, will be an algebraic and logarithmic function of
a, a′, a′′ . . .. Equation (8) will therefore give, on integrating between certain
limits of the quantities a, a′, a′′ . . .∫

f(x1, y1) dx1 +

∫
f(x2, y2) dx2 + · · ·+

∫
f(xµ, yµ) dxµ = v, (12)

or else, setting∫
f(x1, y1) dx1 = ψ1(x1);

∫
f(x2, y2) dx2 = ψ2(x2); . . .

∫
f(xµ, yµ) dxµ = ψµ(xµ),

(13)
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ψ1(x1) + ψ2(x2) + ψ3(x3) + · · ·+ ψµ(xµ) = v. (14)
This is the general property of the functions ψ1(x1), ψ2(x2), etc., which we

stated at the beginning of this memoir.

[3]
The forms of the functions ψ1(x1), ψ2(x2), etc., depend, by virtue of equations
(13), on those of the functions y1, y2 . . . yµ. The latter cannot be chosen arbitrar-
ily among those that satisfy the equation χ(y) = 0; they must moreover satisfy
equations (7); but since there are several independent variables, a, a′, a′′ . . . it
is clear that one can establish among the forms of the functions y1, y2 . . . yµ a
number of relations equal to that of these variables. One can therefore choose
arbitrarily the forms of a certain number of the functions y1, y2 . . . yµ; but then
those of the other functions will depend, by virtue of equations (7), on these and
on the magnitude of the quantities a, a′ . . .. It may therefore happen that the
constant of integration contained in the function v changes value for different
values of the quantities a, a′, a′′ . . .; but by the nature of this quantity, it must
remain the same for values of a, a′, a′′ . . . contained between certain limits.

The functions x1, x2, . . . xµ are determined by the equation Fx = 0; this
equation depends on the form of the function θ(y); but since the latter can
be varied in infinitely many ways, it follows that equation (14) admits in-
finitely many different forms for the same species of functions. The functions
x1, x2, . . . xµ have besides this a very remarkable property, that the same values
answer to infinitely many different functions. Indeed the form of the function
f(x, y), of which these quantities are entirely independent, is subject only to
the condition of being a rational function of x and y.

[4]
We have shown in the foregoing how one can always form the rational differential
dv; but since the method indicated will in general be very long, and for somewhat
composite functions almost impracticable, I shall now give another, by which
one obtains immediately the expression of the function v in all possible cases.

We have by equation (3)

r = θ(y′) · θ(y′′) . . . θ(y(n)),

hence, differentiating with respect to the quantities a, a′, a′′, etc., one will obtain

δr =
r

θy′
δθy′ +

r

θy′′
δθy′′ + · · ·+ r

θy(n)
δθy(n);

now, one has θy = 0, hence the right-hand side of the preceding equation will
reduce to r

θy
δθy, and one will consequently have

δr =
r

θy
δθy.
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Now we have
r = F0x · Fx

where F0x is independent of a, a′, a′′, etc.; hence, differentiating, one will obtain

δr = F0x · δFx

and, consequently, substituting and dividing by F0x, one will find

δFx =
r · δθy
F0x · θy

.

Hence, the value of
dx = −δFx

F ′x
becomes

dx = − 1

F0x · F ′x
· r
θy

δθy,

and multiplying by f(x, y)

f(x, y) dx = − 1

F0x · F ′x
· f(x, y) · r

θy
δθy.

Noting now that r

θy(k)
vanishes, for otherwise one would have y(k) = y, it is

clear that the expression for f(x, y) dx may be written as follows:

f(x, y) dx = − 1

F0x · F ′x
×
{
f(x, y′)

r

θy′
δθy′ + f(x, y′′)

r

θy′′
δθy′′ + · · ·+ f(x, y(n))

r

θy(n)
δθy(n)

}
.

For brevity, we will henceforth denote by ΣF1(y) any function of the form

F1(y
′) + F1(y

′′) + F1(y
′′′) + · · ·+ F1(y

(n));

and thereby the preceding value of f(x, y) dx becomes

f(x, y) dx = − 1

F0x · F ′x
· Σ · f(x, y) r

θy
δθy. (15)

That being posed, let χ′(y) be the derivative of χ(y) taken with respect to
y alone; the product f(x, y) · χ′(y) will be a rational function of x and y. One
can therefore set

f(x, y) · χ′y =
P1(y)

P (y)
,

where P and P1 are two integral functions of x and y. But if one denotes by T
the product P (y′) · P (y′′) . . . P (y(n)), one will have1

P1(y)

P (y)
=

1

F
· P1(y) ·

T

P (y)
,

1Editorial note: Printed P1(y)

P (y)
=

1

F
· P1(y) ·

T

P (y)
— an apparent misprint for T (just

defined in the preceding sentence as the product P (y′) ·P (y′′) . . . P (y(n))); the identity is only
trivially true (multiply and divide by T ) if the first factor reads 1

T
, and the corresponding

passage in Abel’s Oeuvres complètes (1881) reads 1
T

throughout. Reproduced here as printed.
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or F

P (y)
can always be expressed by an integral function of x and y, and T by

an integral function of x, hence one will have

P1(y)

P (y)
=
T1
T
,

where T1 is an integral function of x and y; but every integral function of x and
y can be put in the form

t0 + t1 · y + t2 · y2 + · · ·+ tn−1 · yn−1 = f1(x, y), (16)

where t0, t1, . . . tn−1 are integral functions of x alone. One can therefore suppose

f(x, y)χ′y =
f1(x, y)

f2(x)
,

f2(x) being an integral function of x without y.
From this one draws

f(x, y) =
f1(x, y)

f2(x) · χ′(y)
. (17)

Substituting now this value of f(x, y) into the expression for f(x, y) dx found
above, it will come

f1(x, y)

f2(x) · χ′y
dx = − 1

F0x · F ′x · f2x
Σ
f1(x, y)

χ′y

r

θy
δθy. (18)

In the right-hand side of this equation the quantity f1(x, y) ·
r

θy
is an integral

function with respect to x and y; one can therefore suppose

f1(x, y) ·
r

θy
· δθy = R′(y) +R(x) yn−1,

where R′(y) is an integral function of x and y, in which the powers of y rise only
to the (n − 2)th degree; R(x) being an integral function of x without y. One
will therefore have

Σ
f1(x, y)

χ′y

r

θy
δθy = Σ

R′(y)

χ′y
+R(x) · Σ yn−1

χ′y
.

Now, one has
χ′(y′) = (y′ − y′′)(y′ − y′′′) . . . (y′ − y(n)),

χ′(y′′) = (y′′ − y′)(y′′ − y′′′) . . . (y′′ − y(n)), etc.;
hence, according to known formulas,

Σ
R′(y)

χ′(y)
= 0; Σ

yn−1

χ′y
= 1.
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Consequently
Σ
f1(x, y)

χ′y

r

θy
δθy = R(x). (19)

The function Σ
f1(x, y)

χ′y

r

θy
δθy can therefore be expressed by an integral

function of x alone, without y. The quantities a, a′, a′′, etc., moreover enter it
rationally. Hence equation (18) will give

f1(x, y)

f2(x)χ′y
dx = − R(x)

f2(x) · F0x · F ′x
. (20)

Putting into this equation, in place of x, successively x1, x2, . . . xµ, one will
obtain µ equations which, added together, will give the following one

dv =
f1(x1, y1) dx1
f2x1 · χ′y1

+
f1(x2, y2) dx2
f2x2 · χ′y2

+ · · ·+ f1(xµ, yµ) dxµ
f2xµ · χ′yµ

=

− R(x1)

f2x1 · F0x1 · F ′x1
− R(x2)

f2x2 · F0x2 · F ′x2
− · · · − R(xµ)

f2xµ · F0xµ · F ′xµ
. (21)

If then one denotes by ΣF1(x) a sum of the form

F1(x1) + F1(x2) + F1(x3) + · · ·+ F1(xµ),

the expression for dv can be written as follows:

dv = −Σ
R(x)

f2x · F0x · F ′x
; (22)

That being posed, let
F0x = (x− β1)

µ1(x− β2)
µ2 . . . (x− βα)

µα

f2x = (x− β1)
m1(x− β2)

m2 . . . (x− βα)
mα A

R(x) = (x− β1)
k1(x− β2)

k2 . . . (x− βα)
kα ·R1(x).

(23)

β1, β2, . . . βα being quantities independent of a, a′, a′′, etc.; µ1, µ2, . . .m1,m2, . . . k1, k2,
etc., being integers, zero included; and R1(x) being an integral function of x.

Substituting these values of F0x, f2x,R(x) into the expression for dv, it
becomes

dv = −Σ
R1(x)

A · F ′x · (x− β1)µ1+m1−k1(x− β2)µ2+m2−k2 . . . (x− βα)µα+mα−kα

or else, setting, for brevity,

µ1 +m1 − k1 = ν1; µ2 +m2 − k2 = ν2; . . . µα +mα − kα = να (24)

A · (x− β1)
ν1(x− β2)

ν2 . . . (x− βα)
να = θ1x (25)
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dv = −Σ
R1(x)

θ1x · F ′x
. (26)

Now one can always suppose

R1(x)

θ1x
= R2(x) +

R3(x)

θ1x
,

where R2(x) and R3(x) are two integral functions of x, the degree of the latter
being smaller than that of the function θ1x; substituting, it will therefore come

dv = −Σ
R2(x)

F ′x
− Σ

R3(x)

θ1x · F ′x
. (27)

The function −Σ
R2(x)

F ′x
can be found in the following manner.

Since x1, x2, . . . xµ are the roots of the equation Fx = 0, one will have,
denoting by α any indeterminate quantity whatever,

1

Fα
=

1

α− x1
· 1

F ′x1
+

1

α− x2
· 1

F ′x2
+ · · ·+ 1

α− xµ
· 1

F ′xµ
,

that is to say,
1

Fα
= +Σ

1

α− x

1

F ′x
, (28)

whence one draws, developing 1

α− x
according to the descending powers of α,

1

Fα
=

1

α
· Σ · 1

F ′x
+

1

α2
· Σ · x

F ′x
+ · · ·+ 1

αm+1
Σ
xm

F ′x
+ · · ·

whence it follows that Σ xm

F ′x
is equal to the coefficient of 1

αm+1
in the develop-

ment of the function 1

Fα
, or, what amounts to the same thing, to that of 1

α
in

the development of α
m

Fα
. Denoting, then, by Π ·F1(x) the coefficient of 1

x
in the

development of any function F1x whatever, according to the descending powers
of x, one will have

Σ
xm

F ′x
= Π

xm

Fx
.

From this it follows that

Σ
F1(x)

F ′x
= Π

F1(x)

Fx
,

denoting by F1x any integral function of x whatever. One will therefore have,
putting R2(x),

Σ
R2(x)

F ′x
= Π

R2(x)

Fx
; (29)

8



but having
R1(x)

θ1x · F ′x
=

R3(x)

θ1x · F ′x
+
R2(x)

F ′x
;

one will also have

Π
R1(x)

θ1x · Fx
= Π

R3(x)

θ1x · Fx
+Π

R2(x)

Fx
.

Now, the degree of R3(x) being smaller than that of θ1x, it is clear that one
will have

Π
R3(x)

θ1x · Fx
= 0,

hence
Σ
R2(x)

F ′x
= Π

R1(x)

θ1x · Fx
.

The second term of the right-hand side of equation (27), namely the quantity

Σ
R3(x)

θ1x · F ′x
, is found as follows:

Let

R3(x)

θ1x
=

A
(1)
1

x− β1
+

A
(2)
1

(x− β1)2
+· · ·+ A

(ν1)
1

(x− β1)ν1
+

A
(1)
2

x− β2
+

A
(2)
2

(x− β2)2
+· · ·+ A

(ν2)
2

(x− β2)ν2
+etc.;

or else, for brevity,

R3(x)

θ1x
= Σ′

{
A1

x− β
+

A2

(x− β)2
+ · · ·+ Aν

(x− β)ν

}
,

one will have

A1 =
dν−1p

Γν · dβν−1
, A2 =

dν−2p

Γ(ν − 1) dβν−2
, . . . Aν = p,

or
p =

(x− β)ν ·R3(x)

θ1x

for x = β; that is to say
p =

Γ(ν + 1) ·R3(β)

θ
(ν)
1 β

;

denoting by θ(ν)1 x the νth derivative of the function θ1x with respect to x, and
by Γ(ν + 1) the product 1 · 2 · 3 . . . (ν − 1) · ν.

Substituting these values of the quantities A1, A2, . . . Aν , it will come

R3(x)

θ1x
= Σ′

{
dν−1p

(x− β) · dβν−1
+ (ν − 1)

dν−2p

(x− β)2 · dβν−2
+ (ν − 1)(ν − 2) · dν−3p

(x− β)3 · dβν−3
+ etc.

}
1

Γν
.
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Now one has, denoting 1

x− β
by q,

1

(x− β)2
=
dq

dβ
,

1

(x− β)3
=

1

2
· d

2q

dβ2
, . . .

1

(x− β)ν
=

1

Γ(ν)
· d

ν−1q

dβν−1
;

hence the expression for R3(x)

θ1x
can be written as follows:

R3(x)

θ1(x)
= Σ′ 1

Γ(ν)

{
dν−1p

dβν−1
· q + ν − 1

1
· d

ν−2p

dβν−2
· dq
dβ

+
(ν − 1)(ν − 2)

1 · 2
· d

ν−3p

dβν−3
· d

2q

dβ2
+ · · ·+ p · d

ν−1q

dβν−1

}
.

Now the quantity between the braces is equal to dν−1(pq)

dβν−1
, hence

R3(x)

θ1x
= Σ′ 1

Γ(ν)

dν−1(pq)

dβν−1
,

whence one will draw, substituting the values of p and q, and observing that
Γ(ν + 1) = ν · Γ(ν),

R3(x)

θ1x
= Σ′ν

dν−1

dβν−1
·

{
R3(β)

θ
(ν)
1 β · (x− β)

}
.

Substituting this expression in place of R3(x)

θ1x
in the function Σ

R3(x)

θ1x · F ′x
,

it will come

Σ
R3(x)

θ1x · F ′x
= Σ

1

F ′x
Σ′ν

dν−1

dβν−1
·

{
R3(β)

θ
(ν)
1 β · (x− β)

}
; (30)

or else

Σ
R3(x)

θ1xF ′x
= Σ′ν

dν−1

dβν−1
·

{
R3(β)

θ
(ν)
1 β

· Σ 1

(x− β) · F ′x

}
. (31)

Now, as we have seen above (28),

Σ
1

(x− β) · F ′x
= − 1

Fβ
,

hence

Σ
R3(x)

θ1x · F ′x
= −Σ′ν

dν−1

dβν−1
·

{
R3(β)

θ
(ν)
1 β · Fβ

}
;

but the equation
R1(x)

θ1x
= R2(x) +

R3(x)

θ1x
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gives, if one multiplies both sides by θ1x− β, and then sets x = β,

R1(β)

θ
(ν)
1 β

=
R3(β)

θ
(ν)
1 β

,

hence, substituting,

Σ
R3(x)

θ1x · F ′x
= −Σ′ν

dν−1

dβν−1
·

{
R1(β)

θ
(ν)
1 β · Fβ

}
. (32)

Having thus found the values of Σ R2(x)

F ′x
and Σ

R3(x)

θ1x · F ′x
, equation (27) will

give, for the differential dv, the following expression,

dv = −Π
R1(x)

θ1x · Fx
+Σ′ν

dν−1

dβν−1
·

{
R1(β)

θ
(ν)
1 β · Fβ

}
, (33)

or else

dv = −Π
R1(x)

θ1x · Fx
+Σ′ν

dν−1

dxν−1

{
R1(x)

θ
(ν)
1 x · Fx

}
(34)

(x = β1, β2, . . . βα).

