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The transcendental functions considered up to now by geometers are very
few in number. Almost the whole theory of transcendental functions reduces
to that of the logarithmic, exponential, and circular functions, functions which,
at bottom, form only a single species. It is only in recent times that some
other functions have also begun to be considered. Among these, the elliptic
transcendentals, of which M. Legendre has developed so many remarkable and
elegant properties, hold first rank. The author has considered, in the memoir
which he has the honor of presenting to the Académie, a very extensive class
of functions, namely: all those whose derivatives can be expressed by means of
algebraic equations, all of whose coefficients are rational functions of a single
variable, and he has found for these functions properties analogous to those of
the logarithmic and elliptic functions.

A function whose derivative is rational has, as is known, the property that
one can express the sum of any number of similar functions by an algebraic and
logarithmic function, whatever the variables of these functions may otherwise
be. Likewise any elliptic function, that is to say a function whose derivative con-
tains no other irrationalities than a radical of the second degree, under which
the variable does not exceed the fourth degree, will still have the property that
one can express any sum of similar functions by an algebraic and logarithmic
function, provided one establishes a certain algebraic relation between the vari-
ables of these functions. This analogy between the properties of these functions
led the author to inquire whether it might not be possible to find analogous
properties for more general functions, and he arrived at the following theorem:

«If one has several functions whose derivatives can be roots of a single alge-
braic equation, all of whose coeflicients are rational functions of a single variable,
one can always express the sum of any number of similar functions by an alge-
braic and logarithmic function, provided one establishes among the variables of
the functions in question a certain number of algebraic relations.»

The number of these relations does not depend at all on the number of
functions, but only on the nature of the particular functions under consideration.
Thus, for example, for an elliptic function this number is 1; for a function whose
derivative contains no other irrationalities than a radical of the second degree,
under which the variable does not exceed the fifth or sixth degree, the number
of relations required is 2, and so on.

The same theorem still holds when the func- tions are supposed multiplied
by arbitrary rational numbers, positive or negative.

From this one further deduces the following theorem:

«One can always express the sum of a given number of functions, each multi-
plied by a rational number, and whose variables are arbitrary, by a similar sum
of a determined number of functions, whose variables are algebraic functions of



the variables of the given functions.»

At the end of the memoir the theory is applied to a particular class of
functions, namely those which are expressed as integrals of differential formulas
containing no other irrationalities than an arbitrary radical.

1]
Let
0=po+p1y+py’+-+p1y" ' +y" =x(y) (1)

be any algebraic equation whatever, all of whose coefficients are rational and
integral functions of a single variable quantity x. This equation, supposed irre-
ducible, gives for the function y a number n of different forms; we will denote
them by v/, vy"” ...y™, keeping the letter y to indicate any one of them.

Let likewise

0(y) = qo + @1y + qoy® + - + qno1y" " @

be a rational integral function of y and x, such that the coefficients qo, q1,¢2 . . . g1
are integral functions of . A certain number of the coefficients of the various
powers of x in these functions will be supposed indeterminate; we will denote
them by a,a’,a”, etc. That being posed, if one puts into the function 6(y), in
place of y, successively v/, y” ...y, and if one denotes by r the product of all
the functions thus formed, that is to say if one sets

r=0(y)-0(y")...0y™), (3)

the quantity r will be, as is known from the theory of algebraic equations, a
rational and integral function of z and of the quantities a, a’, a”, etc.
Suppose that one has
r = Foyx - Fz, (4)

Fox and Fx being two integral functions of x, of which the first, Fyx, is inde-
pendent of the quantities a, a’,a”, etc.; and let

Fx=0. (5)

This equation, whose coefficients are rational functions of the quantities a, a’, a”,
etc., will give = as a function of these quantities, and this function will have as
many forms as the equation Fx = 0 has roots. Let us denote these roots by
Z1,T2...2T,, and by x any one of them.

The equation F'z = 0, which we have just formed, necessarily entails the
following one r = 0, and this one in turn brings about another of the form

0(y) = 0. (6)

Putting into this last equation, in place of z, successively xi,z2...z,, and
denoting the corresponding values of y by y1,¥2 . . . Y., one will have the following
W equations:

0(y1) =0, 0(y2) =0...6(y.) =0. (7)



[2]
That being posed, I say that if one denotes by f(x,y) any rational function of
z and y, and if one sets

dv = f(xy,y1)dxy + f(x2,y2) dvo + -+ f(Tu, yu) dzy, (8)

the differential dv will be a rational function of the quantities a,a’, a”, etc.

Indeed, by combining the equations 6(y) = 0 and x(y) = 0, one can derive
the value of y, expressed as a rational function of x and of the quantities a, etc.;
denoting this function by p, one will therefore have

y=p and f(z,y) = f(z,p). (9)
But by differentiating the equation Fx = 0, one will have
Fz-dx+6Fx =0,

denoting, for brevity, by F'x the derivative of Fx with respect to x alone, and by
0Fz the differential of the same function with respect to the quantities a, a’, a”,

etc. From this one draws SF
T
dr = ———; 10
x Flr ’ ( )

and consequently

fy)de = T80 5 = (), (1)

where it is clear that ¢o(z) is a rational function of z,a,d’,a”, etc. By means
of this expression for the differential f(x,y)dx, the value of dv becomes

dv = pa(x1) + Pa(w2) + -+ + pa(wy).

Now, the right-hand side of this equation is a function that is rational in
the quantities a,a’,a” ... 21,25...2,, and moreover symmetric with respect to
x1, T2 ...x,; hence dv can be expressed by a rational function of a,a’,a” ... and
of the coefficients of the equation Fx = 0; but these coefficients are themselves
rational functions of a,a’, etc.; hence dv will be so likewise, as has just been
said.

If now dv is a rational differential function of the quantities a,a’,a” ... its
integral, or the quantity v, will be an algebraic and logarithmic function of
a,a’,a” .... Equation (8) will therefore give, on integrating between certain
limits of the quantities a,a’,a’” ...

/f(fﬂhyl)dffl+/f(55271/2)d332+"'+/f(%ayu)d$u:Uv (12)

or else, setting

/f r1,y1) dry = Y1(21) /f T2,Y2) drg = Yo(2); /f Ty Yp) dry = Yu(z,),
(13)



Y1(z1) + Yo(2) + Ys(3) + - + Pu(zy) = v (14)

This is the general property of the functions 11 (1), ¥2(22), etc., which we
stated at the beginning of this memoir.

[3]
The forms of the functions 1 (x1), 2 (x2), etc., depend, by virtue of equations
(13), on those of the functions y1,92 . .. y,. The latter cannot be chosen arbitrar-
ily among those that satisfy the equation x(y) = 0; they must moreover satisfy
equations (7); but since there are several independent variables, a,a’,a” ... it
is clear that one can establish among the forms of the functions y1,y2...y, a
number of relations equal to that of these variables. One can therefore choose
arbitrarily the forms of a certain number of the functions y1, %> ...y,; but then
those of the other functions will depend, by virtue of equations (7), on these and
on the magnitude of the quantities a,a’.... It may therefore happen that the
constant of integration contained in the function v changes value for different
values of the quantities a,a’,a” ...; but by the nature of this quantity, it must
remain the same for values of a,a’,a” ... contained between certain limits.
The functions 1, x2,...x, are determined by the equation F'z = 0; this
equation depends on the form of the function 6(y); but since the latter can
be varied in infinitely many ways, it follows that equation (14) admits in-
finitely many different forms for the same species of functions. The functions
Z1,%2,...7, have besides this a very remarkable property, that the same values
answer to infinitely many different functions. Indeed the form of the function
f(z,y), of which these quantities are entirely independent, is subject only to
the condition of being a rational function of x and y.

[4]

We have shown in the foregoing how one can always form the rational differential

dv; but since the method indicated will in general be very long, and for somewhat

composite functions almost impracticable, I shall now give another, by which

one obtains immediately the expression of the function v in all possible cases.
We have by equation (3)

r=0(y)-0(y")...0(y""),
hence, differentiating with respect to the quantities a,a’, a”, etc., one will obtain

r
Qy//

r

(n).
5y 08y";

80y" 4 - +

r
or = H—y/(wy’ +

now, one has fy = 0, hence the right-hand side of the preceding equation will
r

Oy

reduce to — 6y, and one will consequently have

r
or = @ 60y.
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Now we have
r=Fyx - Fzx

where Fyz is independent of a, a’, a”, etc.; hence, differentiating, one will obtain
or = Fyx - 6Fx
and, consequently, substituting and dividing by Fyz, one will find
- 00
SFz — %%
Fox - 0y

Hence, the value of
0Fx

dm:_F’x

becomes
1 r

dr=—-——— " 59
o Fox - F'z Oy ¥

and multiplying by f(z,v)

fla9) do =~ Flav0) - - 800
Noting now that ﬁ vanishes, for otherwise one would have y*) =y, it is
clear that the expression for f(z,y)dx may be written as follows:
flay)de = 1X{f( ") 68y 4 (") oy 60y 4t fa,y ™) s 66 <”>}
W)= 2y g7 00 ©y") g 00y ©y™) gy 000 ¢

For brevity, we will henceforth denote by ¥ F} (y) any function of the form
B+ Ry + R+ + Ay™);
and thereby the preceding value of f(x,y) dx becomes
1 T
S Y -
For 'z flz.y) o

That being posed, let x'(y) be the derivative of x(y) taken with respect to
y alone; the product f(z,y) - x'(y) will be a rational function of z and y. One
can therefore set
Pi(y)

flx,y) X'y = P

flz,y)de = — 50y. (15)

where P and P; are two integral functions of x and y. But if one denotes by T
the product P(y') - P(y")... P(y™), one will have'

Pi(y) _ 1 Pi(y) - T
Ply) F P(y)’
L Editorial note: Printed P;((;J)) = % - Pi(y) - % — an apparent misprint for 7' (just

defined in the preceding sentence as the product P(y’)- P(y") ... P(y(™)); the identity is only
trivially true (multiply and divide by T) if the first factor reads %, and the corresponding

passage in Abel’s Oeuvres compleétes (1881) reads % throughout. Reproduced here as printed.



or m can always be expressed by an integral function of = and y, and T by
Y

an integral function of z, hence one will have
Pi(y) Y
Ply) T’

where 77 is an integral function of x and y; but every integral function of x and
y can be put in the form

to+t-y+ta-y? 4+ ta1 -y = filz,y), (16)
where tg,t1,...t,—1 are integral functions of x alone. One can therefore suppose

o f1(l‘,y)
flz,y) X'y = o)

f2(x) being an integral function of = without y.
From this one draws

fl (fE, y)
fa(@) - X' (y)
Substituting now this value of f(x,y) into the expression for f(z,y) dz found
above, it will come

Ay o L g hlmy) s (18)

fo(@) X'y R Flr-for Yy Oy

flz,y) = (17)

In the right-hand side of this equation the quantity fi(x,y)- QL is an integral
Y

function with respect to z and y; one can therefore suppose

fi(z,y) - é 80y = R'(y) + R(z)y" ',

where R/(y) is an integral function of  and y, in which the powers of y rise only
to the (n — 2)'" degree; R(x) being an integral function of z without y. One
will therefore have

s filey) R'(y) y" !

— iy =X + R(x)-X .
X'y Oy X'y (@) X'y

Now, one has
X)) =W -y —y") ... —y™),
X/(y//) _ (y// _ y/)(y// _ y///) o (y// _ y(n))7 etc.;

hence, according to known formulas,

/ n—1
> R/ W _y 5Y
X' (y) X'y

=1



Consequently

SELLGI) S VY (19)

X'y Oy

fl (J"a y) L

Xy Oy

function of z alone, without y. The quantities a,a’,a”, etc., moreover enter it
rationally. Hence equation (18) will give

The function ¥

60y can therefore be expressed by an integral

R
fl(xayl) dr = — (.ﬁ) —. (20)
f2(2) X'y fa(z) - Fox - F'x
Putting into this equation, in place of z, successively x1,xa,...z,, one will

obtain p equations which, added together, will give the following one

gy = SEvy)den  f@aye)dee L fil@e ) o,

fox1 - X' faxa - X'y2 foxu - X'Yu
O R@) __ R@) . R o
fox1 - Foxy - F'zy fowo - Foxg - Flao foxy, - Foxy - 'z,
If then one denotes by X Fj(x) a sum of the form
Fy(z1) + Fi(z2) + Fi(xs) + - + Fi(xu),
the expression for dv can be written as follows:
R(x)

dv=-Y ——F—— 22
v fox - Fox - F'z’ (22)

That being posed, let

Fox = (x — p1)H1(x — Ba)H2 ... (x — Bo)He
fQ.’L‘ = (.T — ﬁl)ml (.’E — ﬂg)mQ .. (ac — ﬁa)m"‘ A (23)
R(z) = (x — B1)* (z — Bo)*2 ... (x — Ba)Fe - Ri(x).

B1, B2, ... Ba being quantities independent of a, a’, a”, etc.; p1, pa, ... m1, ma,
etc., being integers, zero included; and R;(x) being an integral function of .

Substituting these values of Fyx, fox, R(z) into the expression for dv, it
becomes

Rl(x)

dv=-%
v A-Flg- (l‘ _ ﬁl)ul—&-ml—kl (l‘ _ ﬁ2)u2+m2—k2 . (Z‘ _ Ba)ua+ma—ka

or else, setting, for brevity,
p1t+mi— ki =uv1; pst+moe—ko=vo; .. fig +Me — ko = Vg (24)

A- (l‘—ﬁl)yl(l‘—ﬁg)yg ...(l‘—ﬂa)y(’ =bx (25)

ok Ko,



R1 (x)

dv 012 F'z (26)
Now one can always suppose
Ry () Rs(x)
=R
91[[; 2(33) + 9196 ’

where Ro(z) and Rg(x) are two integral functions of z, the degree of the latter
being smaller than that of the function 6;x; substituting, it will therefore come

RQ(SC) n Rg(lL’)

dv=-% — )
v F'y 01z F'x

(27)
. Ry(7)
The funct -

€ runction F’l‘

Since x1,®2,...x, are the roots of the equation F'x = 0, one will have,
denoting by a any indeterminate quantity whatever,

can be found in the following manner.

1 1 1 1 1 1 1

_ / _ / _ / ’
Fo oa—x1 F'z1 a—x9 Flzg oa—z, Fux,

that is to say,

1 1 1
=4y R 28
Fo + a—x F'x (28)

whence one draws, developing according to the descending powers of «,
a—x

11 L NS NS B
Fa « Fly a2 F'y amtl T iy

x™ 1
whence it follows that ¥ —— is equal to the coefficient of ——— in the develop-
Flr am+1

1
ment of the function T or, what amounts to the same thing, to that of — in
o

(&%
m

1
the development of ;—. Denoting, then, by IT- F} () the coefficient of — in the
e

x
development of any function F}x whatever, according to the descending powers
of x, one will have

o
F'z Fx’
From this it follows that
Fi(z) _ 5 Al2)
F'x Fx '’

denoting by Fjz any integral function of x whatever. One will therefore have,
putting Rs(z),
Ry(x) - Ra(x)

b e =1I T (29)




but having
Ry(z) Ry(x) | Ra(x)

Orx-F'z Oz F'z Fig’

one will also have

Ry (x) n R3() +HR2(J¢).
012 - Fx 012 - Fx Fz

Now, the degree of R3(x) being smaller than that of 6,x, it is clear that one

will have
Ry(z)

1z Fx

hence

Ry(x) —1I Ry()
F'x 01z - Fx'

The second term of the right-hand side of equation (27), namely the quantity
R3 (m)

)

by Gz o’ is found as follows:
Let
Rale) AL A AP D D e
= + +ot + + +t +etc.;
thz r—Pf1 (x—Fr)? (x =) x -2 (v~ P2)? (v — Bg)v2
or else, for brevity,
R3(x) / { Ay A Ay }
=Y + R E S ——
01 =B (z—p) (x = B)¥
one will have
dv—lp dy—Qp
Al=—F7— Ap=——"-———"—— A, =p,
LT T a1 2T T(v-1)dpr—2’ P
or
(2= B)"- Rala)
011’
for x = (; that is to say
_Pw+1)-Rs(p).
0"
denoting by Hgy)x the v*™® derivative of the function 6,2 with respect to x, and
by I'(v + 1) the product 1-2-3... (v = 1) - v.
Substituting these values of the quantities Ay, As, ... A,, it will come
Rg(l‘) , duflp du72p du73p
=YJ— 1) -1 -2)-
91{E ({E — ﬂ) : dﬁ”71 + (V ) (w — 5)2 ) dﬁy72 + (V )(V ) (iC — 5)3 ] dBl,,?)



1
Now one has, denoting —— by g,

r—f
N R S W
(x—p)2 dp’ (x—p)* 2 dp*"""’
1 1 d"’lq.
(x=p)y T(v) dpv-V
i R3(x) .

hence the expression for bz can be written as follows:

1
Rs(x) s 1 d“~'p L= 1 d?p dq N (v-1(r=2) d°p d’q
0r(x) T \dpr—1 1T 1 Tap—2 g 1.2 g3 dp?

v—1
Now the quantity between the braces is equal to dﬂ’/(pf)’ hence

Ryx) g, 1 d'pg)
6z T T(v) dpgr—1 "’

whence one will draw, substituting the values of p and ¢, and observing that

Fv+1)=v-I'(v),
Ry(x) _y, d7! { Ry () }_
)

= v .
01z dﬂu 1 0%'/)6 . (1;
Substituting this expression in place of M in the function % M,
0 x Oz - F'z
it will come
v—1
1) Rs(5) : (30)
Oz F'z F'x agr=t 1 6\B - (z — B)
or else
RB(IE) ’ dyil R3(ﬁ) 1
) =3 : DY . 31
OrxF'x v dpv-1 03 (x —B) F'x (31)
Now, as we have seen above (28),
L1
(@—B) F'z  Fp
hence
v—1
. &@%:_yyd%f{(§W)};
01z - F'x dg 0\ B - Fp
but the equation
Ri(z) R3()
01(E o RQ(J:) + 911’

10

+otp

du—lq
dﬁufl

b



gives, if one multiplies both sides by 61z — 3, and then sets x = 3,

Ri(8) _ Ra(B)
05 05

hence, substituting,

v—1
g Ha@) sy, 4 { 2ulp) } (32)
01z - F'x dg 0\ B - Fp
Having thus found the values of ¥ Ra(z) and X fs(2) , equation (27) will
Flz 01z F'x
give, for the differential dv, the following expression,
v—1
do =~ 2y, { (ﬁl(ﬁ) } .
0,z - Fx dg 0\ B - FB
or else
v—1
dv = —1I Rl(x) Yy d __ (R;I(JJ) (34)
01z - Fx dx 0"z - Fa
(= P1,B2,...Ba)-
Now one has (19)
f1($7y) f1(:c,y) Ml

L&Hy:Fox-Fx-E

R(x) =%
(@) X'y Oy X'y Oy

and (23)
Ri(z) = R(z) - (x = B1) " (& = Ba) ™. (@ = Ba) ™
hence setting, for brevity,
Fyz-(z— 1) ™ (x = B2) ™™ .. (3 — Ba) He

= (z— B R (x = By)27F2 | (x — Bo )R = Pz, (35)
fi(z,y) 00y

X'y Oy
and substituting this value of R;(x) into the preceding expression for dv, one
will obtain:

v—1
do = 28 g 1@y) 00y g, d _ ) e 5, fi(@.9) 00y | (36)
b ™ X'y Oy dav=' 9z Xy By

Ry(z)=Fyx-Fx-%

)

11



In this form the value of dv is immediately integrable, since Fyx, 612, f1(z,y)
and x'y are all independent of the quantities a,a’,a” ... to which the differen-
tiation relates. One will therefore have, on integrating, for v, the following
expression:

F dv—1 F
U:C—H-ﬁEMlogGy—kZ’u — 27 Efl(:f’wlog&y (37)
bz~ X'y dav=1 oy X'y
(Qf = 613527 oo 604)7
or else, setting, for brevity,
fl(x7y)
¥ ————=log by = p(x), 38
oz x'y 250 o(z) (38)
}7123j fl (l’, y)
log By = ¢1(x),
0 Xy (=)
and observing that, according to (23), (24), (25) and (35),
91%
For = 212
2T f2(E,
dufl
v=C—-1-pz)+Xv W{gplx}, (39)

there is the expression of the function v in all possible cases. It contains,
as one sees, in general, logarithmic functions; but in particular cases it can also
become merely algebraic, and even constant.

Substituting this value in place of v in formula (14), it will come

dufl
Una0) a(a) 4 () = € Tp(a) + v E A g
or else, for brevity:
v—1
Sip(x) = C—HganrEl/ddT(p_lfx) (41)
when one sets
Y1(z1) + a(z2) + - +¢u(z,) = S¢(z) and ¥ =X (42)

[5]
We have supposed in the foregoing that the function r would have as a factor
the function

Fox = (z — B1)" (z — Ba)*? ... (x — Ba)He.

Unless all the exponents 1, o, - .. to are equal to zero, there will necessarily
result certain relations among the coefficients of the functions qo, g1, 42, - - - gn—1

12



— relations which can always be expressed by linear equations among these
coefficients; for if » = 0 for z = (3, one must also have an equation of the form
Ay = 0 for the same value of x; but this equation is linear. In general, then, the
function r will not have a factor like Fyx, that is to say one independent of the
quantities a,a’,a” .... This case deserves to be noted:

Having (19)

fl (l’, y) T
R(z) =¥ — % 40y,
one will have in general, if Fox =1, k1 = ko = k3 = --- = k, = 0 (one can make

the same supposition in every case); one will therefore have, by virtue of (35)
and (25),
FQ.T = 1, 911‘ = FQLL‘wi = fgl‘,

the value (38) of 1z will therefore become (observing that vy = my, va = ma,
etc., and denoting v by m)

o f1(3,3,y) log 0y,

and consequently formula (41) (denoting by B the value of y for z = 3)

hayde o g h@y) g s, @) 1 g hBB), |
for - X'y for X'y agm=t | fimg X'B
(43)
For the particular case where fox = (z — 8)™, one will have fém)ﬂ =1-
2...m, hence, substituting,

_Nh@yde s hi@y) L d’"‘l{ (8, B) }
E/(x—ﬁ)m-x’y_c I gy B T =) (424) VB loelBy

If m =1, it comes

fl(‘r7y)d'x fl(‘ray) fl(ﬂaB)
JINIE o 7 Jog 6 ——=1log0
2/ oy~ O T gy 080y S T e g5, (45)

and if m =0 d
XY XY

In formula (43), the right-hand side is in general a function of the quantities
a,a’,a”’, etc. If one supposes it equal to a constant, there will therefore result
in general certain relations among these quantities; but there are also certain
cases for which the right-hand side reduces to a constant, whatever moreover
the values of the quantities a,a’,a”, etc. Let us seek these cases:

First it is evident that the function fox must be constant, for otherwise the
right-hand side would necessarily contain the quantities a,a’,a”, ..., given the
arbitrary values of these quantities.

13



Setting, then, fox = 1, it will come
z/hqwhmchznﬁgw%%@.
XY XY

Now, observing that these quantities a,a’,a”, ... are all arbitrary, it is clear

fl( y)

that the function > ———= log 0y, developed according to the descending pow-

ers of x, one will have the following formula:

A().’EMO +A11’M071 + ..
A .+ Auo-‘rl + AILU;-Q +...
X X

R -logx =

R being a function of  independent of a, a’, a”, etc., po an integer, and Ag, A1, ... Ay, Apo+1,
etc., functions of a,a’,a”, etc.; hence, for the function in question to be con-
stant, it is necessary that po be less than —1; and consequently the greatest
value of this number is —2.
That being posed, denoting by the symbol AR the highest exponent of z
in the development of any function R of this quantity, according to descending
powers, it is clear that pg will be equal to the greatest integer contained in the

numbers:
hfl(xay/) hfl(xvy”) hfl(zvy(n))
X'y Xy Xy
it is therefore necessary that all these numbers be less than unity taken nega-
tively.