Now one has (19)

R(x) = Σ
f1(x, y)

χ′y

r

θy
δθy = F0x · Fx · Σ f1(x, y)

χ′y

δθy

θy

and (23)

R1(x) = R(x) · (x− β1)
−k1(x− β2)

−k2 . . . (x− βα)
−kα ;

hence setting, for brevity,

F0x · (x− β1)
−k1(x− β2)

−k2 . . . (x− βα)
−kα

= (x− β1)
µ1−k1(x− β2)

µ2−k2 . . . (x− βα)
µα−kα = F2x, (35)

R1(x) = F2x · Fx · Σ f1(x, y)

χ′y

δθy

θy
,

and substituting this value of R1(x) into the preceding expression for dv, one
will obtain:

dv = −Π
F2x

θ1x
Σ
f1(x, y)

χ′y

δθy

θy
+Σ′ν

dν−1

dxν−1

{
F2x

θ
(ν)
1 x

Σ
f1(x, y)

χ′y

δθy

θy

}
. (36)
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In this form the value of dv is immediately integrable, since F2x, θ1x, f1(x, y)
and χ′y are all independent of the quantities a, a′, a′′ . . . to which the differen-
tiation relates. One will therefore have, on integrating, for v, the following
expression:

v = C −Π · F2x

θ1x
Σ
f1(x, y)

χ′y
log θy +Σ′ν

dν−1

dxν−1

{
F2x

θ
(ν)
1 x

Σ
f1(x, y)

χ′y
log θy

}
(37)

(x = β1, β2, . . . βα);

or else, setting, for brevity,

Σ
f1(x, y)

f2x · χ′y
log θy = φ(x), (38)

F2x

θ
(ν)
1 x

Σ
f1(x, y)

χ′y
log θy = φ1(x),

and observing that, according to (23), (24), (25) and (35),

F2x =
θ1x

f2x
,

v = C −Π · φ(x) + Σ′ν
dν−1

dxν−1
{φ1x}, (39)

there is the expression of the function v in all possible cases. It contains,
as one sees, in general, logarithmic functions; but in particular cases it can also
become merely algebraic, and even constant.

Substituting this value in place of v in formula (14), it will come

ψ1(x1) + ψ2(x2) + · · ·+ ψµ(xµ) = C −Πφ(x) + Σ′ν
dν−1φ1(x)

dxν−1
, (40)

or else, for brevity:

Σψ(x) = C −Πφx+Σν
dν−1φ1(x)

dxν−1
(41)

when one sets

ψ1(x1) + ψ2(x2) + · · ·+ ψµ(xµ) = Σψ(x) and Σ′ = Σ. (42)

[5]
We have supposed in the foregoing that the function r would have as a factor
the function

F0x = (x− β1)
µ1(x− β2)

µ2 . . . (x− βα)
µα .

Unless all the exponents µ1, µ2, . . . µα are equal to zero, there will necessarily
result certain relations among the coefficients of the functions q0, q1, q2, . . . qn−1

12



— relations which can always be expressed by linear equations among these
coefficients; for if r = 0 for x = β, one must also have an equation of the form
θy = 0 for the same value of x; but this equation is linear. In general, then, the
function r will not have a factor like F0x, that is to say one independent of the
quantities a, a′, a′′ . . .. This case deserves to be noted:

Having (19)

R(x) = Σ
f1(x, y)

χ′y

r

θy
δθy,

one will have in general, if F0x = 1, k1 = k2 = k3 = · · · = kα = 0 (one can make
the same supposition in every case); one will therefore have, by virtue of (35)
and (25),

F2x = 1, θ1x = F2xf2x = f2x,

the value (38) of φ1x will therefore become (observing that ν1 = m1, ν2 = m2,
etc., and denoting ν by m)

φ1x =
1

f
(m)
2 x

· Σ f1(x, y)

χ′y
log θy,

and consequently formula (41) (denoting by B the value of y for x = β)

Σ

∫
f1(x, y) dx

f2x · χ′y
= C−ΠΣ

f1(x, y)

f2x · χ′y
log θy+Σm

dm−1

dβm−1

{
1

f
(m)
2 β

Σ
f1(β,B)

χ′B
log θB

}
.

(43)
For the particular case where f2x = (x − β)m, one will have f (m)

2 β = 1 ·
2 . . .m, hence, substituting,

Σ

∫
f1(x, y) dx

(x− β)m · χ′y
= C−ΠΣ

f1(x, y)

(x− β)mχ′y
log θy+

1

1 · 2 . . . (m− 1)

dm−1

dβm−1

{
Σ
f1(β,B)

χ′B
log θB

}
.

(44)
If m = 1, it comes

Σ

∫
f1(x, y) dx

(x− β)χ′y
= C − ΣΠ

f1(x, y)

(x− β)χ′y
log θy +Σ

f1(β,B)

χ′B
log θB, (45)

and if m = 0

Σ

∫
f1(x, y) dx

χ′y
= C − ΣΠ

f1(x, y)

χ′y
log θy. (46)

In formula (43), the right-hand side is in general a function of the quantities
a, a′, a′′, etc. If one supposes it equal to a constant, there will therefore result
in general certain relations among these quantities; but there are also certain
cases for which the right-hand side reduces to a constant, whatever moreover
the values of the quantities a, a′, a′′, etc. Let us seek these cases:

First it is evident that the function f2x must be constant, for otherwise the
right-hand side would necessarily contain the quantities a, a′, a′′, . . ., given the
arbitrary values of these quantities.

13



Setting, then, f2x = 1, it will come

Σ

∫
f1(x, y)

χ′y
dx = C − ΣΠ

f1(x, y)

χ′y
log θy.

Now, observing that these quantities a, a′, a′′, . . . are all arbitrary, it is clear
that the function Σ

f1(x, y)

χ′y
log θy, developed according to the descending pow-

ers of x, one will have the following formula:

R · log x =

A0x
µ0 +A1x

µ0−1 + · · ·

+Aµ0 +
Aµ0+1

x
+
Aµ0+2

x2
+ · · ·

R being a function of x independent of a, a′, a′′, etc., µ0 an integer, andA0, A1, . . . Aµ0 , Aµ0+1,
etc., functions of a, a′, a′′, etc.; hence, for the function in question to be con-
stant, it is necessary that µ0 be less than −1; and consequently the greatest
value of this number is −2.

That being posed, denoting by the symbol hR the highest exponent of x
in the development of any function R of this quantity, according to descending
powers, it is clear that µ0 will be equal to the greatest integer contained in the
numbers:

h
f1(x, y

′)

χ′y′
, h

f1(x, y
′′)

χ′y′′
, . . . h

f1(x, y
(n))

χ′y(n)
,

it is therefore necessary that all these numbers be less than unity taken nega-
tively.

Now, if R

R1
is a function of x, one will have, as is easy to see,

h
R

R1
= hR− hR1,

consequently

hf1(x, y
′) < hχ′y′−1, hf1(x, y

′′) < hχ′y′′−1, . . . hf1(x, y
(n)) < hχ′y(n)−1.

(47)
From these inequalities one will easily deduce, in each particular case, the

most general form of the function f1(x, y).
As one has

χ′y′ = (y′ − y′′)(y′ − y′′′) . . . (y′ − y(n))

χ′(y′′) = (y′′ − y′)(y′′ − y′′′) . . . (y′′ − y(n)), etc.,

it follows that{
hχ′y′ = h(y′ − y′′) + h(y′ − y′′′) + · · ·+ h(y′ − y(n))

hχ′(y′′) = h(y′′ − y′) + h(y′′ − y′′′) + · · ·+ h(y′′ − y(n)), etc.
(48)

14



Let us suppose, which is permitted, that one has

hy′ ≧ hy′′, hy′′ ≧ hy′′′, hy′′′ ≧ hyiv, . . . hy(n−1) ≧ hy(n), (49)

so that the quantities hy′, hy′′, hy′′′, . . . follow the order of their magnitudes,
beginning with the greatest. Then one will have, in general, except for some
particular cases which I dispense with considering:

h(y′ − y′′) = hy′; h(y′ − y′′′) = hy′; h(y′ − yiv) = hy′

. . . h(y′ − y(n)) = hy′,

h(y′′ − y′) = hy′, h(y′′ − y′′′) = hy′′, h(y′′ − yiv) = hy′′

. . . h(y′′ − y(n)) = hy′′,

h(y′′′ − y′) = hy′, h(y′′′ − y′′) = hy′′, h(y′′′ − yiv) = hy′′′

. . . h(y′′′ − y(n)) = hy′′′,

etc., etc.

(50)

If these equations hold, one will convince oneself without difficulty, supposing

f1(x, y) = t0 + t1y + t2y
2 + · · ·+ tn−1y

n−1, (51)

that the inequalities (47) necessarily entail the following:

h(tmy
′m) < hχ′y′ − 1; h(tmy

′′m) < hχ′y′′ − 1, h(tmy
′′′m) < hχ′y′′′ − 1, . . .

(52)
m being any one of the numbers 0, 1, 2, . . . n− 1.

Whence one draws, observing that

h(tmy
m) = htm + h(ym) = htm +m · hy,

the inequalities

htm < hχ′y′−m·hy′−1, htm < hχ′y′′−m·hy′′−1, . . . htm < hχ′y(n)−m·hy(n)−1.

Now, by means of equations (48) and (50), one will have

hχ′y′ −m · hy′ − 1 = (n−m− 1)hy′ − 1,

hχ′y′′ −m · hy′′ − 1 = (n−m− 2)hy′′ + hy′ − 1,

hχ′y′′′ −m · hy′′′ − 1 = (n−m− 3)hy′′′ + hy′ + hy′′ − 1,

etc.,

hχ′y(n−m−1)−m ·hy(n−m−1)−1 = hy(n−m−1)+hy′+hy′′+ · · ·+hy(n−m−2)−1,

hχ′y(n−m) −m · hy(n−m) − 1 = hy′ + hy′′ + · · ·+ hy(n−m−1) − 1,

hχ′y(n−m+1)−m ·hy(n−m+1)−1 = −hy(n−m+1)+hy′+hy′′+ · · ·+hy(n−m)−1,

etc.,

15



hχ′y(n) −m · hy(n) − 1 = −m · hy(n) + hy′ + hy′′ + · · ·+ hy(n−1) − 1.

Observing then that the quantities hy′, hy′′, . . . follow the order of their
magnitudes, it is clear that the smallest of the numbers

hχ′y′ −m · hy′ − 1, hχ′y′′ −m · hy′′ − 1, etc., hχ′y(n) −m · hy(n) − 1

is equal to
hy′ + hy′′ + hy′′′ + · · ·+ hy(n−m−1) − 1.

Hence the greatest value of htm is equal to the integer immediately below
this quantity, and one will have

htm = hy′ + hy′′ + · · ·+ hy(n−m−1) − 2 + εn−m−1, (53)

where εn−m−1 is the positive number less than unity that makes this equation
possible.

That being posed, let hy′ =
m′

µ′ , m′ and µ′ being two inte- gers and the

fraction m′

µ′ reduced to its simplest expression; then it will be necessary that
one have

hy′ = hy′′ = hy′′′ = · · · = hy(m) =
m′

µ′ .

For if an equation of the form χy = 0 is satisfied by a function of the form

y = Ax
m
µ′ + etc.,

this same equation is also satisfied by the µ′ values of y that one will obtain by
putting in place of x

1
µ′ : α1x

1
µ′ , α2x

1
µ′ , . . . αµ′−1x

1
µ′ , 1, α1, α2, . . . αµ′−1, being

the µ′ roots of the equation aµ
′ − 1 = 0.

Among the quantities hy′, hy′′, . . . hy(n), there are therefore µ′ that are equal
to one another. Likewise the total number of exponents equal to a given reduced
fraction must be a multiple of the denominator.

One can therefore suppose

hy′ = hy′′ = · · · = hy(k
′) =

m′

µ′ ,

hy(k
′+1) = hy(k

′+2) = · · · = hy(k
′′) =

m′′

µ′′ ,

hy(k
′′+1) = hy(k

′′+2) = · · · = hy(k
′′′) =

m′′′

µ′′′ ,

etc.,

hy(k
(ε−1)+1) = hy(k

(ε−1)+2) = · · · = hy(n) =
m(ε)

µ(ε)
,

(54)

where{
k′ = n′µ′; k′′ = n′µ′ + n′′µ′′; k′′′ = n′µ′ + n′′µ′′ + n′′′µ′′′; etc.
n = n′µ′ + n′′µ′′ + n′′′µ′′′ + · · ·+ n(ε)µ(ε),

(55)
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the fractions m′

µ′ ;
m′′

µ′′ ; . . .
m(ε)

µ(ε)
are reduced to their simplest expression; and

n′, n′′, n′′′, . . . n(ε) are integers.
Let us now suppose, in the expression for htm, that m = n − k(α) − β − 1,

β being a number less than k(α+1) − k(α), that is to say less than n(α+1)µ(α+1);
it will then come

htn−k(α)−β−1 =



hy′ + hy′′ + · · ·+ hy(k
′)

+hy(k
′+1) + hy(k

′+2) + · · ·+ hy(k
′′)

+etc.
+hy(k

(α−1)+1) + hy(k
(α−1)+2) + · · ·+ hy(k

(α))

+hy(k
(α)+1) + hy(k

(α)+2) + · · ·+ hy(k
(α)+β)

+εk(α)+β − 2;

now, equations (54) and (55) give

hy′ + hy′′ + · · ·+ hy(k
′) = k′ · m

′

µ′ = n′m′

hy(k
′+1) + hy(k

′+2) + · · ·+ hy(k
′′) = (k′′ − k′) · m

′′

µ′′ = n′′m′′

etc.,

hy(k
(α)+1) + · · ·+ hy(k

(α)+β) = β · m
(α+1)

µ(α+1)

hence, substituting

htn−k(α)−β−1 =

n
′m′ + n′′m′′ + n′′′m′′′ + · · ·+ n(α)m(α)

+β · m
(α+1)

µ(α+1)
+ εk(α)+β − 2.

(56)

As for the value of εk(α)+β , it is clear that, setting

µ(α+1) · εk(α)+β = A
(α+1)
β ;

this quantity A(α+1)
β will be the smallest positive integer that makes the number

β ·m(α+1) +A
(α+1)
β divisible by µ(α+1); one will therefore have

htn−k(α)−β−1 =


−2 + n′m′ + n′′m′′ + n′′′m′′′ + · · ·+ n(α)m(α)

+
β ·m(α+1) +A

(α+1)
β

µ(α+1)
.

(57)

Setting α = 0 in this equation, it will come

htn−β−1 = −2 +
β ·m′ +A′

β

µ′ ;
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if then
β ·m′ +A′

β

µ′ < 2, htn−β−1 is negative, and consequently one must set
tn−β−1 = 0; for, for any integral function t, ht is necessarily positive, zero

included. Now, setting β = 0, one always has
βm′ +A′

β

µ′ < 2; hence tn−1 is
always equal to zero, that is to say the function f1(x, y) must be of the form

f1(x, y) = t0 + t1 · y + t2 · y2 + · · ·+ tn−β′−1 · yn−β′−1, (58)

where β′, being greater than zero, is determined by the equation

β′ ·m′ +A′
β′

µ′ = 2,

whence it follows that β′ is equal to the greatest integer contained in the fraction
µ′

m′ + 1.
A function such as f1(x, y) therefore always exists, unless β′ exceeds n− 1.

For this to be able to occur, it is necessary that

µ′

m′ + 1 = n+ ε.

where ε is a positive quantity, zero included; from this it follows

m′

µ′ =
1

n− 1 + ε
.

Now, the greatest value of µ′ is n, hence this equation gives

m′

µ′ =
1

n− 1
or m′

µ′ =
1

n
.

Now, I say that in these two cases the integral
∫
f(x, y) dx can be expressed

by means of algebraic and logarithmic functions. Indeed, for m′

µ′ , which is

the greatest of the exponents hy′, hy′′, . . . hy(n), to have one of the two values
1

n− 1
,
1

n
, it is necessary that the equation χy = 0, which gives the function y,

contain the variable x only in a linear form. One will therefore have

χy = P + x ·Q,

where P and Q are integral functions of y; from this it follows

x = −P
Q
, dx =

P dQ−QdP

Q2
,

and
f(x, y) · dx = f

(
−P
Q
, y

)
· P dQ−QdP

Q2
= R · dy,
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where it is clear that R is a rational function of y; consequently the integral∫
Rdy, and hence

∫
f(x, y) dx, can be expressed by means of logarithmic and

algebraic functions.
Except for this case, then, the function f1(x, y) always exists; substituting

it into equation (46), it becomes

Σ

∫
(t0 + t1y + · · ·+ tn−β′−1y

(n−β′−1)) dx

χ′y
= C. (59)

A particular case of this equation is the following:

Σ

∫
xk · ym · dx

χ′y
= C. (60)

where k and m are two positive integers, such that

m < n− µ′

m′ − 1; (61)

k < −1 + n′m′ + n′′m′′ + · · ·+ n(α)m(α) +
β ·m(α+1)

µ(α+1)
;

m = n− k(α) − β − 1; β < m(α+1)n(α+1);

and it is clear that this formula can replace formula (43) in all its generality.
Since the degree of the integral function tm is equal to htm, this same func-

tion will contain a number of arbitrary constants equal to htm+1. The function
f1(x, y) will therefore contain a number of them expressed by

ht0 + ht1 + · · ·+ htn−β′−1 + n− β′,

or else, as is easy to see,

ht0 + ht1 + · · ·+ htn−β′−1 + · · ·+ htn−2 + n− 1.

Denoting this number by γ, one will easily find, by virtue of the equation giving
the general value of htm,

γ =
A′

0

µ′ +
m′ +A′

1

µ′ +
2m′ +A′

2

µ′ +· · ·+
(n′µ′ − 1)m′ +A′

n′µ′−1

µ′ +
A′′

0

µ′′ +
m′′ +A′′

1

µ′′ +
2m′′ +A′′

2

µ′′ +· · ·+
(n′′µ′′ − 1)m′′ +A′′

n′′µ′′−1

µ′′ +n′m′n′′µ′′+
A′′′

0

µ′′′ +
m′′′ +A′′′

1

µ′′′ +
2m′′′ +A′′′

2

µ′′′ +· · ·+
(n′′′µ′′′ − 1)m′′′ +A′′′

n′′′µ′′′−1

µ′′′ +(n′m′+n′′m′′)n′′′µ′′′+etc.−n+1;

now, observing that m′ and µ′ are coprime, one knows from the theory of
numbers that the sequence A′

0, A
′
1, A

′
2, A

′
3, . . . A

′
n′µ′−1 will contain n′ times the

sequence of natural numbers 0, 1, 2, 3, . . . µ′ − 1, hence

A′
0 +A′

1 +A′
2 + · · ·+A′

n′µ′−1 = n′(0 + 1 + 2 + · · ·+ µ′ − 1) = n′ · µ
′(µ′ − 1)

2
;

likewise

A′′
0 +A′′

1 +A′′
2 + · · ·+A′′

n′′µ′′−1 = n′′(0+1+2+ · · ·+µ′′ − 1) = n′′ · µ
′′(µ′′ − 1)

2
,
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etc.
Substituting these values and reducing, the value of γ becomes

γ = −n+1+ 1
2m

′n′(n′µ′−1)+ 1
2n

′(µ′−1)+ 1
2m

′′n′′(n′′µ′′−1)+ 1
2n

′′(µ′′−1)+etc.,

· · ·+ 1
2n

(ε)m(ε)(n(ε)µ(ε) − 1) + 1
2n

(ε)(µ(ε) − 1) + · · ·

+n′m′n′′µ′′ + (n′m′ + n′′m′′)n′′′µ′′′ + (n′m′ + n′′m′′ + n′′′m′′′)nivµiv

+etc. . . .+ (n′m′ + n′′m′′ + · · ·+ n(ε−1)m(ε−1))n(ε)µ(ε);

or else, observing that

n = n′µ′ + n′′µ′′ + · · ·+ n(ε)µ(ε), (62)

γ = n′µ′
(
m′n′ − 1

2

)
+n′′µ′′

(
m′n′ +

m′′n′′ − 1

2

)
+n′′′µ′′′

(
m′n′ +m′′n′′ +

m′′′n′′′ − 1

2

)
+ · · ·+ n(ε)µ(ε)

(
m′n′ +m′′n′′ + · · ·+m(ε−1)n(ε−1) +

m(ε)n(ε) − 1

2

)
−n

′(m′ + 1)

2
− n′′(m′′ + 1)

2
− n′′′(m′′′ + 1)

2
− · · · − n(ε)(m(ε) + 1)

2
+ 1.

As particular cases, one must note the following two:
1. When

hy′ = hy′′ = · · · = hy(n) =
m′

µ′ .

In this case ε = 1, and consequently

γ = n′µ′ · n
′m′ − 1

2
− n′ · m

′ + 1

2
+ 1. (63)

If, moreover, µ′ = n, one will have n′ = 1, and

γ = (n− 1) · m
′ − 1

2
. (64)

2. When all the quantities hy′, hy′′, . . . hy(n) are integers. Then one will
have

µ′ = µ′′ = µ′′′ = · · · = µ(ε) = 1;

and if one further sets
n′ = n′′ = · · · = n(ε) = 1,

one will have ε = n, and consequently, substituting,

γ = (n− 1)m′ + (n− 2)m′′ + (n− 3)m′′′ + · · ·+ 2m(n−2) +m(n−1) − n+ 1;

that is to say, observing that m′ = hy′, m′′ = hy′′, etc.

γ = (n−1)hy′+(n−2)hy′′+(n−3)hy′′′+ · · ·+2hy(n−2)+hy(n−1)−n+1. (66)
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In the case where all the numbers hy′, hy′′, . . . hy(n−1) are equal to one an-
other, the value of γ becomes

γ =
n(n− 1)

2
· hy′ − n+ 1 = (n− 1) ·

(
n · hy′

2
− 1

)
. (67)

Formula (59) generally holds for any values whatever of the quantities a, a′, a′′, . . .
whenever the function r has no factor of the form F0x; but in this case it still
holds, unless F0x and χy

f1(x, y)
vanish for the same value of x. Then the formula

in question ceases to hold, and one will have in its place formula (40), which
becomes, on setting f2x = 1,

Σ

∫
f1(x, y) · dx

χ′y
= C−ΠΣ

f1(x, y)

χ′y
log θy+Σν

dν−1

dβν−1

{
θ1β

θ
(ν)
1 β

· Σ f1(β,B)

χ′B
log θB

}
(68)

that is to say, observing that

ΠΣ
f1(x, y)

χ′y
log θy = 0,

Σ

∫
f1(x, y) dx

χ′y
= C +Σν

dν−1

dβν−1

{
θ1β

θ
(ν)
1 β

· Σ f1(β,B)

χ′B
log θB

}
(69)

Now one has (19)

R(x) = Σ
f1(x, y)

χ′y

r

θy
δθy;

whence it follows that if f1(x, y)
χ′y

keeps a finite value for x = β1, the integral
function R(x) will have (x− β1)

µ1 as a factor, hence

k1 = µ1 and ν1 = µ1 − k1 = 0.

From this one sees that, in the right-hand side of the preceding equation,
all the terms relating to values of β that do not render the value of f1(β,B)

χ′B
infinite will vanish; consequently the said number reduces to a constant, if F0x

has no factor in common with χ′y

f1(x, y)
.

[6]
Let us now take up again the general formula (14), and consider the functions
x1, x2, x3, . . . xµ. These quantities are given by the equation Fx = 0, as func-
tions of the independent quantities a, a′, a′′, etc.; let

x1 = f1(a, a
′, a′′, . . .); x2 = f2(a, a

′, a′′, . . .); . . .
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xµ = fµ(a, a
′, a′′, . . .).

If now one denotes by α the number of the quantities a, a′, a′′, . . ., one
can in general draw from these equations the values of a, a′, a′′, . . . as func-
tions of a number α of the quantities x1, x2 . . . xµ; for example, as functions
of x1, x2, . . . xα. Substituting the values of a, a′, a′′, . . . thus determined into
the expressions for xα+1, xα+2, . . . xµ, these latter quantities will become func-
tions of x1, x2, . . . , xα; and these will then be indeterminate. Formula (14) will
therefore become

v =

{
ψ1(x1) + ψ2(x2) + · · ·+ ψα(xα) + ψα+1(xα+1)

+ψα+2(xα+2) + · · ·+ ψµ(xµ),
(70)

where x1, x2, . . . xα are arbitrary quantities, xα+1, xα+2, . . . xµ algebraic func-
tions of x1, x2, . . . xα, and v an algebraic and logarithmic function of the same
quantities.

The quantities a, a′, a′′, . . . and xα+1, xα+2, . . . xµ are found in the following
manner. Equations (7) give the following:

θy1 = 0, θy2 = 0, . . . θyα = 0, (71)

which are all linear with respect to the quantities a, a′, a′′, . . .. They will there-
fore give these quantities as rational functions of x1, y1;x2, y2;x3, y3; . . . xα, yα.
Now, if one substitutes these functions in place of a, a′, a′′, . . . in the equation
Fx = 0, the function Fx will become divisible by the product (x − x1)(x −
x2) . . . (x− xα); for one has

Fx = B · (x− x1)(x− x2) . . . (x− xα)(x− xα+1) . . . (x− xµ).

Denoting, then, the quotient Fx

(x− x1)(x− x2) . . . (x− xα)
by F ′x, the equa-

tion
F ′x = 0 (72)

will be of degree µ − α, and will have as roots the quantities xα+1, . . . xµ. As
for the coefficients in this equation, it is easy to see that they will be rational
functions of the quantities

x1, y1; x2, y2; . . . xα, yα.

In this way, then, the µ−α quantities xα+1, . . . xµ are determined as functions
of x1, x2, . . . xα by one and the same equation of degree (µ− α)th.

Equations (71) are in general sufficient in number to determine the α quan-
tities a, a′, a′′, . . ., but there is a case in which several of them become identical.
This is what happens when one has at once

x1 = x2 = · · · = xk; y1 = y2 = · · · = yk;

for then
θy1 = θy2 = · · · = θyk.

22



Now, in this case one will have, according to the principles of the differential
calculus, in place of the k identical equations,

θy1 = 0, θy2 = 0, . . . , θyk = 0,

the following

θy1 = 0,
dθy1
dx1

= 0,
d2θy1
dx21

= 0, . . .
dkθy1
dxk1

= 0, (73)

which, joined to the equations

θyk+1 = 0, . . . θyα = 0,

will determine the values of a, a′, . . . a(α−1).
Formula (70) shows that one can express any sum whatever of the form

ψ1(x1) + ψ2(x2) + · · ·+ ψα(xα),

by a known function v and a similar sum of other functions; indeed it will give

ψ1(x1) + ψ2(x2) + · · ·+ ψα(xα) =

v − {ψα+1(xα+1) + ψα+2(xα+2) + · · ·+ ψµ(xµ)} . (74)

[7]
In this formula the number of the functions ψα+1(xα+1), ψα+2(xα+2), . . . ψµ(xµ)
is very remarkable. The smaller it is, the simpler the formula. We shall, in what
follows, seek the least value of which this number, which is expressed by µ−α, is
capable. If the function F0x reduces to unity, all the coefficients in the functions
q0, q1, q2, . . . qn−1 will be arbitrary; in this case, then, one will have (observing
that, according to the form of equations (71), one of the coefficients in the
functions q0, q1, . . . can be taken at will without harming the generality),

α = hq0 + hq1 + hq2 + · · ·+ hqn−1 + n− 1.

If F0x is not equal to unity, one needs in general a number hF0x of different
conditions for the equation

F0x · Fx = r

to be satisfied; but the particular form of the function y might make this number
of necessary conditions smaller. Let us suppose, then, that it is equal to

hF0x−A, (75)

the number of the indeterminate quantities a, a′, a′′, . . . becomes

α = hq0 + hq1 + hq2 + · · ·+ hqn−1 + n− 1− hF0x+A; (76)
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now one has
hr = hF0x+ hFx = hF0x+ µ,

hence
µ = hr − hF0x, (77)

and consequently

µ− α = hr − (hq0 + hq1 + hq2 + · · ·+ hqn−1)− n+ 1−A. (78)

But since one has (3)

r = θy′ · θy′′ . . . θy(n),

it is clear that
hr = hθy′ + hθy′′ + · · ·+ hθy(n) (79)

hence
µ− α = hθy′ + hθy′′ + · · ·+ hθy(n)

−(hq0 + hq1 + · · ·+ hqn−1)− n+ 1−A. (80)

Having now (2)

θy = q0 + q1y + q2y
2 + · · ·+ qn−1y

n−1;

one will necessarily have, for all values of m,

hθy > h(qmy
m),

where the sign > does not exclude equality. Hence, setting

y = y′, y′′, y′′′, . . . y(n),

and observing that
h(qmy

m) = hqm +m · hy,

one will also have

hθy′ > hqm+m ·hy′; hθy′′ > hqm+m ·hy′′, . . . hθy(n) > hqm+m ·hy(n). (81)

That being posed, let us denote by n′,m′, µ′, k′;n′′,m′′, µ′′, k′′; etc.…the same
things as above in section [5], and let us suppose that h(qρ1y

′ρ1) is the greatest
of the n′µ′ quantities,

h(qn−1y
′n−1); h(qn−2y

′n−2); . . . h(qn−1−k′y′n−1−k′
);

so that
hqρ1 + ρ1hy

′ > hqn−β−1 + (n− β − 1)hy′. (82)
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Denoting, for brevity, hqm by f(m), and putting m′

µ′ in place of hy′, it is
clear that this formula gives

f(ρ1)− f(n− β − 1) = (n− β − 1− ρ1) ·
m′

µ′ + ε′β +A′
β

(from β = 0, to β = k′ − 1),

where A′
β is a positive number less than unity and ε′β a positive integer, zero

included.
Let there be likewise

f(ρ2)− f(n− β − 1) = (n− β − 1− ρ2)
m′′

µ′′ + ε′′β +A′′
β

(from β = k′, to β = k′′ − 1),

f(ρ3)− f(n− β − 1) = (n− β − 1− ρ3)
m′′′

µ′′′ + ε′′′β +A′′′
β

(from β = k′′, to β = k′′′ − 1),

etc.,

f(ρm)− f(n− β − 1) = (n− β − 1− ρm)
m(m)

µ(m)
+ ε

(m)
β +A

(m)
β

(from β = k(m−1), to β = k(m) − 1),

etc.,

f(ρε)− f(n− β − 1) = (n− β − 1− ρε)
m(ε)

µ(ε)
+ ε

(ε)
β +A

(ε)
β

(from β = k(ε−1), to β = n− 1).

(84)

A′
β , A

′′
β , . . . A

(ε)
β being positive numbers and less than unity, and ε′β , ε′′β , etc.,

positive integers, zero included.
Let us consider any one of these equations; for example, giving β the k(m)−

k(m−1) values,

β = k(m−1), k(m−1) + 1, k(m−1) + 2, . . . k(m) − 1,

one will obtain a number k(m) − k(m−1) of similar equations; and adding them
together, it will come

(k(m)−k(m−1))

(
f(ρm) + ρm · m

(m)

µ(m)

)
= 1

2 (2n−k
(m)−k(m−1)−1)(k(m)−k(m−1))·m

(m)

µ(m)

+A
(m)
0 +A

(m)
1 + · · ·+A

(m)

k(m)−k(m−1)−1

+ε
(m)
0 + ε

(m)
1 + · · ·+ ε

(m)

k(m)−k(m−1)−1

+f(n− 1− k(m−1)) + f(n− 2− k(m−1)) + · · ·+ f(n− k(m)).
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Now,
k(m) − k(m−1) = n(m)µ(m),

hence, substituting,

n(m)µ(m)

(
f(ρm) + ρm

m(m)

µ(m)

)
= 1

2 (2n− k(m) − k(m−1) − 1) · n(m)m(m)

+A
(m)
0 +A

(m)
1 + · · ·+A

(m)

n(m)µ(m)−1

+ε
(m)
0 + ε

(m)
1 + · · ·+ ε

(m)

n(m)µ(m)−1

+f(n− 1− k(m−1)) + · · ·+ f(n− k(m)).

Now, observing that A(m)
β is the number less than unity which, added to

(n−β−1−ρm)
m(m)

µ(m)
, makes this quantity equal to an integer, one sees without

difficulty that the sequence

A
(m)
0 +A

(m)
1 + · · ·+A

(m)

n(m)µ(m)−1
,

which is composed of n(m)µ(m) terms, will contain n(m) times the sequence of
numbers

0

µ(m)
,

1

µ(m)
,

2

µ(m)
, . . .