)

Now, if R is a function of x, one will have, as is easy to see,
1

R
h— =hR—hR
Rl 1
consequently
hfu(e,y) <hx'y' =1, hfi(y") <hx'v" =1, . hfi(e,y™) <hx'y™ -1

(47)
From these inequalities one will easily deduce, in each particular case, the
most general form of the function fi(z,y).

As one has
/

Xy =0 -y —v")... (v —y™)
X/(y//) — (y// _ y/)(y// _ y///) o (y// _ y(n))7 etc.,
it follows that

hx'y" = h(y' ”) +hy —y") + by —y™)
hX'(y") = hy" —y) +h(y" —y") + -+ My —y™), ete.
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Let us suppose, which is permitted, that one has
hy' Zhy",  hy" Zhy"', by Z hy", o by TD 2yt (49)

so that the quantities hy’, hy”, hy'',... follow the order of their magnitudes,
beginning with the greatest. Then one will have, in general, except for some
particular cases which I dispense with considering:

h(y/ _ yll) — hy/7 h(yl _ y///) — hy/, h(y/ _ yiv> — hyl
~h(y —y™) = hy,
h(y// _ y/) — hyl7 h(y// _ y///) — h,y//7 h(y/l o yiv) — hy/l
~h(y" = y™) =hy, (50)
h(y/// _ y/) — hy/, h(yll/ _ y/l) — hy”, h(y/” _ yiv) — hylll
~h(y" =y ™) = hy",
etc., etc.

If these equations hold, one will convince oneself without difficulty, supposing
fi(z,y) =to+tiy +tay® + -+ tnay" T, (51)
that the inequalities (47) necessarily entail the following:

h(trny/m) < thy/ _ ; h(tmy”m) < hX/y// _ 17 h(tmy///m) < hX/y//l _ 1’ .
(52)
m being any one of the numbers 0,1,2,...n — 1.
Whence one draws, observing that

h(tmy™) = htm + h(y™) = hty, +m - hy,
the inequalities
Wt < hX'y —m-hy' =1,  hty < hx'y"—m-hy" =1, .. htp, < hx'y"™ —m-hy™ —1.
Now, by means of equations (48) and (50), one will have

hxX'y' —m-hy —1=(n—-m—1)hy —1,

'y —m-hy" —1=mn-m-2)hy" +hy’ — 1,
'y —m-hy" —1=n—-m—3)hy" +hy +hy" —1,
etc.,
Ay Y by (Y 1 = hy (D !y ey (D)
Ry ™ — - hy™T™ 1 = hy 4 by 4 - 4 Ry

Ay D iy (D) 1 = gyt oy iy by 1,

etc.,

15



a'y™ —m - hy™ —1=—m-hy™ + hy + hy” + - + hy" V) — 1.

Observing then that the quantities hy’, hy”,... follow the order of their
magnitudes, it is clear that the smallest of the numbers

1,1

'y —m-hy' —1, hy'y" —m-hy" —1, etc., hx'y™ —m-hy™ —1

is equal to
hy’ + hy” + hy/// NI hy(n—m—l) —1.
Hence the greatest value of ht,, is equal to the integer immediately below
this quantity, and one will have

Bt =hy' +hy" + -+ hy™ ) 246, (53)

where €,,_,,—1 is the positive number less than unity that makes this equation
possible.

/
That being posed, let hy' = %, m’ and p’ being two inte- gers and the
/

m
fraction —- reduced to its simplest expression; then it will be necessary that

one have
hy/ = hy” = hy”l —_= ... = hy(m) = ﬁ.

For if an equation of the form yy = 0 is satisfied by a function of the form
y= Az + etc.,

this same equation is also satlsﬁed by the u/ values of y that one will obtain by
puttlng in place of g alxu agxu Je O 135: 1,a1,a9,...au—1, being
the g/ roots of the equation a —1= 0.

Among the quantities hy’, hy”’, ... hy™, there are therefore 1/ that are equal
to one another. Likewise the total number of exponents equal to a given reduced
fraction must be a multiple of the denominator.

One can therefore suppose

hy' =hy" = =hy*) = E
I 1
hy '+ = py(R'+2) — . = py(F") = %7
hy R+ = py(R"+2) — . = py (R = m/’/'/’, oy
etc., :
By (KE 4D g (RETI2) L () = 7;((37

where

k= n/NI§ K= /~L + n//'u// B =/ M + n//u// + TL”/,uH/ ete.
n=n' ’u + n//M” + n///ﬂ/// 4t n€) (5)’

16



m’ m' m(e)
V; 7; e
n/,n’,n", .. .n) are integers.

Let us now suppose, in the expression for ht,,, that m = n — k(® — g —1,
8 being a number less than k(@1 — k() that is to say less than n(@1 yle+1).

it will then come

the fractions are reduced to their simplest expression; and

hy +hy" + -+ hy(k’)
+hy(k,+1) + hy(k'Jr?) R hy(k“)
+etc.
+hy(k(a_1)+1) + hy(k(a_l)Jr?) et hy(k(a))
+hy(k(a)+1) 4 hy(k(a)+2) N hy(k(a”rﬁ)
tep@yp — 2

htnsz(a)fﬁfl =

now, equations (54) and (55) give

’
hy'—l—hy”—f—---—i—hy(k) :k/.ﬁ/ :n/m/

w

hy(k’-H) + hy(k’+2) 4oy hy(k”) _ (k” . k/) . mill —n"'m"”
W’
etc.,
(a+1)
(R41) 4 (k18 _ 5. M

hy +---+hy =p @D

hence, substituting

n'm! +n''m” + " m" .+ n(a)m(a)
hty _iey_g_1 = m(etl) (56)
o +5'W+Ek(a)+ﬂ—2.

As for the value of ;) 4, it is clear that, setting

u(a+1)  Eperpp = A[ga-i-l);

this quantity Agﬁ_l) will be the smallest positive integer that makes the number

B-mleth) 4 Agaﬂ) divisible by p(®*+1); one will therefore have

24 nm +n'm" 0" (@) (@)
hty, e g1 = B-mle+D) 4 A+ (57)
+ M(a-{-l)

Setting @ = 0 in this equation, it will come
! I
6 -m + AI@ .

htn—ﬁ—l =-2+ Nl )

17



B-m'+ Ay
/

if then < 2, htp,_g—1 is negative, and consequently one must set
tn—p—1 = 0; for, for any integral function ¢, ht is necessarily positive, zero
: : pm’ + Aj .
included. Now, setting 8 = 0, one always has ————= < 2; hence t,,_1 is

always equal to zero, that is to say the function fi(x,y) must be of the form

filzy) =tot+ti y+ta v+ tnpy -y (58)
where 3, being greater than zero, is determined by the equation
/B, .m! + A,
- P 9
I

/

whence it follows that 3’ is equal to the greatest integer contained in the fraction
/

2oy
m

A function such as fi(x,y) therefore always exists, unless 8’ exceeds n — 1.
For this to be able to occur, it is necessary that

!
i/—Fl:TL—Fe’:‘.
m

where € is a positive quantity, zero included; from this it follows

m’ 1

W n—1l4¢

Now, the greatest value of y’ is n, hence this equation gives

Now, I say that in these two cases the integral / f(x,y) dx can be expressed

I
by means of algebraic and logarithmic functions. Indeed, for E/, which is
I

the greatest of the exponents hy’, hy”, ... hy(™, to have one of the two values

1 1
T it is necessary that the equation yy = 0, which gives the function y,
n

n—
contain the variable z only in a linear form. One will therefore have

xy=FP+z-Q,
where P and @ are integral functions of y; from this it follows
R PdQ - @ dP
Q Q?
and

P PdQ — QdP
sie-te=s ().

— o = R-dy,

18



where it is clear that R is a rational function of y; consequently the integral
/ R dy, and hence / f(z,y) dz, can be expressed by means of logarithmic and

algebraic functions.
Except for this case, then, the function fi(z,y) always exists; substituting
it into equation (46), it becomes

z/ (to+tiy+---+ t)?/yﬁfly(”—ﬁ'—”) dz _ ., (59)
A particular case of this equation is the following:
> / W e (60)
where k and m are two positive integers, such that
m<n— % —1; (61)
k<—l4+nm +n"m" 4+ +n&m 4 %;

m=n— k@ _ B—1; B< m(at1), (at+1)

and it is clear that this formula can replace formula (43) in all its generality.

Since the degree of the integral function ¢, is equal to ht,,, this same func-
tion will contain a number of arbitrary constants equal to At,, +1. The function
fi(z,y) will therefore contain a number of them expressed by

hto 4+ hty + -+ htp_g—1 +n—f3,
or else, as is easy to see,
ht0+ht1+"‘+htn_ﬁ/_1+"'+htn_2+n7]..

Denoting this number by -, one will easily find, by virtue of the equation giving
the general value of ht,,,

(n

",

W

,]_)

m' -

M w2 Ay A A AL 2 A

/! ! !’ " "

W Iz

now, observing that m’ and p’ are coprime, one knows from the theory of

numbers that the sequence Ajf, A}, A5, A5, ... Al, —1 Will contain n/ times the
sequence of natural numbers 0,1,2,3,... 4 — 1, hence

p p p p

/ / / / o / o N,(N/_l),
A0+A1+A2+--~+An,#_1—n(0+1+2+-~-+u—1)—n-#,

likewise

" MN(MN - 1)

A+ AT+ A+ + Ay =n"(0+ 142+ +p" = 1) =n 5

19
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etc.
Substituting these values and reducing, the value of v becomes

"Y _ 7n+1+%m/n/(n'ulf1)+%n/(ulf1)+%m/'n"(n”u"fl)Jr%n”(u”fl)qLetC.,

o 1 (O _ 1) 4 L@ (4 1) 4.
+n/m/n//M// + (n/m/ + n//m//)n///u/// + (n/m/ + n//m// + n,//m///)nivlj,iv
tete. ...+ (n'm' +n"'m"” + -+ nETVMETD)RE L6,

or else, observing that

n= TL/,LL/ + n//'u// 4ot n(E),u(E), (62)
N = n/'u/ (m/n; - 1>_'_n//'u// (m/n/ + m”n; - 1)_,’_n///'u/// (m/n/ +m'n" + mmﬂ;” — 1)
4t n(E)M(E) (m/n/ " 4t mE=Dpe=1) + m(E)nz(E) — 1)
n'(m' +1) n"(m"+1) n""(m" +1) nE)(mE) +1) )
2 2 2 2 ’
As particular cases, one must note the following two:
1. When ,
hy =hy = =hy™ = %
In this case € = 1, and consequently
! ! 1 ! 1
fyzn’u’.L,n/.m+ + 1. (63)
2 2
If, moreover, i/ = n, one will have n’ = 1, and
m —1
T=(n-1)- " (64)

2. When all the quantities hy’, hy”, ... hy™ are integers. Then one will

have
/ 1 "

wW=u"=pu :...:’u(‘f):l;
and if one further sets
g ”:...:n(f)zl

3
3

one will have € = n, and consequently, substituting,
y=m—-1)m +n—-2)m" +n—-3)m" +-+2m" D LY _p 41,
that is to say, observing that m’ = hy’, m"”" = hy", etc.

v = (n—=1)hy' +(n—2)hy" +(n—3)hy" +- - - +2hy™ 2 4+ hy™=D —n4+1. (66)
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In the case where all the numbers hy’, hy”, ... hy("~1) are equal to one an-
other, the value of v becomes

vzn(n;l)-hy’—n+1:(n—1)-<n'2hy/—1)- (67)

Formula (59) generally holds for any values whatever of the quantities a, a’,d”, . ..
whenever the function 7 has no factor of the form Fyz; but in this case it still
XY
fi(z,y)
in question ceases to hold, and one will have in its place formula (40), which

becomes, on setting foxr = 1,

s [ B0t g SED g, o { 05 h(5.B) logeg}
XY XY

holds, unless Fpx and vanish for the same value of 2. Then the formula

/ dﬂ”*l egy)ﬁ x'B
(68)
that is to say, observing that
s 289 100, — o,
fl(xay)d‘r dy_l 915 fl(ﬁ?B)
2/720—&-21/ ) log 0B 69
X'y dﬂ”_l HY)B x'B ( )
Now one has (19)
filz,y) r
R(x) =X —"== — 0y;
@) Xy oy
fl (Jf, y)

whence it follows that if keeps a finite value for x = B, the integral

!

function R(z) will have (z — 31)* as a factor, hence
klz,ul and U1:,u1—k1:0.