µ(m) − 1

µ(m)
,

hence

A
(m)
0 +A

(m)
1 + · · ·+A

(m)

n(m)µ(m)−1
=
n(m)(0 + 1 + · · ·+ µ(m) − 1)

µ(m)

=
n(m)µ(m)(µ(m) − 1)

2 · µ(m)
= 1

2n
(m)(µ(m) − 1). (85)

Substituting this value, and setting, for brevity,

ε
(m)
0 + ε

(m)
1 + · · ·+ ε

(m)

n(m)µ(m)−1
= Cm,

it will come

n(m)µ(m)

(
f(ρm) + ρm

m(m)

µ(m)

)
= 1

2 (2n− k(m) − k(m−1) − 1)n(m)m(m)

+ 1
2n

(m)(µ(m) − 1) + Cm

+f(n− k(m−1) − 1) + · · ·+ f(n− k(m)). (86)

Now one has, denoting hθy(m) by φ(m),

φ(k(m−1) + 1) = φ(k(m−1) + 2) = φ(k(m−1) + 3) = · · · = φ(k(m)); (87)
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observing that hy(m) keeps the same value for all values of m, from k(m−1) + 1
to k(m). Inequalities (81) will therefore give

φ(k(m−1) + 1) + φ(k(m−1) + 2) + φ(k(m−1) + 3) + · · ·+ φ(k(m))

>

(
f(ρm) + ρm · m

(m)

µ(m)

)
· (k(m) − k(m−1))

> n(m)µ(m)

(
f(ρm) + ρm · m

(m)

µ(m)

)
,

hence one will have, by virtue of the preceding equation,

φ(k(m−1) + 1) + φ(k(m−1) + 2) + φ(k(m−1) + 3) + · · ·+ φ(k(m))

>

{
1
2n

(m)m(m)(2n− k(m) − k(m−1) − 1) + 1
2n

(m)(µ(m) − 1) + Cm

+f(n− k(m−1) − 1) + f(n− k(m−1) − 2) + · · ·+ f(n− k(m)).

Setting in this formula successively m = 1, 2, 3, . . . and then adding the
equations one will obtain, it will come

φ(1) + φ(2) + φ(3) + · · ·+ φ(n)

>



f(n− 1) + f(n− 2) + f(n− 3) + · · ·+ f(1) + f(0)

+ 1
2n

′m′(2n− k′ − 1) + 1
2n

′(µ′ − 1) + C1

+ 1
2n

′′m′′(2n− k′′ − k′ − 1) + 1
2n

′′(µ′′ − 1) + C2

+ 1
2n

′′′m′′′(2n− k′′′ − k′′ − 1) + 1
2n

′′′(µ′′′ − 1) + C3

+ · · ·
+ 1

2n
(ε)m(ε)(2n− k(ε) − k(ε−1) − 1) + 1

2n
(ε)(µ(ε) − 1) + Cε.

Substituting the values of the quantities k′, k′′, k′′′, . . ., namely,

k′ = n′µ′; k′′ = n′µ′ + n′′µ′′; k′′′ = n′µ′ + n′′µ′′ + n′′′µ′′′, etc.,

and for n its value (55)

n = n′µ′ + n′′µ′′ + · · ·+ n(ε)µ(ε),

one will obtain

hθy′ + hθy′′ + hθy′′′ + · · ·+ hθy(n) − (hq0 + hq1 + hq2 + · · ·+ hqn−1)

> γ′ + C1 + C2 + C3 + · · ·+ Cε,

where one has set, for brevity,

γ′ = n′m′
(
n′µ′ − 1

2
+ n′′µ′′ + n′′′µ′′′ + · · ·+ n(ε)µ(ε)

)
+ n′ · µ

′ − 1

2
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+n′′m′′
(
n′′µ′′ − 1

2
+ n′′′µ′′′ + nivµiv + · · ·+ n(ε)µ(ε)

)
+ n′′ · µ

′′ − 1

2

+ · · ·

+n(ε−1)m(ε−1)

(
n(ε−1)µ(ε−1) − 1

2
+ n(ε)µ(ε)

)
+ n(ε−1) ·

(
µ(ε−1) − 1

2

)
+n(ε)m(ε) n

(ε)µ(ε) − 1

2
+ n(ε)

µ(ε) − 1

2
. (88)

From this formula combined with equation (80) one will deduce

µ− α > γ′ − n+ 1−A+ C1 + C2 + · · ·+ Cε. (89)

Now, I observe that the number γ′ − n + 1 is precisely equal to the one we
previously denoted by γ, equation (62), hence

µ− α > γ −A+ C1 + C2 + · · ·+ Cε. (90)

This formula shows us that µ−α cannot be less than γ−A; now, I say that
it can be precisely equal to this number.

Indeed this is what happens when one has

φ(k(m)) = f(ρm) + ρm
m(m)

µ(m)
, (91)

and
C1 + C2 + C3 + · · ·+ Cε = 0;

now one can demonstrate in the following manner that these equations can hold.
Recalling the value of Cm, it is clear that equation (91) entails the following:

ε
(m)
β = 0 (from β = k(m−1), to β = k(m) − 1);

hence, by virtue of equations (83) and (84)

f(n− β − 1) = f(ρm)− (n− β − 1− ρm)
m(m)

µ(m)
−A

(m)
β ,

(from β = k(m−1), to β = k(m) − 1). (92)

It is now a matter of finding the value of f(ρm). Now equation (91) gives

f(ρm) + ρm
m(m)

µ(m)
> f(ρα) + ρα

m(m)

µ(m)
(93)

for all values of m and α. From this one draws, denoting, for brevity,

m(α)

µ(α)
by σα, (94)
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f(ρm)− f(ρα) > (ρα − ρm)σm. (95)
Setting m = α− 1, and then changing α to m, and likewise α to m− 1, one

will obtain the two formulas{
f(ρm)− f(ρm−1) < (ρm−1 − ρm) · σm−1,

f(ρm)− f(ρm−1) > (ρm−1 − ρm) · σm.
(96)

From this one sees that the difference between the greatest and the least value
of f(ρm)−f(ρm−1) cannot exceed (ρm−1−ρm)(σm−1−σm). Consequently one
must have

f(ρm)− f(ρm−1) = (ρm−1 − ρm)σm + θm−1(ρm−1 − ρm)(σm−1 − σm),

where θm−1 is a positive quantity that cannot exceed unity.
This equation can be written as follows:

f(ρm)− f(ρm−1) = (ρm−1 − ρm) (θm−1σm−1 + (1− θm−1)σm) . (97)

From this one draws without difficulty

f(ρm) =


f(ρ1) + (ρ1 − ρ2) (θ1σ1 + (1− θ1)σ2)

+(ρ2 − ρ3) (θ2σ2 + (1− θ2)σ3) + etc.
. . .+ (ρm−1 − ρm) (θm−1σm−1 + (1− θm−1)σm) .

(98)

If f(ρm) has this value, it is not difficult to see that the condition

f(ρm)− f(ρα) > (ρα − ρm)σm

is satisfied for any value of α and m, whatever the value of f(ρ1) and those of
the quantities θ1, θ2, . . . θm−1, provided that they do not exceed unity.

Knowing thus the value of f(ρm), one will have that of f(n − β − 1) by
equation (92).

Having in this manner determined the values of all the quantities f(0), f(1), f(2), . . . f(n−
1), let us now see whether they indeed satisfy equation (91)

φ(k(m)) = f(ρm) + ρm
m(m)

µ(m)
= f(ρm) + ρmσm.

For this equation to hold, it is necessary and sufficient that the equation

f(ρm) + ρmσm > f(α) + ασm (99)

be satisfied for all values of α and m. It is therefore necessary that

P (δ)
m = f(ρm)− f(αδ) + (ρm − αδ)σm > 0 (100)

let αδ = n − β − 1, where β has any value whatever comprised between k(δ−1)

and k(δ) − 1 inclusively; equation (92) will give

f(αδ) = f(ρδ)− (αδ − ρδ)σδ −A
(δ)
β ;

29



and consequently

P (δ)
m = f(ρm)− f(ρδ) + (ρm − αδ)σm + (αδ − ρδ)σδ +A

(δ)
β . (101)

Putting m+ 1 in place of m, it will come

P
(δ)
m+1 − P (δ)

m = f(ρm+1)− f(ρm) + ρm+1σm+1 − ρmσm + αδ(σm − σm+1).

One has by equation (97)

f(ρm+1)− f(ρm) = (ρm − ρm+1) (θmσm + (1− θm)σm+1) ;

hence, substituting and reducing

P
(δ)
m+1 − P (δ)

m = {αδ − (ρm(1− θm) + ρm+1θm)} · (σm − σm+1); (102)

now, observing that αδ is comprised between n − 1 − k(δ−1) and n − k(δ),
that ρm(1 − θm) + ρm+1θm is comprised between ρm and ρm+1, that is to say
between n − 1 − k(m) and n − 1 − k(m+1), it is clear that the right-hand side
of this equation will always be positive if m ≧ δ + 1, and always negative if
m ≦ δ − 1.

From this it follows: 1◦ that Pm+1+δ > 0 if Pδ+1 > 0; 2◦ that Pδ−1−m > 0

if Pδ−1 > 0. Hence, for P (δ)
m to be positive for all values of m, it suffices that it

be so for m = δ + 1, δ, δ − 1.
Now, setting in equation (102) m = δ, m = δ − 1, it will come

P
(δ)
δ+1 − P

(δ)
δ = {αδ − (ρδ(1− θδ) + ρδ+1θδ)} · (σδ − σδ+1),

P
(δ)
δ − P

(δ)
δ−1 = {αδ − (ρδ−1(1− θδ−1) + ρδθδ−1)} (σδ−1 − σδ).

But equation (101) gives, for m = δ,

P
(δ)
δ = A

(δ)
β ,

hence P (δ)
δ is always positive, and, substituting this value, the two preceding

equations will give, putting δ + 1 in place of δ in the latter,

P
(δ)
δ+1 = {αδ − ρδ + θδ(ρδ − ρδ+1)} · (σδ − σδ+1) +A

(δ)
β ,

P
(δ+1)
δ = {ρδ − αδ+1 − θδ(ρδ − ρδ+1)} · (σδ − σδ+1) +A

(δ+1)
β .

From these equations one draws (observing that one must have, for P (δ)
δ+1 and

P
(δ+1)
δ , positive values),

θδ >
ρδ − αδ

ρδ − ρδ+1
−

A
(δ)
β

(ρδ − ρδ+1)(σδ − σδ+1)
= Bδ,

θδ <
ρδ − αδ+1

ρδ − ρδ+1
+

A
(δ+1)
β

(ρδ − ρδ+1)(σδ − σδ+1)
= Cδ,

(103)
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Now θδ is comprised between 0 and 1; consequently it is necessary that Bδ

not exceed unity, and that Cδ be positive. Now this is always the case. Indeed
one finds

1−Bδ =
αδ − ρδ+1

ρδ − ρδ+1
+

A
(δ)
β

(ρδ − ρδ+1)(σδ − σδ+1)
;

hence 1−Bδ is always positive, observing that αδ > ρδ+1: consequently Bδ

cannot exceed unity. Likewise ρδ > αδ+1; hence Cδ is always positive.
The condition

P (δ)
m > 0

is therefore satisfied for every value of δ and m; whence results the equation

φ(k(δ)) = f(ρδ) + ρδ
m(δ)

µ(δ)
.

One will therefore have, as has just been said,

µ− α = γ −A, (104)

which is the least value that µ− α can have.
If one supposes that all the coefficients in the functions q0, q1, . . . qn−1 are

indeterminate quantities, then F0x = 1, and consequently A = 0; hence in this
case

µ− α = γ. (105)
This is what generally happens, for it is only for functions of a particular

form that the number A has a value greater than zero.
In the foregoing we have supposed that all the coefficients in q0, q1, . . . qn−1

were indeterminate, except those determined by the condition that r have as
a divisor the function F0x. In this case one always has, as we supposed above
(87),

φ(k(m−1) + 1) = φ(k(m−1) + 2) = · · · = φ(k(m))

= f(ρm) + ρm · σm,
and consequently

hr =

{
n′µ′ (f(ρ1) + ρ1σ1) + n′′µ′′ (f(ρ2) + ρ2σ2) + · · ·
+n(ε)µ(ε) (f(ρε) + ρεσε) .

(106)

This is the value of hr in general. Let us now suppose that the quantities
a, a′, a′′, . . . are not all indeterminate, but that a certain number of them are
determined by the condition that the value of hr be A′ units smaller than the
preceding value. In general, a number A′ of the quantities a, a′, a′′, . . . will be
determined by this condition, and then µ − α does not change value; but it
is possible that, for functions of a particular form, the condition in question
entails only a smaller number of distinct equations among a, a′, a′′, . . .. Let this
number, then, be A′ −B; the value of µ− α becomes

(µ−A′)− (α− (A′ −B))−A,
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that is to say
µ− α = γ −A−B. (107)

[8]
To give an example of the application of the preceding theory, let us suppose
that n = 13, so that y is determined by the equation

0 =


p0 + p1y + p2y

2 + p3y
3 + p4y

4 + p5y
5 + p6y

6

+p7y
7 + p8y

8 + p9y
9 + p10y

10 + p11y
11 + p12y

12

+y13,

and
θy = q0 + q1y + q2y

2 + · · ·+ q12y
12.

Let us suppose that the degrees of the integral functions

p0, p1, p2, p3, p4, p5, p6, p7, p8, p9, p10, p11, p12,

are respectively
2, 3, 2, 3, 4, 5, 3, 4, 2, 3, 4, 1, 1.

First, one must seek the values of hy′, hy′′, . . . hy(13). Now, for this, it suffices
to set, in the proposed equation,

y = A · xm,

and then determine A and m so that the equation is satisfied for x = α.
One will obtain the equation

0 =

{
A13 · x13m +B12 ·A12 · x12m+1 +B11 ·A11 · x11m+1 +B10 ·A10 · x10m+4

+ · · ·+B2A
2x2m+2 +B1Ax

m+5 +B0x
2.

For it to be satisfied, a certain number of the exponents must be equal and
at the same time greater than the others, and the sum of the corresponding
terms must be equal to zero.

Now one finds that, on setting
1◦ 13m = 10m+4, whence m =

4

3
, the two exponents 13m, 10m+4 will be

the greatest;
2◦ 10m+ 4 = 5m+ 5, whence m =

1

5
, 10m+ 4, 5m+ 5;

3◦ 5m+ 5 = m+ 3, whence m = −1

2
, 5m+ 5, m+ 3,

4◦ m+ 3 = 2, whence m = −1, m+ 3, 2.
One has, then,

y = Ax
4
3 , . . . A13 +B10A

10 = 0,
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hence A = − 3
√
B10 and hy′ = hy′′ = hy′′′ =

m′

µ′ =
4

3
, n′ = 1;

y = Ax
1
5 , . . . B10A

10 +B5A
5 = 0,

hence A = − 5

√
B5

B10
and hyiv = hyv = hyvi = hyvii = hyviii =

m′′

µ′′ =
1

5
, n′′ = 1;

y = Ax−
1
2 , . . . B5A

5 +B1A = 0,

hence A = 4

√
−B1

B5
and hyix = hyx = hyxi = hyxii =

m′′′

µ′′′ =
−1

2
,

n′′′ = 2;

y = Ax−1, . . . B1A+B0 = 0,

hence A = −B0

B1
and hyxiii =

miv

µiv = −1, niv = 1.

Having thus found the values of the numbersm′, µ′, n′,m′′, µ′′, n′′,m′′′, µ′′′, n′′′,miv, µiv, niv,
one will have

k′ = n′µ′ = 3, k′′ = n′µ′ + n′′µ′′ = 8, k′′′ = n′µ′ + n′′µ′′ + n′′′µ′′′ = 12,

kiv = n′µ′ + n′′µ′′ + n′′′µ′′′ + nivµiv = 13 = n.

Now, the number ρ1 must be comprised between n− 1 and n− k′, ρ2 between
n− k′ − 1 and n− k′′, etc.; hence one will find for these quantities the following
values:

ρ1 = 12, 11, 10, ρ2 = 9, 8, 7, 6, 5, ρ3 = 4, 3, 2, 1, ρ4 = 0.