From this one sees that, in the right-hand side of the preceding equation,

fl (57 B)
X'B
infinite will vanish; consequently the said number reduces to a constant, if Fyx
X'y
fl ({E, y) '

all the terms relating to values of § that do not render the value of

has no factor in common with

[6]
Let us now take up again the general formula (14), and consider the functions
x1,T2,%3,...%,. These quantities are given by the equation F'z = 0, as func-

tions of the independent quantities a,a’, a”, etc.; let

1= fila,d’,d”,...); 1z = fa(a,d’,ad”,...);...
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z, = fu(a,d’,ad”,.. ).

If now one denotes by a the number of the quantities a,a’,a”,..., one
can in general draw from these equations the values of a,a’,a”,... as func-
tions of a number o of the quantities x1,z2...2,; for example, as functions
of x1,%2,...2Ts. Substituting the values of a,a’,a”,... thus determined into
the expressions for o41,Za+2, ... Ty, these latter quantities will become func-
tions of @1, xa,...,x4; and these will then be indeterminate. Formula (14) will
therefore become

. {wxl) a(@2) + -+ Ya(ra) + Yor1 (Tas) (70)

+%+2(Ia+2) +o+ 1/}#(:17#)’

where x1,%2,... 2, are arbitrary quantities, zo41,Ta+2,. ..z, algebraic func-
tions of x1,s,... %, and v an algebraic and logarithmic function of the same
quantities.

The quantities a,a’,a”,... and zq41,Zay2,. .., are found in the following
manner. Equations (7) give the following:

9y1 =0, 0y2 =0,... an =0, (71)
which are all linear with respect to the quantities a,a’,a”,.... They will there-
fore give these quantities as rational functions of x1,y1; %2, Y2; 23,93} - - - Tas Ya-
Now, if one substitutes these functions in place of a,a’,a”, ... in the equation

Fx = 0, the function Fz will become divisible by the product (x — x1)(x —
x9)...(x — xy); for one has

Fr=B-(z—z1)(x—x2)...(x —2a)(@ — Tag1) ... (& —x,).

Fz

(x—z1)(z—22)... (T —xo)

Denoting, then, the quotient by F’x, the equa-
tion

Flz=0 (72)
will be of degree ;1 — «, and will have as roots the quantities xq41,...2,. As
for the coefficients in this equation, it is easy to see that they will be rational
functions of the quantities

T1,Y1; T2, Y2; o Tas Yoo

In this way, then, the u—a quantities 441, ...z, are determined as functions
of o1, 2y, ... 7, by one and the same equation of degree (p — o).

Equations (71) are in general sufficient in number to determine the o quan-
tities a,a’,a”, ..., but there is a case in which several of them become identical.
This is what happens when one has at once

Ty =22 ==k, Y1=Y2=" " =Yk,

for then
Oyr = Oy = -+ = Oyy.
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Now, in this case one will have, according to the principles of the differential
calculus, in place of the k identical equations,

9y1:07 9?42:0, CER) aykzou
the following
Gur — 0 dfy, d?0y; 0 d*"0y; (73)
N=0 de T T T T A

which, joined to the equations
eyk-‘rl =0, ... Hya =0,

will determine the values of a,d’,...al*=1.
Formula (70) shows that one can express any sum whatever of the form

Pr(x1) + Yo(z2) + -+ + Yalza),

by a known function v and a similar sum of other functions; indeed it will give
Y1(x1) +a(z2) + -+ a(ra) =

v = {wa+1($a+1) + 1/)04+2(m0z+2) +eee d}#(f#)} . (74)

[7]

In this formula the number of the functions ¥ar1(Za+1), Yat2(Tat2), .- Yulzy)
is very remarkable. The smaller it is, the simpler the formula. We shall, in what
follows, seek the least value of which this number, which is expressed by u—a, is
capable. If the function Fyx reduces to unity, all the coefficients in the functions
40, 91,42, - - - gn—1 will be arbitrary; in this case, then, one will have (observing
that, according to the form of equations (71), one of the coefficients in the
functions qg, ¢1, ... can be taken at will without harming the generality),

a=hqgo+hq +hge+ -+ hgn—1 +n—1.

If Fyz is not equal to unity, one needs in general a number hFyx of different
conditions for the equation
Fox - Fx=r

to be satisfied; but the particular form of the function y might make this number
of necessary conditions smaller. Let us suppose, then, that it is equal to

hEyz — A, (75)
the number of the indeterminate quantities a,a’,a”, ... becomes
o =hq +hq +hga+ -+ hgn_1+n—1—hFyz+ A; (76)
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now one has
hr = hFyx + hFx = hFyx + L,

hence
uw=hr — hFyz, (77)

and consequently
p—oa=hr—(hg+hg +hga+-+hgy1)—n+1—A. (78)
But since one has (3)
r=0y -0y" ... 0y",

it is clear that
hr = h8y' + hoy" + - - - + hoy™ (79)

hence
pw—a=hly + hoy' + -+ hoy™

—(hgo +hq1 + - +hg,_1) —n+1—A. (80)
Having now (2)

0y = qo+qy+ @y’ + +amay"
one will necessarily have, for all values of m,
hOy > h(gmy™),

where the sign > does not exclude equality. Hence, setting

y= y/ y// y/// o y(n)
and observing that
h(mem> = h@m +m - hy,

one will also have
ROy > hgm+m-hy's  hOy" > hgm+m-hy", ... h0y"™ > hg+m-hy™. (81)

That being posed, let us denote by n’, m/, p/, k';n”,m”, 1", k”; etc...the same
things as above in section [5], and let us suppose that h(g,,y’”") is the greatest
of the n/i/ quantities,

/nfl),

; h(‘]n72ym72).

S (Y O F

)

h(gn-1y

so that
hqp, + p1hy’ > hgn_p_1 + (n— 5 —1)hy'. (82)
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/
Denoting, for brevity, hq, by f(m), and putting ﬂ, in place of hy’, it is
1
clear that this formula gives

!’

f(m)—f(n—ﬂ—l):(n—ﬂ—l—p1)~%+6b+A’g

(from 3 =0, to 8=k —1),

where Aj is a positive number less than unity and €} a positive integer, zero

included.
Let there be likewise

"

(p2) = f(n—B—1)= (n—@—l—pa%ww%
(from B =k, to B=K"—-1),
"
flps) —f(n—=p —1):(n—/3—1—p3)7:/,/+g:8~+Ag/
(from B = k", to = k" — 1),
etc.,
(84)

(m)
flom) = fn =B =1) = (=B = 1= pu) "y +ef + A
(from B = km=D | to g = k(™ — 1),
etc.,
(e)
Floe) = Fln == 1) = (0= B =1~ po) Ty + <5 + 4§
(from B =k(ED to f=n—1).

AfB? Afé, ... A(;) being positive numbers and less than unity, and 5237 Eg, etc.,

positive integers, zero included.
Let us consider any one of these equations; for example, giving 3 the k(™ —
k(m=1) values,

B = kM= gm= g q gm=D Lo g _q
one will obtain a number k(") — k(m=1 of similar equations; and adding them

together, it will come

,u,(m)

()
() _fm=1) (f(pm) - ) — 1 (2 k) =D 1) () _(m=).

+Aém) +AM™ 4t Amm) fe(m—1)_1
+€(m) +81m) + _1_55;37’13)_]‘:(1“71)_1

+fn—=1—km D) 4 fn—2— kD) 4o 4 f(n— KM,
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Now,
k) — gm=1) = p(m) (m)

hence, substituting,

m(m)

n(m)/u(m) (f(ﬂm) + pmu(m)> _ %(271 _ k(m) _ k(mfl) _ 1) . n(m)m(m)

A 4 A +"'+A%>M(m>_1

teg™ 4™ 0

+f(n—1—E™ D) b fn— k™).

Now, observing that A;_am) is the number less than unity which, added to
(m)
(n—=B8—=1—pn) %, makes this quantity equal to an integer, one sees without
difficulty that the sequence
(m) (m) (m)
AO + Al + -+ An('ryz)#('rn)_l’
which is composed of n(™ (™) terms, will contain n(™ times the sequence of

numbers
0 1 2 plm — 1

plm’ o ym)? g tmy” 20y (m)

)

hence

nMO+ 14+ plm —1)
M(’I}'L)

Aém) + Agm) +ot Ai:y")”u(m)—l -

() () ((m) _ 1)

2 - plm) 3™ (pm = 1). (85)

Substituting this value, and setting, for brevity,
elm) g glm) +5£Tn)w<m>71 = Chn,

it will come
(m)
m - m),(m
n(m) gy (m) (f(pm) + pmr(m) ) = 2(2n — k(™ — =D — 1)p(mp(m)

—|—%’I’L(m)(u(m) _ 1) +C,,
+fn— kMY 1) 4o f(n— k). (86)
Now one has, denoting hfy™) by ¢(m),

PR 1) = ok +2) = (kY +3) = = (kM) (87)
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observing that hy(™ keeps the same value for all values of m, from k(™1 + 1
to k(™). Inequalities (81) will therefore give

(D 4+ 1) + (™D 4+ 2) + (kD 4 3) + - 4 (k™)

m(m) _
> (f(pm) + Pm (m)> : (k(m) - k(m 1))
7

(m)
m
> n(m)'u(m) <f(,0m) + P - M(m)> ,

hence one will have, by virtue of the preceding equation,
(kD + 1) + (kY +2) + (kY 4+ 3) o+ (k™)

>
+fn =k 1)+ fn— kD —2) 4 f(n— KM,

Setting in this formula successively m = 1,2,3,... and then adding the
equations one will obtain, it will come

P(1) +0(2) +¢(3) + - +¢(n)

fn =1+ fn=2)+ f(n=3) +---+ f(1) + f(0)
+in'm/(2n— K — 1)+ in/(/ = 1)+ C4
+%n”m”(2n kM — 1) + %n”(ﬂ” _ 1) + C2
+%n’”m’”(2n Ny /N 1) + %n/H(MW _ 1) + 03
4.
1m0 — k) — kD 1) + 1nO (4 — 1) + C..

Substituting the values of the quantities k', k", k", ..., namely,

" " ", 1

k/znlp,; k”zn’,u/—i-n”u”; k”/:n'u’—i—n 7", ete.,
and for n its value (55)

", (e)

n=n'p +n"y" +---+n )

1,
one will obtain
hoy' + hOy" + hOy" + - + hOy™ — (hqgo + hqy + hga + - - + hgn_1)
> +C1+Co+C3+ -+ C,
where one has set, for brevity,
/

uw =1
2

n.1n

10
’y’:rﬂm’(n’u —1_"_” " +n///u///+___+n(e)u(s))_"_n/.

2
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e (’FLNIJ” -1 I n///M/// + ’I’Liv,uiv 4t n(e)ﬂl(s)) +n. w—1
2 2
—1 —1 -1
nE DD (W N n(s)u(s)> E (lﬁ(;—l)
@) — 1 ) _1
1@ % 1@k — (88)

From this formula combined with equation (80) one will deduce
p—a>y -n+1—-A+Ci+Cy+---+C.. (89)

Now, I observe that the number v — n + 1 is precisely equal to the one we
previously denoted by ~, equation (62), hence

p—a>y—A+C;+Cy+---+C.. (90)

This formula shows us that g — « cannot be less than v — A; now, I say that
it can be precisely equal to this number.
Indeed this is what happens when one has

(™)
W(k(m)) = f(pm) + pm W? (91)

and
Ci+Cy+C3+---+C. =0;

now one can demonstrate in the following manner that these equations can hold.
Recalling the value of C,,, it is clear that equation (91) entails the following:

Egm) =0 (from 8=k top =k 1)
hence, by virtue of equations (83) and (84)

mm) _m)

fin=p=1)=flpm) =(n=B—=1=pm) — = Az,
W

(from 8 = k™Y to g = k™ —1). (92)

It is now a matter of finding the value of f(p,,). Now equation (91) gives

(m) (m)
m m
f(Pm)‘*‘PmW > f(poc)"'_poc(im) (93)
[ It
for all values of m and «. From this one draws, denoting, for brevity,
(o)
Ty by o, (94)
l’l’ [e%
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f(pm) - f(pa) > (pa - Pm)Jm- (95)

Setting m = a — 1, and then changing o to m, and likewise o to m — 1, one
will obtain the two formulas

{f(pm) — F(Pm-1) < (Pm1 = Pm) - Tm_1,

f(pm) - f(pm_l) > (pm—l — pm)  Om- (96)

From this one sees that the difference between the greatest and the least value

of f(pm)— f(pm—1) cannot exceed (pm—1— pm)(Fm—1 — om). Consequently one
must have

f(pm) - f(le*l) = (pmfl - pm)am + amfl(pmfl - pm)(amfl - Um)7

where 6,,_1 is a positive quantity that cannot exceed unity.
This equation can be written as follows:

flom) = f(pm-1) = (Pm-1 = pm) Om—10m—1+ (1 = Om—1)om) . (97)
From this one draws without difficulty
f(p1) + (p1 — p2) (br1o1 + (1 — b1)02)

flom) = +(p2 = p3) (0202 + (1 — O2)03) + ete. (98)
.ot (pmfl - pm) (amflo—mfl + (1 - emfl)a—m) .

If f(p.m) has this value, it is not difficult to see that the condition

f(pm) = f(pa) > (Pa = pm)om

is satisfied for any value of a and m, whatever the value of f(p;) and those of
the quantities 61,605, ...60,,_1, provided that they do not exceed unity.
Knowing thus the value of f(p,,), one will have that of f(n — 8 — 1) by
equation (92).
Having in this manner determined the values of all the quantities f(0), f(1), f(2),... f(n—
1), let us now see whether they indeed satisfy equation (91)

m(m)
Sp(k(m)) = f(pm) + pm W = f(pm) + pmom.

For this equation to hold, it is necessary and sufficient that the equation

Fom) + pmom > f(@) + aoy, (99)

be satisfied for all values of o and m. It is therefore necessary that

PO = f(pm) — fas) + (pm — as)om > 0 (100)

let a5 = n — B — 1, where /3 has any value whatever comprised between k©—1)
and k() — 1 inclusively; equation (92) will give

Fas) = f(ps) — (as — ps)os — A

29



and consequently

P = f(pm) — F(p5) + (o — 03)m + (5 — pp)os + AT . (101)

Putting m + 1 in place of m, it will come

5
Pr(n-)i-l — P = f(pm+1) = F(om) + Pms1Tms1 — PmOm + @5(Tum — Tm1)-

One has by equation (97)

f(om+1) = f(pm) = (Pm — Pms1) (OmOm + (1 — O )ome1);

hence, substituting and reducing

Pg}ﬂ — PP = {as — (pm(1 = Om) + prt10m)} * (O — Tms1); (102)

now, observing that oy is comprised between n — 1 — kO~ and n — k()
that pm (1 — 0pm) + pm+10m is comprised between p,, and p,,11, that is to say
between n — 1 — k™ and n — 1 — k(™*D it is clear that the right-hand side
of this equation will always be positive if m = § + 1, and always negative if
m< 66— 1.

From this it follows: 1° that Py,4+14s > 0 if Ps1q > 0; 2° that Ps_1_,, > 0
if Ps_1 > 0. Hence, for Pr(,f ) to be positive for all values of m, it suffices that it

besoform=4§+1,6,6 — 1.
Now, setting in equation (102) m = §, m = ¢ — 1, it will come
P = P = {as = (ps(1 = 05) + pss105)} - (05 — 0511),
PP — PO = {as — (ps—1(1 = 5-1) + psbs—1)} (g5-1 — 05).
But equation (101) gives, for m = 4,
(6) _ 4(9)
P = Ap7,

hence Pé(é) is always positive, and, substituting this value, the two preceding
equations will give, putting é + 1 in place of § in the latter,

P, = {as — ps + 05(ps — ps+1)} - (05 — 0s41) + AY),

PO = {ps — a1 — 05(ps — ps+1)} - (05 — 0541) + A,(a’5+1)~

From these equations one draws (observing that one must have, for PP and

5+1
5+1 .
P[;( + ), positive values),

_ AP
o> L0 g = By,
ps — ps+1 (ps — ps+1)(os — 0541) (103)
~ gy A(5+l)

ps —ps+1 (ps — psy1)(0s — 0s41)
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Now 65 is comprised between 0 and 1; consequently it is necessary that Bs
not exceed unity, and that Cs be positive. Now this is always the case. Indeed
one finds

(9)
a5 — Ps+1 AB
1—Bs= ;
ps — ps+1 (ps — ps+1)(05 — Ts41)
hence 1 — B; is always positive, observing that as > psy1: consequently Bs
cannot exceed unity. Likewise ps > as41; hence Cs is always positive.
The condition

PP >0
is therefore satisfied for every value of § and m; whence results the equation

(©)]
(8)y _ m
gp(k‘ ) = f(pé) + ps W

One will therefore have, as has just been said,
pw—a=vy—A, (104)

which is the least value that ¢ — « can have.

If one supposes that all the coefficients in the functions qqg, q1,...qn_1 are
indeterminate quantities, then Fyz = 1, and consequently A = 0; hence in this
case

h—a=". (105)

This is what generally happens, for it is only for functions of a particular
form that the number A has a value greater than zero.

In the foregoing we have supposed that all the coefficients in qg, g1, ... Gn—1
were indeterminate, except those determined by the condition that r have as
a divisor the function Fyz. In this case one always has, as we supposed above
(87),

PR 1) = ok +2) = - = p(k)

and consequently

by — {n/// (f(pr) + prov) + "1 (f(p2) + p2o2) + - (106)

+n(& & (f(pe) + peoe) .

This is the value of hr in general. Let us now suppose that the quantities
a,a’,a”’,... are not all indeterminate, but that a certain number of them are
determined by the condition that the value of hr be A’ units smaller than the
preceding value. In general, a number A’ of the quantities a,a’,a”,... will be
determined by this condition, and then p — a does not change value; but it
is possible that, for functions of a particular form, the condition in question
entails only a smaller number of distinct equations among a,a’,a”, . ... Let this
number, then, be A" — B; the value of u — a becomes

(n=A") = (a— (A= B)) - 4,
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that is to say
uw—a=v—A—B. (107)

8]
To give an example of the application of the preceding theory, let us suppose
that n = 13, so that y is determined by the equation

po + p1y + p2y® + p3y® + pay* + psy® + pey®
0=1  +pry” +psy® +poy® + proy'® + pr1y't + pray'?
+y'3,
and
0y = qo + 1y + qoy* + -+ + qu2y™.

Let us suppose that the degrees of the integral functions

Po,P1,P2,P3,P4,P5,DP6,P7, P85 P9, P10, P11, P12,

are respectively
2,3,2,3,4,5,3,4,2,3,4,1, 1.

First, one must seek the values of hy/, hy”, ... hy*®). Now, for this, it suffices
to set, in the proposed equation,

y:A~$m,

and then determine A and m so that the equation is satisfied for x = a.
One will obtain the equation

- AL g13m L Bl A2 p12mal g AL p1lmdl g 410 10metd
- 4t BQA2x2m+2 + B Az™t5 4 BQIL'Z.

For it to be satisfied, a certain number of the exponents must be equal and
at the same time greater than the others, and the sum of the corresponding
terms must be equal to zero.

Now one finds that, on setting

4
1° 13m = 10m + 4, whence m = 3’ the two exponents 13m, 10m + 4 will be

the greatest;
1
2° 10m + 4 = 5m + 5, whence m = 5 10m + 4, 5m + 5;

1
3° 5m+5:m+3,whencem:—§,5m+5,m+3,

4° m+ 3 =2, whence m = -1, m + 3, 2.
One has, then, i
Yy = Axé,...Al?’ +B10A10 :0,
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m/

hence A = —/Byg and hy' = hy” = hy'' = —

4 )
‘u/zgan:17

Yy = A.’E%, .. B10A10 + B5A5 = 0,
hence A = —¢ B—s and hy" = hyY = hy¥' = hy"" = hy"!' = mo_

y=Az"7,...B5A% + BiA =0,
Bl ix x xi xii m”/ -1
hence A = i/g and hy™ = hy* = hy™ = hy™' = i =5

y=Az"' ...BiA+ By =0,
B, iv .
hence A = —B—O and hy*" = m— =-1,nV=1.

1v
1
Having thus found the values of the numbers m/, u/, n/,m”, p” ;0" ,m" " n'"

one will have

kl — ’I?,/,U,/ — 3, k// — nlul + TLHMH — 8, k/// — n/ul + n//M// + n/NIJ:N/ — 127
kiv — n/‘u/ + n//ﬂ// + n///u/// 4 nivuiv =13 =n
Now, the number p; must be comprised between n — 1 and n — k’, pa between
n—k"—1 and n—k”, etc.; hence one will find for these quantities the following
values:

p1L = 12,11, 10, P2 =9,8,7,6,5, P3 :473;2717 P4:0

Knowing p1, p2, p3, p4, one will have A/B’ Ag, Ag’, A;};’ by equation (92); then
01, 63,03, 04 by equations (103); f(p2), f(ps), f(ps) by equation (98); and finally
£(0), £(1), £(2),... f(12) by equation (92).

The value of «, which is always the same, becomes, by equation (88) and
the relation v =~ —n +1,

-1 -1
pa (22 s pagn) 22
2 2
5-1 5-1
1-1- | —+4+1 1. —
o ( S tAtL) 1
T +2- (1) Aol ) e 22t
2 2 7’
1-1 1-1
1-(-1) - [—=)+1-—— —13+1
+1-(-1) 3 )+ 5 3+1,
that is to say, reducing,
v =38.
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In order to be able to determine numerically the values of a and p, let us
suppose, for example,

plzllu p2:67 p3:47 p4:0

Then equation (92) will give the following:

f(12) = f(11) — 2 — A}, hence Aj =2, f(12) = f(11) — 2
f(10) = f(11) + 2 — A}, hence Ay =%, f(10) = f(11) +1
f(9)=f(6) — 2 — Ay, hence Ay =2, f(9)=f(6)—1
F(8)=f(6)— 2 — A}, hence Af =2, f(8)=f(6)—1
f(7)=f(6) — 5 — A§, hence Ay =, f(7)=f(6)~1
f(5) = f(6)+ 5 — A7, hence A7 =, f(5) = f(6)
fB)=f(4)— 35— Ay, hence Af' =3, [f(3)=f(4) -1
f(2)=f(4) —1— Ay, hence Ay =0, f(2)=f(4) -1
f)=f(4)— 35— A7, hence Af] =3, f(1)=f(4) -2

To find now f(0), f(4), f(6), f(11), one must seek the limits of 61, 02,03, 04.
Now equations (103), which determine these limits, give

11— 34
91>T1—1—7ﬂ, whence 6; > =2 — 2; 0; +— 1,
11 —ay 345 2 6 3 9
! 17 Whemee b <5 -5 55
4_ 12, q. 6_ 3
5 517’ 0 5 57"
It follows from this that