Knowing ρ1, ρ2, ρ3, ρ4, one will have A′
β , A

′′
β , A

′′′
β , A

iv
β by equation (92); then

θ1, θ2, θ3, θ4 by equations (103); f(ρ2), f(ρ3), f(ρ4) by equation (98); and finally
f(0), f(1), f(2), . . . f(12) by equation (92).

The value of γ, which is always the same, becomes, by equation (88) and
the relation γ = γ′ − n+ 1,

γ =



1 · 4 ·
(
3− 1

2
+ 5 + 4 + 1

)
+ 1 · 3− 1

2
,

+1 · 1 ·
(
5− 1

2
+ 4 + 1

)
+ 1 · 5− 1

2
,

+2 · (−1) ·
(
4− 1

2
+ 1

)
+ 2 · 2− 1

2
,

+1 · (−1) ·
(
1− 1

2

)
+ 1 · 1− 1

2
− 13 + 1,

that is to say, reducing,
γ = 38.
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In order to be able to determine numerically the values of α and µ, let us
suppose, for example,

ρ1 = 11, ρ2 = 6, ρ3 = 4, ρ4 = 0.

Then equation (92) will give the following:

f(12) = f(11)− 4
5 −A′

0, hence A′
0 = 3

5 , f(12) = f(11)− 2

f(10) = f(11) + 4
5 −A′

2, hence A′
2 = 1

5 , f(10) = f(11) + 1

f(9) = f(6)− 3
5 −A′′

3 , hence A′′
3 = 3

5 , f(9) = f(6)− 1

f(8) = f(6)− 2
5 −A′′

4 , hence A′′
4 = 5

5 , f(8) = f(6)− 1

f(7) = f(6)− 1
5 −A′′

5 , hence A′′
5 = 4

5 , f(7) = f(6)− 1

f(5) = f(6) + 1
5 −A′′

7 , hence A′′
7 = 1

5 , f(5) = f(6)

f(3) = f(4)− 1
2 −A′′′

9 , hence A′′′
9 = 1

2 , f(3) = f(4)− 1

f(2) = f(4)− 1−A′′′
10, hence A′′′

10 = 0, f(2) = f(4)− 1

f(1) = f(4)− 3
2 −A′′′

11, hence A′′′
11 = 1

2 , f(1) = f(4)− 2.

To find now f(0), f(4), f(6), f(11), one must seek the limits of θ1, θ2, θ3, θ4.
Now equations (103), which determine these limits, give

θ1 >
11− α1

5
−

3A′
β

17
, whence θ1 > − 1

5 − 2
17 ; 0; 1

5 − 1
17 ,

θ1 <
11− α2

5
−

3A′
β

17
, whence θ1 < 2

5 − 6
5·17 ;

3
5 − 9

5·17 ;

4
5 − 12

5·17 ; 1; 6
5 − 3

5·17 .

It follows from this that

θ1 >
12

85
, θ1 <

28

85
.

One finds in the same manner

θ2 >
1

2
, θ2 < 1, θ3 > 0, θ3 < 1.

Now equation (97) gives

f(ρm)− f(ρm−1) > (ρm−1 − ρm)
(
θ′′m−1σm−1 + (1− θ′′m−1)σm

)
f(ρm)− f(ρm−1) < (ρm−1 − ρm)

(
θ′m−1σm−1 + (1− θ′m−1)σm

)
where θ′′m−1 is the smallest and θ′m−1 the greatest value of θm−1; hence one will
find, setting,

m = 2, 3, 4,
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f(6)− f(11) > 5 ·
(
12
85 · 4

3 +
(
1− 12

85

)
· 1
5

)
;
(
= 1 + 68

85

)
f(6)− f(11) < 5 ·

(
28
85 · 4

5 +
(
1− 28

85

)
· 1
5

)
;
(
= 2 + 211

255

)
f(4)− f(6) > 2 ·

(
1
2 · 1

5 −
(
1− 1

2

)
· 1
2

)
;
(
= − 5

10

)
f(4)− f(6) < 2 ·

(
1 · 1

5 − (1− 1) · 1
2

)
;
(
= 2

5

)
f(0)− f(4) > 4 ·

(
0 ·
(
− 1

2

)
+ (1− 0) · (−1)

)
; (= −4)

f(0)− f(4) < 4 ·
(
1 ·
(
− 1

2

)
+ (1− 1) · (−1)

)
; (= −2);

hence one will have, for f(6)− f(11), f(4)− f(6), f(0)− f(4), the following
values:

f(6)− f(11) = 2, f(4)− f(6) = 0, f(0)− f(4) = −4,−3,−2;

whence
f(6) = f(11) + 2, f(4) = f(11) + 2, f(0) = f(11)− 2,

f(11)− 1, f(11)

f(12) = f(11)− 2, f(10) = f(11) + 1, f(9) = f(11) + 1,

f(8) = f(11) + 1

f(7) = f(11) + 1, f(5) = f(11) + 2, f(3) = f(11) + 1,

f(2) = f(11) + 1

f(1) = f(11).

Expressing, then, all these quantities by f(12), one sees that the functions
q12, q11, q10, . . . q0 are respectively of the following degrees

(12) (11) (10) (9) (8) (7) (6) (5) (4)
θ, θ + 2, θ + 3, θ + 3, θ + 3, θ + 3, θ + 4, θ + 4, θ + 4,

(3) (2) (1) (0)
θ + 3, θ + 3, θ + 2, (θ + 2, θ + 1, θ),

where θ is the degree of the function q12. The function q0 can be of three
different degrees θ, θ + 1, θ + 2. From this it follows that

α = f(0) + f(1) + · · ·+ f(12) + 12 = 13θ + 48, 13θ + 47, 13θ + 46,

and
µ = n′µ′

(
f(ρ1) + ρ1

m′

µ′

)
+ n′′µ′′

(
f(ρ2) + ρ2

m′′

µ′′

)
+n′′′µ′′′

(
f(ρ3) + ρ3

m′′′

µ′′′

)
+ nivµiv

(
f(ρ4) + ρ4

miv

µiv

)
= 3

(
f(11) + 11 · 4

3

)
+ 5 ·

(
f(6) + 6 · 1

5

)
+ 4

(
f(4)− 4 · 1

2

)
+ 1 · (f(0)− 0) ;

that is to say,
µ = 13θ + 86, 13θ + 85, 13θ + 84.

The value of µ− α will therefore become
µ− α = 38,

as we found above for the value of γ.
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[9]
By equations (92) and (98) established previously, one will have the values of all
the quantities f(0), f(1), f(2) . . . f(n− 1), expressed in the following manner:

f(m) = f(ρ1) +Mm, (108)

where Mm is independent of f(ρ1). This latter quantity is entirely arbitrary.
The number of the coefficients in q0, q1, q2 . . . qn−1 will therefore be equal to

nf(ρ1) +M0 +M1 +M2 + · · ·Mn−1; (109)

but α, or the number of the indeterminate quantities a, a′, a′′, . . ., is equal to the
number of the coefficients already mentioned, diminished by a certain number.
One will therefore have

α = nf(ρ1) +M, (110)

where M is independent of f(ρ1).
From this it follows that one can take α as large as one wishes, the number

µ− α always remaining the same.
Equation (74) therefore puts us in a position to express a sum of any number

whatever of given functions, of the form ψ(x), by a sum of a determined number
of functions. This latter number can always be supposed equal to γ, which, in
general, will be its smallest value.

From formula (74) one can deduce another which is still more general, and
of which it is a particular case.

Indeed, let

ψ1(x1)+ψ2(x2)+· · ·+ψα(xα) = v−[ψα+1(xα+1) + ψα+2(xα+2) + · · ·+ ψµ(xµ)] ,
(111)

ψ′
1(x

′
1) + ψ′

2(x
′
2) + · · ·+ ψ′

α′(x′α′) =

v′ −
[
ψ′
α′+1(x

′
α′+1) + ψ′

α′+2(x
′
α′+2) + · · ·+ ψ′

µ′(x′µ′)
]
,

where ψ′
1, ψ

′
2, . . . are functions similar to ψ1, ψ2, . . .

Let us suppose, which is permitted, that

x′α′ = xµ, x′α′−1 = xµ−1, x′α′−2 = xµ−2, . . . x
′
α′−µ+α+1 = xα+1,

and
ψ′
α′(x′α′) = ψµ(xµ), ψ′

α′−1(x
′
α′−1) = ψµ−1(xµ−1); . . .

ψ′
α′−µ+α+1(x

′
α′−µ+α+1) = ψα+1(xα+1);

the preceding equations will give

γ =

{
ψ1(x1) + ψ2(x2) + · · ·+ ψα(xα)

−ψ′
1(x

′
1)− ψ′

2(x
′
2)− · · · − ψ′

α′−µ+α(x
′
α′−µ+α)

=

v − v′ + ψ′
α′+1(x

′
α′+1) + · · ·+ ψ′

µ′(x′µ′);
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hence, putting V in place of v − v′, α′ in place of α′ − µ+ α,

ψ′′
1 , ψ

′′
2 , . . . ψ

′′
k in place of ψ′

α′+1, ψ
′
α′+2, . . . ψ

′
µ′ ,

x′′1 , x
′′
2 , . . . x

′′
k in place of x′α′+1, x

′
α′+2, . . . x

′
µ′ ,

and finally k in place of µ′ − α′, it will come

ψ1(x1) + ψ2(x2) + · · ·+ ψα(xα)− ψ′
1(x

′
1)− ψ′

2(x
′
2)− · · · − ψ′

α′(x′α′)

= V + ψ′′
1 (x

′′
1) + ψ′′

2 (x
′′
2) + ψ′′

3 (x
′′
3) + · · ·+ ψ′′

k (x
′′
k). (112)

The number k, which is equal to µ′ − α′, is independent of α and α′, which
are arbitrary numbers.

If one supposes

x′1 = c1, x′2 = c2, . . . x′k = ck, (113)

c1, c2, . . . ck being constants, then formula (112) becomes

ψ1(x1)+ψ2(x2)+ · · ·+ψα(xα)−ψ′
1(x

′
1)−ψ′

2(x
′
2)−· · ·ψ′

α′(x′α′) = C+V ; (114)

where a number k of the quantities x1, x2, . . . xα, . . . x
′
1, x

′
2, . . . x

′
α′ are func-

tions of the others, by virtue of equations (113). It is clear that one can take
c1, c2, . . . ck in such a way that C becomes equal to zero.

Let us now suppose that one has, in the preceding formula,

x1 = x2 = x3 = · · · = xε1 = z1

xε1+1 = xε1+2 = xε1+3 = · · · = xε1+ε2 = z1,

xε1+ε2+1 = xε1+ε2+2 = · · · = xε1+ε2+ε3 = z2,

· · · · · · · · · · · · · · · · · · · · · · · ·
xα−εm+1 = xα−εm+2 = · · · = xα = zm,

ψ1 = ψ2 = · · · = ψε1 = π1

ψε1+1 = ψε1+2 = · · · = ψε1+ε2 = π2

ψε1+ε2+1 = ψε1+ε2+2 = · · · = ψε1+ε2+ε3 = π3,

· · · · · · · · · · · · · · · · · · · · · · · ·
ψα−εm = ψα−εm = · · · = ψα = πm;

(115)

so that
α = ε1 + ε2 + · · ·+ εm.

Let us suppose the same things with respect to the quantities x′1, x′2, . . . ψ′
1, ψ

′
2, . . . α

′,
priming the letters ε1, ε2, . . . εm, z1, z2, . . . zm, π1, π2, . . . πm, and m. Then for-
mula (114) becomes:

V =

{
ε1π1(z1) + ε2π2(z2) + ε3π3(z3) + · · ·+ εmπm(zm)− ε′1π

′
1(z

′
1)

−ε′2π′
2(z

′
2) · · · − ε′m′π′

m′(z′m′)
(116)
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where a number k of the functions π1(z1), π2(z2), . . . π′
1(z

′
1), . . . depend on the

forms and values of the others.
Dividing both sides of this equation by any number A whatever and denoting

the rational numbers
ε1
A
,
ε2
A
, . . .

εm
A
,−ε

′
1

A
,−ε

′
2

A
, . . .− ε′m′

A
,

by h1, h2, h3, . . . hα, and putting ψ in place of π, x in place of z, and v in place
of V
A

, it will come:

h1ψ1(x1) + h2ψ2(x2) + · · ·+ hαψα(xα) = v, (117)

where it is clear that h1, h2, . . . hα can be any rational numbers whatever, posi-
tive or negative.

Observing that k of the quantities x1, x2, . . . xα are determined as functions
of the others, one can write this formula as follows:

h1ψ1(x1) + h2ψ2(x2) + · · ·+ hmψm(xm)

= v + k1ψ
′
1(x

′
1) + k2ψ

′
2(x

′
2) + · · ·+ kkψ

′
k(x

′
k), (118)

h1, h2, . . . hm, k1, k2, . . . kk,

being any rational numbers whatever;

x1, x2, . . . xm,

being indeterminate quantities, arbitrary in number;

x′1, x
′
2, . . . x

′
k,

being functions of these quantities, which can be found algebraically, and k
being a number independent of m.

If one takes, for example,

k1 = k2 = · · · = kk = 1,

one will have the formula

h1ψ1(x1) + h2ψ2(x2) + · · ·+ hmψm(xm)

= v + ψ′
1(x

′
1) + ψ′

2(x
′
2) + · · ·+ ψ′

k(x
′
k). (119)

[10]
Having thus, in the foregoing, considered functions in general, I shall now apply
the theory to a class of functions that deserve particular attention. These are
the functions of the form ∫

f(x, y) dx, (120)
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where y is given by the equation

χ(y) = yn + p0 = 0; (121)

p0 being an integral function of x. Whatever the integral function p0 may be,
one can always suppose

−p0 = γµ1

1 γµ2

2 γµ3

3 . . . γµε
ε , (122)

where µ1, µ2, . . . µε are positive integers, and γ1, γ2, . . . γε integral functions hav-
ing no equal factors.

Substituting this expression for −p0 into equation (121), one will draw from
it the value of y, namely:

y = γ
µ1
n

1 γ
µ2
n

2 γ
µ3
n

3 . . . γ
µε
n

ε , (123)

If one denotes this value of y by R, and by 1, ω, ω2, . . . ωn−1 the n roots of
the equation ωn − 1 = 0, the n values of y will be

R,ωR, ω2R,ω3R, . . . ωn−1R, (124)

one will have, consequently,

γ = θ(y′)θ(y′′) . . . θ(y(n))

= (q0 + q1R+ q2R
2 + · · · qn−1R

n−1)×

×(q0 + ωq1R+ ω2q2R
2 + · · ·+ ωn−1qn−1R

n−1)×

×(q0 + ω2q1R+ ω4q2R
2 + · · ·+ ω2n−2qn−1R

n−1)×

×(q0 + ω3q1R+ ω6q2R
2 + · · ·+ ω3n−3qn−1R

n−1)×

× · · · · · · · · · · · · · · · · · · · · · · · · ×

×(q0 + ωn−1q1R+ ω2n−2q2R
2 + · · ·+ ω(n−1)2qn−1R

n−1); (125)

since:
θy′ = q0 + q1R+ q2R

2 + · · ·+ qn−1R
n−1,

θy′′ = q0 + ωq1R+ ω2q2R
2 + · · ·+ ωn−1qn−1R

n−1,

θy′′′ = q0 + ω2q1R+ ω4q2R
2 + · · ·+ ω2n−2qn−1R

n−1,

etc., etc. (126)

That being posed, let
f(x, y) =

f1(x, y)

f2x · χ′y
, (127)

and let us suppose
f1(x, y) = nf3x · yn−m−1,
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where f2x and f3x are two integral functions of x; then one will have, by virtue
of the equation χ(y) = yn + p0, which gives χ′y = nyn−1,

f(x, y) =
f3x

f2x · ym
; (128)

whence
ψ(x) =

∫
f3x · dx
ymf2x

. (129)

Any one whatever of the values of y is of the form ωe ·R, hence

ψ(x) = ω−em ·
∫
f3x · dx
Rmf2x

. (130)

Denoting, then, by ψ(x) the function
∫
f3x · dx
Rmf2x

, all the functions ψ1(x), ψ2(x) . . . ψµ(x)

will be of the form ω−em · ψ(x).
Let there be, then,

ψ1(x) = ω−e1m ·ψ(x), ψ2(x) = ω−e2m ·ψ(x), . . . ψµ(x) = ω−eµm ·ψ(x), (131)

where
ψ(x) =

∫
f3x · dx
Rmf2x

.