12 28
0 —, 0 —.
178 g5

One finds in the same manner
02>%, 0y <1, 63>0, 03<]1.
Now equation (97) gives
Flom) = F(pm—-1) > (Pm—-1 = pm) (O—10m—1 + (1 = 05, _1)om)

flpm) = f(pm-1) < (Pm—1— pm) (einflo'mfl + (1 - ;nfl)o'm)

where 0/ _; is the smallest and 6/, _; the greatest value of 6,,_1; hence one will
find, setting,
m=2,3,4,
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FO) —fA)>5-(g-5+(1-g)-3); (=1+8)
fO) - fA1) <5-(F-5+(1-%)3): (=2+3%)
fO-fO)>2-(3-5-(1-3)3): (=-1)
f@—f6)<2-(1-1-(1-1)-3); (=%
FO) = f4)>4-(0-(=5) +(1-0)-(=1)); (=-4)

fO) = f4)<4-(1-(=3) + (A -1)-(-1));

hence one will have, for f(6) — f(11), f(4) — f(6), £(0)

values:
f(6) = f(11) =2, f(4) = f(6) =0, [f(0)—f(4)=—4,-3,-2;

whence

f(4), the following

f6) =) +2, f(4)=fA1)+2, f(0)=f(11) -2,

f(2) = A1) =2, f(10)=fA)+1, f(9) = (A1) +1,
f8)=r1)+1

f(O=rA0)+1, f(5) =fO1D)+2, fB3)=/f(11)+1,
f2)=ra1)+1
f(1) =f(11)

Expressing, then, all these quantities by f(12), one sees that the functions
q12, 411, q10, - - - Qo are respectively of the following degrees

(12) (1)  (10)  (9) (8) (7) (6) (5) (4)
0, 0+2, 0+3, 0+3, 0+3, 0+3, 0+4, 0+4, 0+4,

B 2 O (0)
O+3, 0+3, 0+2, (0+2,0+1,0),

where 0 is the degree of the function ¢i2. The function gy can be of three
different degrees 6,0 + 1,0 + 2. From this it follows that

a=FfO0)+fQ)+ -+ f12) +12=130+48, 130+47, 130+ 46,

and
1

m/ m
p=n'tt (f(m) +m u’) +n " (f(pz) +p2 u”)

+ "1 f( )Jr m7m 4 iv iv f( )+ miv
nop p3) T P3 o n-p P4) T P4 L

=3(f(11)+11-3) +5-(f(6)+6-1)+4(f(4)—4-3)+1-(f(0)—0);
that is to say,
p=130+86, 136+85, 1360+ 84.

The value of 4 — a will therefore become
u—oa =38,

as we found above for the value of ~.
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[9]
By equations (92) and (98) established previously, one will have the values of all
the quantities f(0), f(1), f(2)... f(n — 1), expressed in the following manner:

fm) = f(p1) + My, (108)

where M, is independent of f(p1). This latter quantity is entirely arbitrary.
The number of the coefficients in qg, g1, ¢2 . . . g,—1 will therefore be equal to

nf(p1)+M0+M1+M2+-~-Mn_1; (109)

but «a, or the number of the indeterminate quantities a,a’,a”, ..., is equal to the
number of the coefficients already mentioned, diminished by a certain number.
One will therefore have

o =nflp)+ M, (110)

where M is independent of f(p1).

From this it follows that one can take a as large as one wishes, the number
@ — « always remaining the same.

Equation (74) therefore puts us in a position to express a sum of any number
whatever of given functions, of the form (x), by a sum of a determined number
of functions. This latter number can always be supposed equal to 7, which, in
general, will be its smallest value.

From formula (74) one can deduce another which is still more general, and

of which it is a particular case.
Indeed, let

P1 ($1)+¢2($2)+' : 'JFU’O&(*TDA) = 97[7/}0&1(%&—0—1) =+ wa+2(za+2) +ot %(Zﬂu)]),
111
() + iy (@n) + -+ o (ah) =

V' = [ 1 (@) + Voo (T o) + - + Vi (l’;y)} )

where 7,1}, ... are functions similar to 91,9, ...
Let us suppose, which is permitted, that

/o / _ / — / —
:Co/ —{,CM, :EO/71 —xﬂfl, xa/72—$#727...xa/7#+a+1 —$a+1,

and

7/’1/)/@/0/) = Yu(@p), wla’fl(x:x’fl) =Yu1(Tp-1);- .-
w(/x’—u+a+1(x:)/—u+a+1) = wa-l-l (xa+1);

the preceding equations will give

_ {¢1($1)+¢2($2)+"'+¢a(1‘a) _

71/}1 (‘rll) - 1/’5@’2) - w(lx’—u+a(x::t’—u+o¢)

V=0 g (@h ) o (a);
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hence, putting V in place of v — v’, @’ in place of o' — u + a,

12 12 /a ! ! !
1,0y, ... Yy 1nplaceofz/;a,+1,1/1a,+2,...z/)u,,

1 " /e / / /
Ty, Ty, ... 7} in place of Ty 1, Toryo,. . T

w'
and finally k in place of u' — o/, it will come
V1) +a(@2) + -+ al@a) — Y1 (21) — Pa(ah) — - — Pl (25)
=V +91(@f) + 5 (23) + v5 (25) + -+ + ¥ (a%). (112)

The number k, which is equal to ¢/ — o/, is independent of o and ', which
are arbitrary numbers.
If one supposes

Ty =c, wH=co, ...T}=cp, (113)
c1,Ca, . .. c; being constants, then formula (112) becomes

Ur(zn) +¢ha(22) +- -+ 1ha(@a) =¥ () =5 (25) =+ () = C+V; (114)

where a number k of the quantities z1,2,...Zq,... 2}, 25,...2,, are func-
tions of the others, by virtue of equations (113). It is clear that one can take
C1,Ca,. ..k in such a way that C becomes equal to zero.

Let us now suppose that one has, in the preceding formula,

x1:x2:1’3:...:x61 :Zl

Teg41 = Ty 42 = Teg 43 = = Tegyey — 21,

Teitea+1l = Teytea+2 = " " = Leyteatez — 22y

Ta—em+1l = La—epm+2 = " = Lo = Zm, (115)
Yr=vPr=- =1t =m

¢61+1 = 1/)€1+2 == 1p€1+62 = T2

Verteatl = Yerteat2 = = Ve 4eates = T3,

wafem = wafsm = Pq = Tpm;

so that
a=¢&1+ex+ - +Em.

Let us suppose the same things with respect to the quantities ', x5, ... 7, ¢4, . ..

priming the letters €1,¢9,...6m, 21,22, ... 2Zm, W1, T2, ... Ty, and m. Then for-
mula (114) becomes:

_ {517T1(Z1) + eoma(22) + €3m3(23) + -+ + EmTim (2m) — €171 (21) (116)

—eamy(2) -+ = €0 T (20)
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where a number k of the functions m(21),m2(22),... 7 (21),... depend on the
forms and values of the others.

Dividing both sides of this equation by any number A whatever and denoting
the rational numbers

€1 €2 Em &) &) e,

ZaZa"'Ia_Z7_Za"'_ Aa
by hi, ho, hs, ... hs, and putting v in place of 7, z in place of z, and v in place
of %, it will come:
har(z1) + hata(z2) + - + hatha(za) = 0, (117)

where it is clear that hq, hs, ... h, can be any rational numbers whatever, posi-
tive or negative.

Observing that k of the quantities x1,zo,. ..z, are determined as functions
of the others, one can write this formula as follows:

hitpy(w1) + hotpo(w2) + - + Rt (T1m)

= v+ k1) (27) + kathp(x5) + -+ + kb (2,), (118)
h17h27~-~hma klak2a"'kk7

being any rational numbers whatever;
L1, L2y...Lym,

being indeterminate quantities, arbitrary in number;
Ty, xh, ... 1),

being functions of these quantities, which can be found algebraically, and &k
being a number independent of m.
If one takes, for example,

ky=ky=--- =k =1,
one will have the formula
hahi(z1) + hotbo(22) + - + hip ¥ ()
= v+ () + ¢p(ag) + -+ Pp(al). (119)

[10]

Having thus, in the foregoing, considered functions in general, I shall now apply
the theory to a class of functions that deserve particular attention. These are
the functions of the form

/f(x, y) dz, (120)
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where y is given by the equation
xX(y) =y" +po = 0; (121)
po being an integral function of z. Whatever the integral function py may be,
one can always suppose
—po=""72"75" L, (122)

where pi1, 1o, . . . [l are positive integers, and 1,7z, . . . V¢ integral functions hav-
ing no equal factors.

Substituting this expression for —pg into equation (121), one will draw from
it the value of y, namely:

H1 B2 K3 pe

Y=7" " 5" Ve (123)

If one denotes this value of y by R, and by 1,w,w?,...w" ! the n roots of
the equation w™ — 1 = 0, the n values of y will be

R,wR,w*R,w*R, .. .w" 'R, (124)

one will have, consequently,

v=0(y)0y")... H(y("))
=(go+q@R+q@R*+ g, 1 R"1)x
x(qo Fwr R+ w? @R+ -+ w" g1 R" 1) x
x(go + W@ R+ w*@R* + -+ w?" 2¢,_1R" ) x
% (go + PP R + SR + -+ w3, R 1)

since:
0y =qo+ @R+ @R+ + g R",

0y" = qo + wp R+ W’ @R* + - +w" g1 RV,

0y = qo + W@ R+ w'eR? + - +w 2q, R"T
etc., ete. (126)
That being posed, let
fl (l‘, y)
T,Y) = —— 127
fz,y) Rm— (127)

and let us suppose

fl(xvy) = nf3l. : yn—m—l’
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where for and f3x are two integral functions of x; then one will have, by virtue
n—1

of the equation x(y) = y™ + po, which gives x'y = ny™ !,

_
whence f J
o 32 - AT
Y(x) = oz (129)

Any one whatever of the values of y is of the form w® - R, hence

fax - dx
Rmfgx '

() = w (130)

-d
Denoting, then, by () the function / J;;if 57 all the functions ¢ (x), ¥a(x) ... Y, ()
2

will be of the form w™™ - ¢(z).
Let there be, then,

i) = w g (x), Po(@) =W (2), () = w (), (131)

where oz d
- 3L - AT
Now equations (38) give, for p(x) and ¢;(x), the following expressions:
fsz fox [
T)=% log By, )= DY log By,
o(z) For - y™ gby, ¢1(x) 9;1/)1' ym guy
that is to say
_ fzx _ logly e fzx  logfy
Pr = - % y  P1T = - )
fox — ym o)z ym
where it is clear that
> logfy _ log0R i log 6(wR) e log (w™'R)

ym Rm w Rm Rm !
or else

5 logy 1 [ logf(R)+w "logf(wR) + w2 log O(w?R)+
ym ~ Rm cee w—(n—l)m loga(wn—lR) .

Setting, then, for brevity,

faz log(R) +w™™ - log §(wR) + w™2™ -log O(w?R)+
Pa(r) = -

Rm 4w (Dm0 O R) } , (132)
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one will have
f 2T

P2x
(p(x) = 901(1:) = 0
0, x

o fex”

Formula (41) will therefore become

P2 (133)

WM (1) + wT M P(wg) + -+ wT M P(y)

Do At | oo
=C—-II—+%v . 134
fo 1 { 0" e

The equations

O(y1) =0, 6O(y2)=0,...0(y,) =0,

which hold among the quantities a,a’,a”,...z1,22,... 24, y1,Y2, ... Yu, can, in
the cases we are considering, be written as follows:

O(r1,w" Ry) =0, O(z2,w?Ry) =0, 0O(z3,w?R3)=0,

. 0(zy,wR,) =0,

where
1

0(z,y) = qo + q1y + gay° + -+ gu_1y" ",
and Ri, Ro, R3, ... R, denote the values of R for © = z1,22,%3,...2,.
That being posed, let us suppose first that all the coefficients in qg, q1, . . . gn_1
are indeterminate quantities, so that the number of the quantities a,a’,a”, ...
would be

a=hg+hq +hg+-+hgn1+n—1, (135)
and let us seek the smallest value of p — a.
Since all the functions y/,y”,y"”,...y™ are of the same degree, one will
have ,
hy’ — hy// — hy/// - = hy(n) _ %7
consequently,

Equation (92) therefore gives:

fm) = f(p1) + (pr —m) - — — Ay, (136)

where m is any integer whatever from zero to n — 1, and A} a positive quantity
less than unity.
One has likewise, by (106),



hence
p=mnf(p1) +n'm'p (137)
and, by equation (62), the value of 7, which will be that of u — «, namely:

'm! — 1 r11
ufa:fy:n’u'-nm —n’~m+ +1, (138)
2 2
or else, observing that n = n’y’, n’'m’ = nhR.
1 /
poa=y="" nhR— 2 (139)
This is the least value of y — a when all the quantities a,a’,a”, ... are in-

determinate; but in the case that occupies us, one can make this number much
smaller by suitably determining some of the quantities a,a’,a” ...

Let us denote, for brevity, by FA the greatest integer contained in any
number A whatever, and by €A the remainder; one will have:

A=EA+eA, (140)

where it is clear that €A is positive and smaller than unity.
That being posed, let

2 1
Hm - E Hm +E Hm +E glfé’m 4.+ E (Tl )M’rn (141)
n n n n
and - o
bmr = O — B (72— 2m) (142)
n n

where m is any one whatever of the numbers 1,2,3,...¢; 7 one of the numbers
0,1,2,...n—1, and a1, as,...a. positive integers.

Let us suppose:

S1m  Oon
e =Vn v " ...fyga’”, (143)

v, being an integral function of x.
From this one draws

T L 45y .  TE2465 o TLE 40,
In - R" = vz V2 Ve ;
now,
T m, T hm T, 7))
7+6m,ﬂ:7+0m_E(7_7 s
n n n n

E(%_%)_W_%_s(wﬂ)
n n n
hence, substituting:

TEm o S = Oy + o g THm — O, (144)
n n n
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setting, then, for brevity,

T lm — Qm

€- T = kmx, (145)
one will have
7 014+5L 0452 0. +2= kix _kox o
GRT =vry T e T X T ke (146)
or else, setting
k ™ k T k s T e, T —
Nt ke = RO, (147)

1+3 6.+52 0-+5=
e Ye

Yy 0 T
4= R" = vr gb) - R(™. (148)

From this it is evident that one will have
Qo+ @R+ @R+ +¢:R" 4+ ¢ 1R

- {U()R(O) + 0 RY +0,R® oy, R 4y vn_lRW*l)}

01+5L 6422 0.+5=
XM Yt e "3 (149)

and in general (126)
0y = qo+w @R+ w* @R+ +wl" Vg, R

= {UQR(O) +wr RY + w0 R®) 4. 4 w("fl)evn_lR("fl)}

01+5L 642 0.+5=
G M S (150)

Let, for brevity,
0RO + wev  RM 4+ w¥u, R® 4 ..o = Vey,  ROTD = ¢/ (z,e)  (151)

it is clear that
=0y -0y" ... 0y" =

=0'(2,0)-0'(x,1)-0'(2,2)...0' (x,n — 1) - 401 FTer  qnbetoz - nbetac. (159)

hence, supposing that all the coefficients in v, v1,...v,_1 are indeterminate
quantities, one will have:

Fox = ,YILGH-M . ,yg@z-l-az o ,Y;LHEJraa? (153)

Fr=0"(2,0)-0(z,1)-0'(2,2)...0'(z,n —1).

Now equation (19) gives, substituting the values of fi(z,y) = nfzz-y" ™!
n—1

and of x'y = ny™ 1, ; 56
Rx:Eﬁ'r- y;
(z) s oy
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now, by equation (150),

§0y'© 50’ (x,e)
gy 0'(x,e)

hence, substituting and putting in place of r its value
r = Fyx - Fux,

B fsx Fx-60'(x,e)
Rla) = For X G e)

where

now, one has by (123)

hence m mpy muyg Emaie mupy o mH2 e mie
— n n n
yo=7 " v e X " V2 e e
setting, then, for brevity
sy g g

and then setting:

mpy s e
fax=fr-y " 7 - e
one will have
fzx  fx
ym - Sm’

hence
f3x —em [z
W « T gm

and consequently the value of R(x) becomes

fx - Fox —em Fx ,
- — . E - =
R(x) o w 7o) 36’ (z, e)

Fz , _ Fx , o Fx

Fox - fx 0'(z,0) 60'(z,0) + w 0'(z, 1)59 (z,1) +w 0'(z,2)
s I O L A 77/ _

+w 0’(33,71—1)69 (x,n—1)

Now it is clear that P
z /
7(.0) 86’ (x,0),
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(155)

(156)

(157)

(158)

50 (2,2) + - - -



which is equal to (153)
0 (x,1)-0'(2,2)...0 (z,n —1)-60'(x,0)

and consequently an integral function of z, and of R, R . R can be
put in the form

Mo + Mysy + Masay + -+ Mpsm + -+ Mp_18n-1

where My, My, ... M,_1 are integral functions of z.
From this it follows that the function R(z), which must be an integer func-
tion, will be equal to
nkyzx - fx - My,.

The function Fyx is therefore a factor of R(x), and consequently
R(z) = Fy(x) - R1(x). (159)

From this it is clear, by virtue of equations (23), (25) and (35), that one will
have
Fox=1 6iz= four. (160)

That being posed, the value (132) of po(z) becomes, putting fz in place
s

m

of %, substituting the values of §(R),0(wR), etc., given by equation (150),

observing that
1+ w ™ +w72m 4. _"_wf(nfl)m —0.

(z) = fz [ logt'(x,0) +w " logf'(z, 1) + w2 log 0’ (x,2) + - - -
= w00 0 (2,0 — 1)
(161)
and the values (133) of ¢(z) and ¢;(x),
P2(x) Pa(x)
x) = ——=, x) =
o() ot p1() fz(y)fr
and consequently formula (134)
WA (x1) w2 Y(xe) + - Fw Y () =
v—1
fax dpgr=1 | g

one has
fox = (x—B1)" (x — B2)?...(x — Br)" .

It remains for us to find the value of g and the number of the indeterminate
quantities; now, one has by equation (153)

hFox = (nfy + a1)hyr + (nbs + ag)hye + - -+ + (nbe + ac)hye; (163)
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but
hr =nf(p1) +n'm’pi;

hence
p=nf(p1)+n'm'pr—{(nb + ar)hy + (nb + az)hyz + - + (nb: + ac)hy:} ;

now
n'm’ :n-hR:n(ﬂh'yl Ny A &h%)
n n n

= phyy + pohye 4 -+ pehoe,

hence, substituting

_ Jnf(p1) + (papr — nby — an)hm (164)
+(p2p1 —nbs — ag)hye + -+ - + (pepr — nbe — ) hye
Now equation (143) gives
hQﬂ' = f(ﬂ) = 61,7rh'71 + 62,7rh'72 + -+ 55,71']7‘75 + hv?‘ﬁ (165)

hence, writing p in place of p;
= nhv, + {ndr, —nb1 + ppu1 — a1} hyr + {ndar — nba + ppo — as} hys + -
but by virtue of (144) one will have

-«
N0m,p — MWm + Plim — Oy, = NE %#7

hence

PH1

= nhv,,—i—ns ;al.hfyl_l’_n&— PH2 — Q2 ‘hyg+---+ne M.h%. (166)
n n n

Let us now seek the value of «, or the number of the indeterminates.
One has
a = hvg+ hvy + hvg + -+ hv,_1+n—1,

hence, by virtue of (165)

hgo +hgi +hge + -+ hgp_1 +n—1
—{d10+011+d12+ - +1n-1} I
a=4q—{d0+d21+d2+ - +dn_1} hy (167)

- {65,0 + 65,1 + 55,2 +oF 557n_1} : h’yg.
One has, according to (136) and (85)

hgo +hgr + -+ hgp—1 =
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/
nhqp+{p+(,o—1>+---+(p—n+1>}%—{A6+A’1+~-~+A;71}:

n(n — 1)} m' (4 — 1)

2 [ 2

n{hv, + 61, phy1 + 02 phys + - - + 6g7ph%}—|—{np —
and according to (142)

Om, 0+ 0m1+ -+ 0mn_1=nb0p—

—tm m — “m Qm* m -1 m — “m
{E O | phHm = Om g MmO g (0 DHm = A } (169)
n n n n

Denoting the right-hand side by

nbl,, — P,
one will have
—Om m — Ym 2m_ m —1 m — Qm
L Hm = O 2 — O +(n o, —
Pm = T —am am (n—1) —a
_{5 moHm O fim m}
n n n

now, the sequence

E_am +€/J/m_am +”.+E(n_1)/fém_am
n n n
will contain k,, times the following
0 1 2 Ny — 1
—+—+— 4+ =
N M N N
if one supposes
/
Bm _ Hm and n = k,,nm,
n N
and
Om, = Em, * b, (170)
€m being an integer.
The sum in question will therefore be
N — 1
km m2
and consequently
n—1 N, — 1
P =—apy+ 9 Hm — m2 'km7

setting a,,, = 0, one will have, according to (141)

n—1 Ny, — 1
em: D) Hm —
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from this it follows:
5m,0 + 6’m,1 + -+ 5m,n—2 = Fau;, + (n - 1)9m7
the value of o will therefore become

nhv, +{né1, —a1 — (n —1)01} hma
+ {n521p — Qg — (TL — 1)92} h")/Q s

o =
n'(p —1) nn—1)] m
Jrnflf#Jr - — 5 ?
now
ném’p—am_nem:ng.w_p’um’ TL///:TL
n
and
m’ 1
V =hR = ﬁ(mh% + pohye + -+ + pchye)

hence, substituting

-« n—1
nhvp—&—{napmnl—&—el—2-ul}h’yl

- 1
o = +{n€M+92n2 MQ}h’YQ+etC...~
n

— -1
_.+{nEM+9€_nQMg}h%_1+n—;n,

n

but we have seen that

n—1 Ny, — 1 n—1 n—kn,
Om = 2 Hm — by = Hm —

hence

2

- —k
a= +{nap“2 O‘z—n22}fm+--- (171)
n

_ "k /
ot nspue Qe 1 c h*ye—1+n+n.
n 2 2

- —k
nhv, + {ns pl—on T ! } hvy1
n

Having thus found the values of 1 and «, one will have that of 1 — «, namely:

n—=~k n—=k n—=~k
,u—oz:< 21)h71+( 22>h72+( 23)h73+---

—k /
~+(n25>h%+1n2+n—0, (172)

1 — « is therefore, as one sees, independent of p and aq, as, s, ... ..
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By virtue of equations (145) and (147), it is clear that one will also have
= nhv, +nhR® (173)

o = nhv, + nhR¥ — 9. (174)

The quantities hvg, hvy, ... hv,—1 can be expressed in terms of hv, by means

of equations (136) and (165).