Now equations (38) give, for φ(x) and φ1(x), the following expressions:

φ(x) = Σ
f3x

f2x · ym
log θy, φ1(x) =

f2x

θ
(ν)
1 x

· Σ f3x

ym
log θy,

that is to say

φx =
f3x

f2x
· Σ log θy

ym
, φ1x =

f2x · f3x
θ
(ν)
1 x

· Σ log θy

ym
,

where it is clear that

Σ
log θy

ym
=

log θR

Rm
+ ω−m · log θ(ωR)

Rm
+ · · ·+ ω−(n−1)m · log θ(ω

n−1R)

Rm
,

or else

Σ
log θy

ym
=

1

Rm
·
{

log θ(R) + ω−m log θ(ωR) + ω−2m log θ(ω2R)+
· · ·+ ω−(n−1)m log θ(ωn−1R)

}
.

Setting, then, for brevity,

φ2(x) =
f3x

Rm
·
{

log θ(R) + ω−m · log θ(ωR) + ω−2m · log θ(ω2R)+
· · ·+ ω−(n−1)m log θ(ωn−1R)

}
, (132)
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one will have
φ(x) =

φ2x

f2x
, φ1(x) =

f2x

θ
(ν)
1 x

φ2x. (133)

Formula (41) will therefore become

ω−e1mψ(x1) + ω−e2mψ(x2) + · · ·+ ω−eµmψ(xµ)

= C −Π
φ2x

f2x
+Σν

dν−1

dβν−1

{
F2β · φ2β

θ
(ν)
1 β

}
. (134)

The equations

θ(y1) = 0, θ(y2) = 0, . . . θ(yµ) = 0,

which hold among the quantities a, a′, a′′, . . . x1, x2, . . . xµ, y1, y2, . . . yµ, can, in
the cases we are considering, be written as follows:

θ(x1, ω
e1R1) = 0, θ(x2, ω

e2R2) = 0, θ(x3, ω
e3R3) = 0,

. . . θ(xµ, ω
eµRµ) = 0,

where
θ(x, y) = q0 + q1y + q2y

2 + · · ·+ qn−1y
n−1,

and R1, R2, R3, . . . Rµ denote the values of R for x = x1, x2, x3, . . . xµ.
That being posed, let us suppose first that all the coefficients in q0, q1, . . . qn−1

are indeterminate quantities, so that the number of the quantities a, a′, a′′, . . .
would be

α = hq0 + hq1 + hq2 + · · ·+ hqn−1 + n− 1, (135)

and let us seek the smallest value of µ− α.
Since all the functions y′, y′′, y′′′, . . . y(n) are of the same degree, one will

have
hy′ = hy′′ = hy′′′ = · · · = hy(n) =

m′

µ′ ,

consequently,
ε = 1, n = n′µ′ = k′.

Equation (92) therefore gives:

f(m) = f(ρ1) + (ρ1 −m) · m
′

µ′ −A′
m, (136)

where m is any integer whatever from zero to n−1, and A′
m a positive quantity

less than unity.
One has likewise, by (106),

µ = hr = n′µ′
(
f(ρ1) + ρ1

m′

µ′

)
,
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hence
µ = nf(ρ1) + n′m′ρ1 (137)

and, by equation (62), the value of γ, which will be that of µ− α, namely:

µ− α = γ = n′µ′ · n
′m′ − 1

2
− n′ · m

′ + 1

2
+ 1, (138)

or else, observing that n = n′µ′, n′m′ = nhR.

µ− α = γ =
n− 1

2
nhR− n+ n′

2
+ 1. (139)

This is the least value of µ − α when all the quantities a, a′, a′′, . . . are in-
determinate; but in the case that occupies us, one can make this number much
smaller by suitably determining some of the quantities a, a′, a′′ . . .

Let us denote, for brevity, by EA the greatest integer contained in any
number A whatever, and by εA the remainder; one will have:

A = EA+ εA, (140)

where it is clear that εA is positive and smaller than unity.
That being posed, let

θm = E
µm

n
+ E

2µm

n
+ E

3µm

n
+ · · ·+ E

(n− 1)µm

n
(141)

and
δm,π = θm − E

(πµm

n
− αm

n

)
(142)

where m is any one whatever of the numbers 1, 2, 3, . . . ε; π one of the numbers
0, 1, 2, . . . n− 1, and α1, α2, . . . αε positive integers.

Let us suppose:
qπ = vπ γ

δ1,π
1 γ

δ2,π
2 . . . γδε,πε , (143)

vπ being an integral function of x.
From this one draws

qπ ·Rπ = vπ γ
πµ1
n +δ1,π

1 γ
πµ2
n +δ2,π

2 . . . γ
πµε
n +δε,π

ε ;

now,
πµm

n
+ δm,π =

πµm

n
+ θm − E

(πµm

n
− αm

n

)
;

but by virtue of equation (140),

E
(πµm

n
− αm

n

)
=
πµm

n
− αm

n
− ε

(
πµm − αm

n

)
,

hence, substituting:

πµm

n
+ δm,π = θm +

αm

n
+ ε

πµm − αm

n
; (144)
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setting, then, for brevity,

ε · πµm − αm

n
= km,π, (145)

one will have

qπR
π = vπ γ

θ1+
α1
n

1 γ
θ2+

α2
n

2 . . . γ
θε+

αε
n

ε × γ
k1,π

1 γ
k2,π

2 . . . γkε,π
ε , (146)

or else, setting
γ
k1,π

1 γ
k2,π

2 γ
k3,π

3 . . . γkε,π
ε = R(π), (147)

qπR
π = vπ γ

θ1+
α1
n

1 γ
θ2+

α2
n

2 . . . γ
θε+

αε
n

ε ·R(π). (148)

From this it is evident that one will have

q0 + q1R+ q2R
2 + · · ·+ qπR

π + · · ·+ qn−1R
n−1

=
{
v0R

(0) + v1R
(1) + v2R

(2) + · · ·+ vπR
(π) + · · ·+ vn−1R

(n−1)
}

×γθ1+
α1
n

1 γ
θ2+

α2
n

2 . . . γ
θε+

αε
n

ε ; (149)

and in general (126)

θy(e) = q0 + ωeq1R+ ω2eq2R
2 + · · ·+ ω(n−1)eqn−1R

n−1,

=
{
v0R

(0) + ωev1R
(1) + ω2ev2R

(2) + · · ·+ ω(n−1)evn−1R
(n−1)

}
×γθ1+

α1
n

1 γ
θ2+

α2
n

2 . . . γ
θε+

αε
n

ε ; (150)

Let, for brevity,

v0R
(0) + ωev1R

(1) + ω2ev2R
(2) + · · ·+ ω(n−1)evn−1R

(n−1) = θ′(x, e) (151)

it is clear that
r = θy′ · θy′′ . . . θy(n) =

= θ′(x, 0) · θ′(x, 1) · θ′(x, 2) . . . θ′(x, n− 1) · γnθ1+α1
1 · γnθ2+α2

2 . . . γnθε+αε
ε ; (152)

hence, supposing that all the coefficients in v0, v1, . . . vn−1 are indeterminate
quantities, one will have:

F0x = γnθ1+α1
1 · γnθ2+α2

2 . . . γnθε+αε
ε , (153)

Fx = θ′(x, 0) · θ′(x, 1) · θ′(x, 2) . . . θ′(x, n− 1).

Now equation (19) gives, substituting the values of f1(x, y) = nf3x ·yn−m−1

and of χ′y = nyn−1,
R(x) = Σ

f3x

ym
· r · δθy

θy
;
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now, by equation (150),

δθy(e)

θy(e)
=
δθ′(x, e)

θ′(x, e)

hence, substituting and putting in place of r its value

r = F0x · Fx,

R(x) = F0x · Σ f3x

ym
Fx · δθ′(x, e)
θ′(x, e)

, (154)

where
y = y(e);

now, one has by (123)

ym = γ
mµ1
n

1 · γ
mµ2
n

2 . . . γ
mµε
n

ε ,

hence
ym = γ

E
mµ1
n

1 · γE
mµ2
n

2 . . . γ
E mµε

n
ε × γ

ε
mµ1
n

1 · γε
mµ2
n

2 . . . γ
εmµε

n
ε (155)

setting, then, for brevity

sm = γ
ε
mµ1
n

1 · γε
mµ2
n

2 . . . γ
εmµε

n
ε (156)

and then setting:

f3x = fx · γE
mµ1
n

1 · γE
mµ2
n

2 . . . γ
E mµε

n
ε (157)

one will have
f3x

ym
=
fx

sm
;

hence
f3x

y(e)m
= ω−em · fx

sm

and consequently the value of R(x) becomes

R(x) =
fx · F0x

sm
· Σω−em Fx

θ′(x, e)
δθ′(x, e) = (158)

F0x · fx
sm


Fx

θ′(x, 0)
δθ′(x, 0) + ω−m · Fx

θ′(x, 1)
δθ′(x, 1) + ω−2m · Fx

θ′(x, 2)
δθ′(x, 2) + · · ·

· · ·+ ω−(n−1)m · Fx

θ′(x, n− 1)
δθ′(x, n− 1)

 .

Now it is clear that
Fx

θ′(x, 0)
δθ′(x, 0),
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which is equal to (153)

θ′(x, 1) · θ′(x, 2) . . . θ′(x, n− 1) · δθ′(x, 0)

and consequently an integral function of x, and of R(0), R(1), . . . R(n−1), can be
put in the form

M0 +M1s1 +M2s2 + · · ·+Mmsm + · · ·+Mn−1sn−1

where M0,M1, . . .Mn−1 are integral functions of x.
From this it follows that the function R(x), which must be an integer func-

tion, will be equal to
nF0x · fx ·Mm.

The function F0x is therefore a factor of R(x), and consequently

R(x) = F0(x) ·R1(x). (159)

From this it is clear, by virtue of equations (23), (25) and (35), that one will
have

F2x = 1, θ1x = f2x. (160)

That being posed, the value (132) of φ2(x) becomes, putting fx

sm
in place

of f3x
Rm

, substituting the values of θ(R), θ(ωR), etc., given by equation (150),
observing that

1 + ω−m + ω−2m + · · ·+ ω−(n−1)m = 0.

φ2(x) =
fx

sm
·
{

log θ′(x, 0) + ω−m log θ′(x, 1) + ω−2m log θ′(x, 2) + · · ·
· · ·+ ω−(n−1)m log θ′(x, n− 1)

}
(161)

and the values (133) of φ(x) and φ1(x),

φ(x) =
φ2(x)

f2x
, φ1(x) =

φ2(x)

f
(ν)
2 x

and consequently formula (134)

ω−e1mψ(x1) + ω−e2mψ(x2) + · · ·+ ω−eµmψ(xµ) =

C −Π
φ2(x)

f2x
+Σν

dν−1

dβν−1

{
φ2(β)

f
(ν)
2 β

}
(162)

one has
f2x = (x− β1)

ν1(x− β2)
ν2 . . . (x− βk)

νk .

It remains for us to find the value of µ and the number of the indeterminate
quantities; now, one has by equation (153)

hF0x = (nθ1 + α1)hγ1 + (nθ2 + α2)hγ2 + · · ·+ (nθε + αε)hγε; (163)
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but
hr = nf(ρ1) + n′m′ρ1;

hence

µ = nf(ρ1)+n
′m′ρ1−{(nθ1 + α1)hγ1 + (nθ2 + α2)hγ2 + · · ·+ (nθε + αε)hγε} ;

now
n′m′ = n · hR = n

(µ1

n
hγ1 +

µ2

n
hγ2 + · · ·+ µε

n
hγε

)
= µ1hγ1 + µ2hγ2 + · · ·+ µεhγε,

hence, substituting

µ =

{
nf(ρ1) + (µ1ρ1 − nθ1 − α1)hγ1

+(µ2ρ1 − nθ2 − α2)hγ2 + · · ·+ (µερ1 − nθε − αε)hγε
(164)

Now equation (143) gives

hqπ = f(π) = δ1,πhγ1 + δ2,πhγ2 + · · ·+ δε,πhγε + hvπ, (165)

hence, writing ρ in place of ρ1

µ = nhvρ + {nδ1,ρ − nθ1 + ρµ1 − α1}hγ1 + {nδ2,π − nθ2 + ρµ2 − α2}hγ2 + · · ·

but by virtue of (144) one will have

nδm,ρ − nθm + ρµm − αm = nε
ρµm − αm

n
,

hence

µ = nhvρ+nε
ρµ1 − α1

n
·hγ1+nε

ρµ2 − α2

n
·hγ2+· · ·+nε ρµε − αε

n
·hγε. (166)

Let us now seek the value of α, or the number of the indeterminates.
One has

α = hv0 + hv1 + hv2 + · · ·+ hvn−1 + n− 1,

hence, by virtue of (165)

α =



hq0 + hq1 + hq2 + · · ·+ hqn−1 + n− 1

−{δ1,0 + δ1,1 + δ1,2 + · · ·+ δ1,n−1} · hγ1
−{δ2,0 + δ2,1 + δ2,2 + · · ·+ δ2,n−1} · hγ2
· · · · · · · · · · · · · · · · · · · · · · · ·
− {δε,0 + δε,1 + δε,2 + · · ·+ δε,n−1} · hγε.

(167)

One has, according to (136) and (85)

hq0 + hq1 + · · ·+ hqn−1 =
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nhqρ + {ρ+ (ρ− 1) + · · ·+ (ρ− n+ 1)} m
′

µ′ −
{
A′

0 +A′
1 + · · ·+A′

n−1

}
=

n {hvρ + δ1,ρhγ1 + δ2,ρhγ2 + · · ·+ δε,ρhγε}+
{
nρ− n(n− 1)

2

}
m′

µ′ −
n′(µ′ − 1)

2
,

and according to (142)

δm,0 + δm,1 + · · ·+ δm,n−1 = nθm−{
E

−αm

n
+ E

µm − αm

n
+ E

2µm − αm

n
+ · · ·+ E

(n− 1)µm − αm

n

}
. (169)

Denoting the right-hand side by

nθm − Pm

one will have

Pm =


−αm

n
+
µm − αm

n
+

2µm − αm

n
+ · · ·+ (n− 1)µm − αm

n

−
{
ε
−αm

n
+ ε

µm − αm

n
+ · · ·+ ε

(n− 1)µm − αm

n

}
now, the sequence

ε
−αm

n
+ ε

µm − αm

n
+ · · ·+ ε

(n− 1)µm − αm

n

will contain km times the following

0

nm
+

1

nm
+

2

nm
+ · · ·+ nm − 1

nm

if one supposes
µm

n
=
µ′
m

nm
and n = kmnm

and
αm = εm · km, (170)

εm being an integer.
The sum in question will therefore be

km
nm − 1

2

and consequently

Pm = −αm +
n− 1

2
µm − nm − 1

2
· km,

setting αm = 0, one will have, according to (141)

θm =
n− 1

2
µm − nm − 1

2
km;
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from this it follows:

δm,0 + δm,1 + · · ·+ δm,n−2 = +αm + (n− 1)θm;

the value of α will therefore become

α =


nhvρ + {nδ1,ρ − α1 − (n− 1)θ1}hγ1
+ {nδ2,ρ − α2 − (n− 1)θ2}hγ2 · · ·

+n− 1− n′(µ′ − 1)

2
+

{
nρ− n(n− 1)

2

}
· m

′

µ′

now

nδm,ρ − αm − nθm = nε · ρµm − αm

n
− ρµm, n′µ′ = n

and
m′

µ′ = hR =
1

n
(µ1hγ1 + µ2hγ2 + · · ·+ µεhγε)

hence, substituting

α =



nhvρ +

{
nε

ρµ1 − α1

n
+ θ1 −

n− 1

2
· µ1

}
hγ1

+

{
nε

ρµ2 − α2

n
+ θ2 −

n− 1

2
µ2

}
hγ2 + etc. . . .

. . .+

{
nε

ρµε − αε

n
+ θε −

n− 1

2
µε

}
hγε − 1 +

n+ n′

2
,

but we have seen that

θm =
n− 1

2
µm − nm − 1

2
km =

n− 1

2
µm − n− km

2

hence

α =



nhvρ +

{
nε

ρµ1 − α1

n
− n− k1

2

}
hγ1

+

{
nε

ρµ2 − α2

n
− n− k2

2

}
hγ2 + · · ·

· · ·+
{
nε

ρµε − αε

n
− n− kε

2

}
hγε − 1 +

n+ n′

2
.

(171)

Having thus found the values of µ and α, one will have that of µ−α, namely:

µ− α =

(
n− k1

2

)
hγ1 +

(
n− k2

2

)
hγ2 +

(
n− k3

2

)
hγ3 + · · ·

· · ·+
(
n− kε

2

)
hγε + 1− n′ + n

2
= θ, (172)

µ− α is therefore, as one sees, independent of ρ and α1, α2, α3, . . . αε.
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By virtue of equations (145) and (147), it is clear that one will also have

µ = nhvρ + nhR(ρ) (173)

α = nhvρ + nhR(ρ) − θ. (174)
The quantities hv0, hv1, . . . hvn−1 can be expressed in terms of hvρ by means

of equations (136) and (165).
One has

f(m) = δ1,mhγ1 + δ2,mhγ2 + · · ·+ δε,mhγε + hvm

f(ρ) = δ1,ρhγ1 + δ2,ρhγ2 + · · ·+ δε,ρhγε + hvρ

and
f(m) = f(ρ) + (ρ−m) · m

′

µ′ −A′
m;

hence, eliminating f(m) and f(ρ),

hvm =

hvρ + (ρ−m)
m′

µ′ + (δ1,ρ − δ1,m) · hγ1 + (δ2,ρ − δ2,m) · hγ2 + · · ·

· · ·+ (δε,ρ − δε,m) · hγε −A′
m.

Now,
m′

µ′ =
1

n
· (µ1hγ1 + µ2hγ2 + · · ·+ µεhγε),

and by (142)

δk,ρ − δk,m = θk − E
(ρµk

n
− αk

n

)
−
{
θk − E

mµk

n
− αk

n

}
= (m− ρ) · µk

n
+ ε · ρµk − αk

n
− ε · mµk − αk

n

= (m− ρ) · µk

n
+ kk,ρ − kk,m;

hence, substituting and reducing

hvm =

{
hvρ + (k1,ρ − k1,m)hγ1 + (k2,ρ − k2,m)hγ2 + · · ·
+(kε,ρ − kε,m)hγε −A′

m;

that is to say, observing that A′
m is positive and smaller than unity,

hvm = hvρ + E

{
(k1,ρ − k1,m)hγ1 + (k2,ρ − k2,m)hγ2 + · · ·

+(kε,ρ − kε,m)hγε

}
. (175)

According to equation (147), which gives the value of R(π), one can also
write

hvm = hvρ + Eh
R(ρ)

R(m)
. (176)
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That being posed, let{
xα+1 = z1, xα+2 = z2, xα+3 = z3, . . . xµ−1 = zθ−1, xµ = zθ,

eα+1 = ε1, eα+2 = ε2, eα+3 = ε3, . . . eµ−1 = εθ−1, eµ = εθ,
(177)

and, for brevity,
ω−eµ = ωµ, ω−εµ = πµ. (178)

Formula (134) becomes, putting sm(x) in place of sm, and fx · φx
sm(x)

in place
of φ2x,

ωm
1 · ψ(x1) + ωm

2 ψ(x2) + · · ·+ ωm
α ψ(xα) + πm

1 ψ(z1) + πm
2 ψ(z2) + · · ·+ πm

θ ψ(zθ)

= C −Π
fx · φx

sm(x) · f2x
+Σν

dν−1

dβν−1

{
fβ · φβ

sm(β) · f (ν)2 β

}
. (179)

In this formula one has

ψ(x) =

∫
fx · dx

f2x · sm(x)
, (180)

where fx is any integral function whatever, and

f2x = A(x− β1)
ν1(x− β2)

ν2 . . .

The quantities x1, x2, . . . xα are independent variables: ω1, ω2, . . . ωα any
roots whatever of the equation

ωn − 1 = 0.

The functions z1, z2, . . . zθ are the θ roots of the equation

θ′(z, 0) · θ′(z, 1) · θ′(z, 2) . . . θ′(z, n− 1)

(z − x1)(z − x2)(z − x3) . . . (z − xα)
= 0. (181)

The quantities a, a′, a′, . . . are determined by the α equations

θ′(x1, e1) = 0, θ′(x2, e2) = 0, θ′(x3, e3) = 0, . . . θ′(xα, eα) = 0; (182)

and the numbers ε1, ε2, . . . εθ by the θ equations

θ′(z1, ε1) = 0, θ′(z2, ε2) = 0, θ′(z3, ε3) = 0, . . . θ′(zθ, εθ) = 0. (183)

The function θ′(x, e) is given by the equation

θ′(x, e) = v0 ·R(0) + ωev1R
(1) + ω2ev2R

(2) + · · ·+ ω(n−1)evn−1R
(n−1), (184)

and the function φx by

φ(x) = log θ′(x, 0) + ω−m log θ′(x, 1) + ω−2m log θ′(x, 2) + · · ·
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+ω−(n−1)m log θ′(x, n− 1). (185)

If the functions v0, v1, . . . vn−1 are determined according to equation (175),
the quantities θ, µ and α will have the values given to them by equations (172),
(173), (174), and in this same case the value of µ − α, or the number of the
dependent functions, is the smallest possible. But if the functions v0, v1, . . . vn−1

have arbitrary forms, then one always has

θ = µ− α, µ = h · {θ′(x, 0) · θ′(x, 1) · θ′(x, 2) . . . θ′(x, n− 1)} (186)

α, or the number of the indeterminates a, a′, a′′, . . ., is arbitrary, but its value
cannot exceed the number

hv0 + hv1 + hv2 + · · ·+ hvn−1 + n− 1,

or that of the coefficients in v0, v1, . . . vn−1 minus one.
As particular cases one must note the following: 1◦ When f2x = (x− β)ν .
Then formula (179) becomes, setting, for brevity,

ωm
1 ψ(x1) + ωm

2 ψ(x2) + · · ·+ ωm
α ψ(xα) = Σωmψ(x),

πm
1 ψ(z1) + πm

2 ψ(z2) + · · ·+ πm
θ ψ(zθ) = Σπmψ(z),

Σωmψ(x) + Σπmψ(z) = C −Π
fx · φx

sm(x) · (x− β)ν
+

1

Γ(ν)

dν−1

dβν−1

{
fβ · φβ
sm(β)

}
,

and
ψ(x) =

∫
fx · dx

(x− β)νsm(x)
;

2◦ When f2x = x− β,

Σωmψ(x) + Σπmψ(z) = C −Π
fx · φx

sm(x) · (x− β)
+
fβ · φβ
sm(β)

, (188)

where
ψ(x) =

∫
fx · dx

(x− β) · sm(x)
;

3◦ When f2x = 1.
Then one will have the formula

Σωmψ(x) + Σπmψ(z) = C −Π
fx · φx
sm(x)

. (189)

If the degree of the function fx · φx
sm(x)

is less than −1, then Π
fx · φx
sm(x)

will
vanish, and one will have

Σωmψ(x) + Σπmψ(z) = C. (190)
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According to the value of φ(x), it is clear that the degree of the function
fx · φx
sm(x)

, or the number h fx · φx
sm(x)

, is always an integer; now, φx is of degree zero

in general, and cannot be of a higher degree, hence h fx · φx
sm(x)

cannot exceed the

greatest integer contained in h
fx

sm(x)
, that is to say, according to the notation

adopted, one will have in general

h
fx · φx
sm(x)

≦ Eh
fx

sm(x)
≦ E{hfx}+ E{−hsm(x)} ≦ hfx+ E{−hsm(x)}.

If, then,
hfx ≦ −E(−hsm(x))− 2, (191)

the number h fx · φx
sm(x)

will always be less than −unity, and consequently formula

(190) will hold.
The determination of the function φ(x), which depends on that of the quan-

tities a, a′, a′′, etc., is in general fairly long; but there is a case in which one
can determine this function in a fairly simple manner; it is the one where one
supposes

θ′(x, 0) = vtR
(t) +R(t1) (192)

Indeed, setting

vt = θ(x),
R(t1)

R(t)
= θ1(x), (193)

the equations

θ′(x1, e1) = 0, θ′(x2, e2) = 0, . . . θ′(xα, eα) = 0

can be written as follows,

θ(x1) = ωt1−t
1 θ1(x1), θ(x2) = ωt1−t

2 θ1(x2), . . . θ(xα) = ωt1−t
α θ1(xα). (194)

Supposing now that all the coefficients in θ(x) are indeterminate quantities,
the function θ(x) will be of degree α − 1; it is therefore a matter of finding an
integral function of x of degree α − 1 which, for the α particular values of x:
x1, x2, . . . xα, will have the α corresponding values

ωt1−t
1 θ1(x1), ωt1−t

2 θ1(x2), . . . ω
t1−t
α θ1(xα).

Now, as is known, the function θ(x) will then have the following value;

θ(x) =
(x− x2)(x− x3) . . . (x− xα)

(x1 − x2)(x1 − x3) . . . (x1 − xα)
· ωt1−t

1 θ1(x1)

+
(x− x1)(x− x3) . . . (x− xα)

(x2 − x1)(x3 − x5) . . . (x2 − xα)
· ωt1−t

2 · θ1(x2) + · · · (195)
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+
(x− x1)(x− x2) . . . (x− xα−1)

(xα − x1)(xα − x2) . . . (xα − xα−1)
· ωt1−t

α · θ1(xα).

Denoting this function by θ′(x), the most general function that can satisfy
equations (194) will be

θ(x) = θ′(x) + (x− x1)(x− x2) . . . (x− xα) · θ′′(x); (196)

θ′′(x) being any integral function whatever.
Having thus determined θ(x), one will have θ(x,m), according to the equa-

tion
θ(x,m) = ωtm · θ(x) ·R(t) + ωmt1R(t1), (197)

and the function φ(x) by equation (185).
In the foregoing we have set forth what concerns the functions

∫
fx · dx
f2 · sm

in
general, whatever the form of the function sm.

Let us now consider some particular cases:
A. Let first n = 1.
In this case, the number of the functions s0, s1, s2, . . . sm−1 re- duces to unity,

that is to say one will have only the function s0, which, according to equation
(156), reduces to unity.

One will therefore have

s0 = 1, ψ(x) =

∫
fx · dx
f2x

.

Equation (147) gives R(0) = 1, and equation (184)

θ′(x, 0) = v0 ·R(0) = v0(x);

one will then have the function φ(x) by (185), namely:

φ(x) = log v0(x).

Equations (182), which will determine

x1, x2, . . . xα,

will be
v0(x1) = 0, v0(x2) = 0, . . . v0(xα) = 0, (198)

and the one that gives z1, z2, . . . zθ,

v0(z)

(z − x1)(z − x2) . . . (z − xα)
= 0. (199)

That being posed, the general formula (179) becomes, observing that m = 0,

ψ(x1) + ψ(x2) + · · ·+ ψ(xα) + ψ(z1) + ψ(z2) + · · ·+ ψ(zθ)
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= C −Π
fx

f2x
log v0(x) + Σν

dν−1

dβν−1

{
fβ

f
(ν)
2 β

log v0(β)

}
. (200)

Equations (198) and (199) give

v0(x) = a(x− x1)(x− x2)(x− x3) . . . (x− xα) · (x− z1)(x− z2) . . . (x− zθ).

According to equation (172) it is clear that one can set θ = 0. Then one will
have, setting at the same time ν = 1,

Σψ(x) =


C −Π

fx

f2x
{log a+ log(x− x1) + log(x− x2) + · · ·+ log(x− xα)}

+Σν
fβ

f2β
{log a+ log(β − x1) + log(β − x2) + · · ·+ log(β − xα)} .

Setting α = 1, it will come∫
fx · dx
f2x

= C −Π
fx

f2x
log(x− x1) + Σν

dν−1

dβν−1

{
fβ

f
(ν)
2 β

log(β − x1)

}
, (201)

a formula which is easy to verify. It gives, as one sees, the integral of any
rational differential whatever.

B. Let, in the second place, n = 2, R = γ
1
2
1 · γ

1
2
2 , α1 = 1, α2 = 0.

In this case one will have

s0 = 1, s1 = (γ1γ2)
1
2 , R(0) = γ

1
2
1 , R(1) = γ

1
2
2 ,

θ′(x, 0) = v0γ
1
2
1 + v1γ

1
2
2 , θ′(x, 1) = v0γ

1
2
1 − v1γ

1
2
2 , ω = −1.

The function φ(x) will be, setting m = 1,

φ(x) = log θ(x, 0)− log θ(x, 1) = log

(
θ(x, 0)

θ(x, 1)

)
,

hence

φx = log

(
v0γ

1
2
1 + v1γ

1
2
2

v0γ
1
2
1 − v1γ

1
2
2

)
That being posed, putting v0(x) and v1(x) in place of v0 and v1, and setting

γ1 = φ0x, γ2 = φ1x,

formula (179) becomes, setting m = 1,

Σωψ(x) + Σπψ(z)

= C −Π
fx

f2x
√
φ0x · φ1x

log

(
v0(x) ·

√
φ0x+ v1(x) ·

√
φ1x

v0(x) ·
√
φ0x− v1(x) ·

√
φ1x

)
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+Σν
dν−1

dβν−1
· fβ

f
(ν)
2 β

√
φ0β · φ1β

log

(
v0(β) ·

√
φ0β + v1(β) ·

√
φ1β

v0(β) ·
√
φ0β − v1(β) ·

√
φ1β

)
, (202)

where
ψ(x) =

∫
fx · dx

f2x · √φ0x · φ1x
.

The functions v0(x) and v1(x) are determined by the equations:

v0(x1)
√
φ0x1 + ω1v1(x1)

√
φ1x1 = 0,

v0(x2)
√
φ0x2 + ω2v1(x2)

√
φ1x2 = 0, etc.

and z1, z2, . . . zθ by equation (181), which becomes

{v0(z)}2 · φ0z − {v1(z)}2 · φ1z

(z − x1)(z − x2) . . . (z − xα)
= 0. (203)

The quantities ω1, ω2, . . . ωα are all equal to +1 or to −1, and π1, π2, . . . πθ,
which are also of the same form, are determined by

π1 =
v0(z1) ·

√
φ0z1

v1(z1) ·
√
φ1z1

, π2 =
v0(z2) ·

√
φ0z2

v1(z2) ·
√
φ1z2

, etc.

The smallest value of θ is found by equation (172), observing that

k1 = 1, k2 = 1,

one will have

θ = 1
2 · hγ1 + 1

2 · hγ2 −
n′

2
= 1

2 (hγ1 + hγ2 − n′),

where n′ is the greatest common divisor of 2 and hγ1 + hγ2; if, then,

h · (φ0x · φ1x) = 2m− 1,

or
h · (φ0x · φ1x) = 2m,

one will have for θ the same value, namely:

θ = m− 1;

as for the values of v0 and v1, one will have equation (176), namely: if

ρ = 1, hv0 = hv1 + Eh
R(1)

R(0)
= hv1 + E 1

2 (hφ1x− hφ0x);

hence, in the case where

h(φ0x · φ1x) = 2m− 1,
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hv0 = hv1 +
1
2 (hφ1x− hφ0x)− 1

2

and in the case where
h(φ0x · φ1x) = 2m,

hv0 = hv1 +
1
2 (hφ1x− hφ0x).

For the values of µ and α one will have, according to equations (173) and
(174),

µ = 2hv1 + hφ1x

α = 2hv1 + hφ1x−m+ 1,

if m = 1, one has θ = 0, hence then:

Σωψ(x) = v.

In this case:
ψ(x) =

∫
fx · dx
f2x ·

√
R

where R is of the first or second degree.
This integral can therefore be expressed by algebraic and logarithmic func-

tions, as one sees, by setting

φ0x = ε0x+ δ0, φ1x = ε1x+ δ1, f2x = (x− β)ν ,

fx = 1, v1(x) = 1, v0(x) = a,

one will have
a =

ω1
√
φ1x1√
φ0x1

= v0(x),

hence, substituting and setting ω1 = 1,∫
fx1 · dx1

(x1 − β)ν ·
√
(ε0x1 + δ0)(ε1x1 + δ1)

= C− (204)

Π
fx

(x− β)ν ·
√
(ε0x+ δ0)(ε1x+ δ1)

log

(√
(ε0x+ δ0)(ε1x1 + δ1) +

√
(ε0x1 + δ0)(ε1x+ δ1)√

(ε0x+ δ0)(ε1x1 + δ1)−
√
(ε0x1 + δ0)(ε1x+ δ1)

)

+
1

Γ(ν)

dν−1

dβν−1

{
fβ√

(ε0β + δ0)(ε1β + δ1)

}
log

(√
(ε0β + δ0)(ε1x1 + δ1) +

√
(ε1β + δ1)(ε0x1 + δ0)√

(ε0β + δ0)(ε1x1 + δ1)−
√
(ε1β + δ1)(ε0x1 + δ0)

)
let, for example, ν = 0, fx1 = 1; one will have, putting z in place of x1:∫

dz√
(ε0z + δ0)(ε1z + δ1)

= C−

Π
1√

(ε0x+ δ0)(ε1x+ δ1)
log

(√
(ε0x+ δ0)(ε1z + δ1) +

√
(ε1x+ δ1)(ε0z + δ0)√

(ε0x+ δ0)(ε1z + δ1)−
√
(ε1x+ δ1)(ε0z + δ0)

)
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= C −Π ·
{
1

x
· 1
√
ε0ε1

+ · · ·
}
log

(√
ε0 ·

√
ε1z + δ1 +

√
ε1 ·

√
ε0z + δ0√

ε0 ·
√
ε1z + δ1 −

√
ε1 ·

√
ε0z + δ0

+ · · ·
)

hence∫
dz√

(ε0z + δ0)(ε1z + δ1)
= C− 1

√
ε0ε1

log

(√
ε0 ·

√
ε1z + δ1 +

√
ε1 ·

√
ε0z + δ0√

ε0 ·
√
ε1z + δ1 −

√
ε1 ·

√
ε0z + δ0

)
If m = 2, one will have θ = 1.

h(φ0x · φ1x) = 3 or 4.

In this case one will therefore have

Σωψ(x) = v − π1 · ψ(z1) = ω1ψ(x1) + ω2ψ(x2) + · · ·+ ωαψ(xα), (205)

and the function ψx will be an elliptic function. One will have immediately
the value of z1 by equation (203).

Indeed, setting

(v0z)
2φ0z − (v1z)

2φ1(z) = A+ · · ·+B · zα+1,

one will have
x1 · x2 . . . xα · z1 =

A

B
(−1)α+1,

hence
z1 =

A

B
· (−1)α+1

x1x2 . . . xα

it is clear that A
B

is a rational function of x1, x2, . . . xα,

√
φ0x1,

√
φ0x2, . . .

√
φ0xα,

√
φ1x1,

√
φ1x2, . . .

√
φ1xα.

Let, for example,

φ0x = 1, φ1x = α0 + α1x+ α2x
2 + α3x

3, v1x = 1, v0x = α0 + α1x

one will find the equations:

v0(x1) = −ω1
√
φ1x1, v0x2 = −ω2

√
φ1x2,

v0(x) = −ω1 ·
x− x2
x1 − x2

√
φ1x1 − ω2

x− x1
x2 − x1

√
φ1x2,

α0 = ω1
x2

x1 − x2

√
φ1x1 + ω2

x1
x2 − x1

√
φ1x2 =

ω1x2
√
φ1x1 − ω2x1

√
φ1x2

x1 − x2

α1 = −ω1
1

x1 − x2

√
φ1x1 − ω2

1

x2 − x1

√
φ1x2 =

ω2
√
φ1x2 − ω1

√
φ1x1

x1 − x2

one finds likewise:
A = α2

0 − α0, B = −α3,
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hence
z1 =

1

x1x2
· (α

2
0 − α0)

α3

=
1

α3x1x2

(
x22φ1x1 + x21φx2 − 2ω1ω2

√
φ1x1 · φ1x2 · x1x2

(x1 − x2)2
− α0

)
if one sets

ω1 = 1, ω2 = ±1,

equation (205) will therefore become

ψ(x1)± ψ(x2) = ±ψ(z) + C−

Π
fx

f2x · √φx
· log(Fx)Σν dν−1

dβν−1

{
fβ

f
(ν)
2 β

√
φβ

log(Fβ)

}
, (206)

where

ψ(x) =

∫
fx · dx

f2x ·
√
a0 + a1x+ a2x2 + a3x3

, φx = α0 + α1x+ α2x
2 + α3x

3,

z =

(
x2

√
φx1 ± x1

√
φx2

)2 − α0(x1 − x2)
2

α3 · x1 · x2(x1 − x2)

Fx =

x− x2
x1 − x2

√
φx1 ∓

x− x1
x2 − x1

√
φx2 +

√
φx

− x− x2
x1 − x2

√
φx1 ∓

x− x1
x2 − x1

√
φx2 −

√
φx

,

or else

Fx =

√
φx1

(x1 − x)(x1 − x2)
±

√
φx2

(x2 − x)(x2 − x1)
+

√
φx

(x− x1)(x− x2)√
φx1

(x1 − x)(x1 − x2)
±

√
φx2

(x2 − x)(x2 − x1)
−

√
φx

(x− x1)(x− x2)

.

For f2x = x− β, fx = 1, one has

ψ(x1)±ψ(x2) = ±ψ(z) +C +
1√
φB

log(Fβ), where ψ(x) =

∫
dx

(x− β)
√
φx

and for f2x = 1, fx = 1,

ψ(x1)± ψ(x2) = ±ψ(z) + C, where ψ(x) =

∫
dx
√
φx

Let again m = 3; one will have θ = 2, and h(φ0x · φ1x) = 5 or 6.
In this case, then, one has

ψ(x) =

∫
fx · dx
f2x

√
R
,
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where R is a polynomial of the fifth or sixth degree, and

ω1ψ(x1) + ω2ψ(x2) + · · ·+ ωαψ(xα) = v − π1ψ(z1)− π2ψ(z2).

These functions z1, z2 are the two roots of an equation of the second degree,
whose coefficients are rational functions of x1, x2, x3, and

√
R1,

√
R2,

√
R3, de-

noting by R1, R2, R3 the values of R corresponding to x1, x2, x3.
As particular cases I shall cite only the following:
1◦ When fx = A0 +A1x, f2x = 1. Then one will have

ψ(x) =

∫
(A0 +A1x) · dx√

a0 + a1x+ · · ·+ a5x5 + a0x6

and

±ψ(x1)± ψ(x2)± ψ(x3)± · · · ± ψ(xα) = ±ψ(z1)± ψ(z2) + C.

2◦ When φ0x = 1, φ1x = α0 + α1x+ α2x
2 + α3x

3 + α4x
4 + α5x

5 = φx,
v0x = α0 + α1x+ α2x

2, v1x = 1.
Then one will easily find

v0x =
(x− x2)(x− x3)

(x1 − x2)(x1 − x3)

√
φx1+

(x− x1)(x− x3)

(x2 − x1)(x2 − x3)

√
φx3+

(x− x1)(x− x2)

(x3 − x1)(x3 − x2)

√
φx5,

and
±ψ(x1)± ψ(x2)± ψ(x3) = ±ψ(z1)± ψ(z2) + C−

Π
fx

f2x
√
φx

log
F0x

F1x
+Σν

dν−1

dβν−1

{
fβ

f
(ν)
2 β

√
φβ

log
F0β

F1β

}
,

where
ψ(x) =

∫
fx · dx

f2x · √φx
and

F0x

F1x
=

±√
φx1

(x1 − x)(x1 − x2)(x1 − x3)
+

±√
φx2

(x2 − x)(x2 − x1)(x2 − x3)
+

±√
φx3

(x3 − x)(x3 − x1)(x3 − x2)
+

√
φx

(x− x1)(x− x2)(x− x3)
±√

φx1

(x1 − x)(x1 − x2)(x1 − x3)
+

±√
φx2

(x1 − x)(x2 − x1)(x2 − x3)
+

±√
φx3

(x3 − x)(x3 − x1)(x3 − x3)
−

√
φx

(x− x1)(x− x2)(x− x3)

z1 and z2 are the roots of the equation

(v0z)
2 − φz

(z − x1)(z − x2)(z − x3)
= 0.

Setting v1 = 1 in the general formula (202), one will have

v0x =


−ω1 ·

(x− x3) . . . (x− xα)

(x1 − x2), . . . (x1 − xα)

√
φ1x1
φ0x1

− ω2 ·
(x− x1)(x− x3) . . . (x− xα)

(x2 − x1)(x2 − x3) . . . (x2 − xα)

√
φ1x2
φ0x2

− · · ·

· · · − ωα
(x− x1) . . . (x− xα−1)

(xα − x1) . . . (xα − xα−1)

√
φ1xα
φ0xα

,
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and according to this

Σωψx+Σπψ(z) =


C −Π

fx

f2x · √φ0x · φ1x
log

(
F0x

F1x

)
+Σν · ν − 1

dβν−1

{
fβ

f
(ν)
2 β ·

√
φ0β · φ1β

log
F0β

F1β

}
,

where

F0x =



ω1

√
φ1x1
φ0x1

(x1 − x)(x1 − x2) . . . (x1 − xα)
+

ω2

√
φ1x2
φ0x2

(x2 − x)(x2 − x1) . . . (x2 − xα)
+ · · ·

+

ωα

√
φ1xα
φ0xα

(xα − x)(xα − x1) . . . (xα − xα−1)
+

√
φ1x

φ0x

(x− x1)(x− x2) . . . (x− xα)
,

F1x =



ω1

√
φ1x1
φ0x1

(x1 − x)(x1 − x2) . . . (x1 − xα)
+

ω2

√
φ1x2
φ0x2

(x2 − x)(x2 − x1) . . . (x2 − xα)
+ · · ·

+

ωα

√
φ1xα
φ0xα

(xα − x)(xα − x1) . . . (xα − xα−1)
−

√
φ1x

φ0x

(x− x1)(x− x2) . . . (x− xα)
;

z1, z2, . . . zθ are the roots of the equation

(v0)
2 · φ0z − φ1z

(z − x1)(z − x2) . . . (z − xα)
= 0.

Setting f2x = 1 in the same general formula, one will have

Σωψ(x) + Σπψ(z) = C −Π
fx

√
φ0xφ1x

log

{
v0x · √φ0x+ v1x · √φ1x

v0x · √φ0x− v1x · √φ1x

}
,

where
ψ(x) =

∫
fx · dx

√
φ0x · φ1x

.

If fx is of degree (m− 2)th, one will have

Σωψ(x) + Σπψ(z) = C;

If one sets f2x = x− β, fx = 1, one will have

Σωψ(x) + Σπψ(z) = C +
1√

φ0β · φ1β
log

(
v0β ·

√
φ0β + v1β ·

√
φ1β

v0β ·
√
φ0β − v1β ·

√
φ1β

)
,

where
ψx =

∫
dx

(x− β) · √φ0x · φ1x
.
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C. Let, in the third place, n = 3, R = γ
1
3
1 γ

2
3
2 , α1 = 0, α2 = 0. Then one will

have

s0 = 1, s1 = γ
1
3
1 γ

2
3
2 , s2 = γ

2
3
1 γ

1
3
2 , R(0) = s0, R(1) = s1, R(2) = s2,

θ′(x, 0) = v0 + v1γ
1
3
1 γ

2
3
2 + v2γ

2
3
1 γ

1
3
2 ,

θ′(x, 1) = v0 + ωv1γ
1
3
1 γ

2
3
2 + ω2v2γ

2
3
1 γ

1
3
2 ,

θ′(x, 2) = v0 + ω2v1γ
1
3
1 γ

2
3
2 + ωv2γ

2
3
1 γ

1
3
2

φ(x) = log θ′(x, 0) + ωm log θ′(x, 1) + ω2m log θ′(x, 2)

θ′(x, 0) · θ′(x, 1) · θ′(x, 2) = v30 + v31γ1γ
2
2 + v32γ

2
1γ2 − 3v0v1v2γ1γ2.

Setting, then, m = 1, γ1 = φ0x, γ2 = φ1x, v0 = v0(x), v1 = v1(x), v2 =
v2(x), formula (179) becomes

Σωψ(x) + Σπψ(z) =

C −Π
fx

f2x · (φ0x)
1
3 (φ1x)

2
3

{
log(F0x) + ω log(F1x) + ω2 log(F2x)

}
+Σν · d

ν−1

dβν−1

{
fβ

f
(ν)
2 β(φ0β)

1
3 (φ1β)

2
3

{
log(F0β) + ω log(F1β) + ω2 log(F2β)

}}
,

where
ψ(x) =

∫
fx · dx

f2x(φ0x)
1
3 (φ1x)

2
3

,

F0x = v0(x) + v1(x)(φ0x)
1
3 (φ1x)

2
3 + v2(x)(φ0x)

2
3 (φ1x)

1
3

F1x = v0(x) + ωv1(x)(φ0x)
1
3 (φ1x)

2
3 + ω2v2(x)(φ0x)

2
3 (φ1x)

1
3

F3x = v0(x) + ω2v1(x)(φ0x)
1
3 (φ1x)

2
3 + ωv2(x)(φ0x)

2
3 (φ1x)

1
3 .

2

For the same values of x1, x2, x3, . . . z1, z2, . . . F0x, F1x, F2x, one will also
have

Σωψ(x) + Σπψ(z) =

C −Π
fx

f2x(φ0x)
2
3 (φ1x)

1
3

{
log(F0x) + ω2 log(F1x) + ω log(F2x)

}
+Σν

dν−1

dβν−1

{
fβ

f
(ν)
2 β · (φ0β)

2
3 (φ1β)

1
3

}{
log(F0β) + ω2 log(F1β) + ω log(F2β)

}
2Editorial note: Printed F3x, following F0x and F1x — an apparent misprint for F2x,

the third member of the triple F0, F1, F2 used throughout this passage (matching the ω2, ω
coefficient pattern already set by F2 elsewhere on this page). Reproduced here as printed.
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The functions z1, z2, . . . zθ are the roots of the equation

{v0(z)}3 + {v1(z)}3φ0z(φ1z)
2 + {v2(z)}3(φ0z)

2(φ1z)− 3v0(z)v1(z)v2(z)φ0zφ1z

(z − x1)(z − x2)(z − x3) . . . (z − xα−1)(z − xα)
= 0.

According to equation (122), the smallest value will be

θ = hγ1 + hγ2 + 1− 3 + n′

2
;

observing that k1 = 1, k2 = 1, n′ is the greatest common divisor of 3 and
hγ1 + 2hγ2.

Let first hγ1 + 2hγ2 = 3m; one will have n′ = 3 and θ = h(φ0x · φ1x)− 2.
If hγ1 + 2hγ2 = 3m − 1 or 3m − 2, one will have n′ = 1, and consequently

θ = h(φ0x · φ1x)− 1.
Thus, for example, one will have for

h(φ0x · φ1x) = 1, 2, 3, 4, 5, 6 . . .

θ = 0, 1, 2, 3, 4, 5 . . . when hφ0x+ 2hφ1x = 3m± 1

and θ = 0, 1, 2, 3, 4 . . . when hφ0x+ 2hφ1x = 3m.
The Académie having done me the honor of charging me with overseeing the

printing of this Memoir, I applied myself to correcting, as far as possible, the
printer’s errors. However, not having the manuscript before me at the moment
when I was passing the proofs, I cannot flatter myself that I always succeeded.
It even seemed to me that in certain places (notably in the consequences and the
numerical developments drawn from inequality 103) there were some inaccura-
cies of calculation: but I did not believe myself authorized to change anything in
this fine work. I therefore obtained from the Académie permission to insert this
note here, which I cannot close without once again expressing my admiration for
the illustrious geometer of Christiania, whose premature end science will always
mourn.

G. Libri.
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