One has
f(m) = 51,mh71 + 52,mh'72 +--+ 6a,mh'}/a + hvy,
f(p) = 61,phy1 + 02, phy2 + - - + ¢ phye + ho,
and
m’ ,
f(m) =f(P)+(P—m)'7—Am;

hence, eliminating f(m) and f(p),

/

hvp + (p —m) % + (01,0 = 61,m) - hy1 + (02, — G2,m) - hy2 + -+

hvy, =
ot (0ep = Ocm) - hye — AL,

Now,
li

m 1
— = = (mhm + pehya + - + pehye),
1 n

and by (142)

5k,pf5k7m:9ka<%f%)f{gka%f%}
) n n

— m —
n n n

k
e by b
hence, substituting and reducing

S hv, + (k1,p — k1m) oy + (k2,p — ko,m)hye + -
" +(k€,p - kfle,m)h’ys - A;nn

that is to say, observing that A/ is positive and smaller than unity,

(k1,p — k1m)hyr + (k2,p — ko,m)hy2 + - }
hvy, = hv, + E P ' P ’ . 175
" K { +(k6,p - ke,m)h’Ys ( )
According to equation (147), which gives the value of R one can also
write
R
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That being posed, let

Lo+l = 21y, Ta+2 =22, La43 = 23,.--Ty—1 = 20-1, Ty = 20, (177)
€at+1 = €1, €ay2=¢E2, €q43 =E3,...€4-1=¢Ep-1, €y = E&yp,
and, for brevity,
—€ —&
W =w,, w =, (178)
Formula (134) becomes, putting s,,(z) in place of s,,, and (¢) in place
Sm (T

of o,

wi' - p(x) +wy'P(w2) + - Fwi(wa) + 1" P(21) + 75 P (22) + - + 7w ()

g fTp a! fB-¢B
=C-1I (@) - for + v QT {sm(ﬁ) . fé”)ﬂ} . (179)
In this formula one has
_ fr-dx
YO | st s0)

where fz is any integral function whatever, and
fgl‘ = A(x — ﬂl)yl (J,‘ — 52)”2 .

The quantities x1,x2,...x, are independent variables: wq,ws,...w, any
roots whatever of the equation

wt—1=0.
The functions z1, 23, ... z¢ are the 6 roots of the equation

0'(2,0)-0'(2,1)-0'(2,2)...6(2,n—1)

(z—z1)(z —22)(z —x3) ... (2 — xqa)

= 0. (181)

The quantities a,a’,d’,... are determined by the a equations
0 (z1,e1) =0, 0 (z2,e2) =0, 60 (z3,e3)=0,...0(za,eq)=0; (182)
and the numbers €1, €5, ...y by the 6 equations
0 (z1,61) =0, 0'(22,82) =0, 0 (23,63)=0,...0(29,29) = 0. (183)
The function &’(x,e) is given by the equation
0 (x,e) = v - RO 4 weu; RY 4 w20, R?) .o 4 =Dy, RP=1), (184)
and the function gz by

o(x) =log b (z,0) +w ™log ' (x,1) + w > log ' (2,2) + - - -
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+w™ UM o0 ¢ (2, n — 1). (185)

If the functions vg,v1,...v,—1 are determined according to equation (175),
the quantities 0, u and « will have the values given to them by equations (172),
(173), (174), and in this same case the value of y — «, or the number of the
dependent functions, is the smallest possible. But if the functions vg, vy, ... vn_1
have arbitrary forms, then one always has

0=p—a, p=h-{0(0) 0(z,1)-0(x,2)...0'(x,n—1)} (186)

a, or the number of the indeterminates a,a’,a”,..., is arbitrary, but its value
cannot exceed the number

hvg + hvy + hvg + -+ -+ hvp,_1 +n — 1,

or that of the coefficients in vg, v, ...v,_1 minus one.
As particular cases one must note the following: 1° When fox = (z — §)”.
Then formula (179) becomes, setting, for brevity,

Wi (1) +wg"(x2) + -+ W P(Ta) = Xwm (),
T P(21) + 7P (22) + -+ T P (20) = B h(2),

foepr 1 a! {fﬂ-wﬁ}
sm(z) - (x =) Tw) dB"=1 | sm(B)

B fx-dx )
via) = [ e ot

Swm(z) + Ta"Y(z) = C — 11

and

2° When for =z — f3,
fa - px fB-eB

Yw™p(x) +Xa™Y(z) =C - 11 + , 188
¥(@) + Bn(e) @@= B) " 5l (s
where food
x-dr
)= [ —————;
0= [ 5
3° When foxr = 1.
Then one will have the formula
S m(z) 4 S (z) = C — 2P (189)
sm ()
. fropx | fr-pxr |
If the degree of the function is less than —1, then II will
sm () sm()
vanish, and one will have
Swm(z) + Ta"Y(z) = C. (190)
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According to the value of ¢(x), it is clear that the degree of the function

Jx- cpx’ or the number h Jz- cpx’ is always an integer; now, ¢z is of degree zero
$m () $m ()
in general, and cannot be of a higher degree, hence h T (cp;n cannot exceed the
Sm(x
greatest integer contained in h fEE)’ that is to say, according to the notation
Sm (@
adopted, one will have in general
RITP < g T < pihfa) + B{—hsm(2)} < hfz+ E{—hsm(z)}
Sm (.’L‘) = Sm(l‘) = m = m .
If, then,
hfx £ —E(—hsp(x)) — 2, (191)
fa-px

the number A will always be less than —unity, and consequently formula

Sm ()

(190) will hold.
The determination of the function (), which depends on that of the quan-
tities a,a’,a”, etc., is in general fairly long; but there is a case in which one
can determine this function in a fairly simple manner; it is the one where one

supposes

0'(x,0) = v,RY + Rt (192)
Indeed, setting
R(#1)
v = 0(x), RO 01(x), (193)

the equations
0 (z1,e1) =0, O (z2,e2) =0,...0 (za,eq) =0
can be written as follows,
O(z1) = Wi 701 (1), O(z2) = Wi 01 (22),...0(za) = Wi 101 (20).  (194)

Supposing now that all the coefficients in §(z) are indeterminate quantities,
the function 6(x) will be of degree o — 1; it is therefore a matter of finding an
integral function of = of degree a — 1 which, for the a particular values of z:
T1,T2,...Tq, Will have the o corresponding values

WO (1), WE T (), .. w0 (224).
Now, as is known, the function #(x) will then have the following value;

(x — ) (x —2x3)... (T — o)

(x1 — x2) (11 — 23) ... (71 — T0or) w0 (1)

0(x) =

(x—z)(z—23)...(r —z4)

(a?2 - ml)(ffs — CCs) co(xg — xa) cwpt Tt O1(x2) + - (195)
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(x—z1)(x —29) ... (T —x(o1)
(o0 —21)(Ta — 22) .. . (T — T—1)

W0 (24).

Denoting this function by ¢’(z), the most general function that can satisfy
equations (194) will be

O(z) =0"(z) + (x —x1)(x —22) ... (x — z4) - 0" (2); (196)

0" (x) being any integral function whatever.
Having thus determined 6(z), one will have 6(x, m), according to the equa-
tion

0(z,m) = w'™ - 0(x) - RY + ™ R, (197)
and the function ¢(x) by equation (185).
-d
In the foregoing we have set forth what concerns the functions Jr-d in
2 Sm

general, whatever the form of the function s,,.

Let us now consider some particular cases:

A. Let first n = 1.

In this case, the number of the functions sg, s1, o, . .. $;n_1 re- duces to unity,
that is to say one will have only the function sy, which, according to equation
(156), reduces to unity.

One will therefore have

so =1, ¢(5U):/fxfzjx

Equation (147) gives R(®Y) = 1, and equation (184)

0'(x,0) = vy - RO = vy (x);
one will then have the function ¢(z) by (185), namely:
p(x) = logvo ().
Equations (182), which will determine
T1, T2, ... Tas

will be
vo(x1) =0, vo(z2) =0,...v9(xa) =0, (198)

and the one that gives z1, 29, . . . 29,

vo(2)

(z—z1)(z—22)...(2 — 2a) =0 (199)

That being posed, the general formula (179) becomes, observing that m = 0,

Y1) + P(@2) + -+ P(wa) +9(21) + ¢(22) + - +9(20)
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du—l
:C—H;:Elogvo(x)—&-Zycwy_l{‘éfﬁlogvo(ﬁ)}. (200)

Equations (198) and (199) give
vo(z) = alx —x1)(x —x2)(x —23) ... (x —x4) - (x — 21)( — 22) ... (x — 29p).

According to equation (172) it is clear that one can set § = 0. Then one will
have, setting at the same time v =1,

C-1I Sz {loga + log(x — x1) 4+ log(x — x2) + -+ - + log(z — z4)}
Sip(a) = s
+Xv f—ﬁ {loga + log(8 — x1) +log(8 — x2) + -+ - +1og(f — z4)} .
2

Setting o = 1, it will come

fr-dr fx a1 fB
/ Fr C-1I e log(z — x1) + Xv a5 {fz(”)ﬁ log(B — a:l)} , (201)

a formula which is easy to verify. It gives, as one sees, the integral of any
rational differential whatever. L.

B. Let, in the second place, n =2, R=v7 - 75, a1 =1, g = 0.

In this case one will have

1 1 1
so=1, s1=(n7r)?, RY =97, RY =197,

1 1 1 1
0 (2,0) = voyE +v1vg, 0'(z,1) =voyE —vn1yg, w=—L1.
The function ¢(z) will be, setting m = 1,

o(x) =logb(z,0) —logb(z,1) = log (zg’ 2;) ,

hence

1 1
vy +vi1Ys

px = log <1121
VoYY — V175

That being posed, putting vg(z) and v1(x) in place of vg and vy, and setting
71 = Pox, Y2 = P1d,
formula (179) becomes, setting m = 1,
Swip(x) + Emp(z)

CTES QN A (“0@) VB0 F o (a)- ey
far /o o1z vo(z) - \/Pox —vi(z) - \/P1T
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sy T /8 10g< 0(8) - VpoB +v1(B) - Vi1 B
aB=t (8 /aeB 1B \(B) - VeoB —vi(B) - Vi B

where
/ fr-dx
fax - \fpor 1T

The functions vg(x) and vy (z) are determined by the equations:

vo(21)v/Po1 + wivi(x1)/p1x1 =0
vo(22)v/Po2 + wavi(x2)/p1a2 =0, etc.

and 21, 29, ... 29 by equation (181), which becomes

{vo(2)}? - w0z — {v1(2)}? -1z _ 0
(z—z1)(z —22)...(2 — 2q) .

> (202)

(203)

The quantities wy,ws,...w, are all equal to +1 or to —1, and 7y, o, ...y,
which are also of the same form, are determined by

vo(21) * /P021 - vo(22) - v/PoZ2
vlz) veiz 0 ui(z) ez

The smallest value of 6 is found by equation (172), observing that

™ = etc.

one will have
92%'h%-F%'th—%—%(h%-&-hw—n)
where n’ is the greatest common divisor of 2 and h~vy; + he; if, then,
h-(pox - p1z) =2m — 1,

or
h - (pox - 1) = 2m,
one will have for # the same value, namely:

0=m-—1;

as for the values of vy and vy, one will have equation (176), namely: if

()

R
p=1, hvy=hv,+Eh

RO = hvy + E%(hg@lm — hygox);

hence, in the case where

h(pox - p12) =2m — 1,
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hvo = hvy + 3 (herz — hpoa) — &
and in the case where
h(goz - 1) = 2m,
hvg = hvy + 1 (herz — hpoz).
For the values of p and « one will have, according to equations (173) and
(174),
u = 2hvy + hprx
a = 2hvy + hprx —m+1,

if m =1, one has # = 0, hence then:
Swip(z) = v.

In this case: fo-d
x-dz
P(x)= | —F=
f 2w - VR
where R is of the first or second degree.
This integral can therefore be expressed by algebraic and logarithmic func-

tions, as one sees, by setting
por = €or + 00, P17 =17+ 01, for = (x—pB)",

fr=1, wvi(x)=1, wvo(z)=aq,

one will have

X
o = Vet vo(z),

Vv PoT1

hence, substituting and setting w; = 1,

fry - dry
=(C—- 204
/ (CCl —ﬁ)y' \/(501’1 +50)(€1.’E1+51) ( )
I fx 1 V(0w + 80) (121 + 01) + \/(c0w1 + 6o) (12 + 61)
0og
(IL‘ — ﬂ)” . \/(5050 + 50)(€1I’ + 51) \/(601' + 50)(51$1 + 51) — \/(601‘1 + 50)(5113 + 51)
L] dv=t { fB }10g (\/(5054-50)(51331 +01) + /(€18 + 01)(e021 +50>>
L(v) dB*=1 | \/(c0B + 60)(e18 + 61) V(€oB+60)(e1x1 + 61) — /(€18 + 1) (021 + do)
let, for example, v = 0, fx; = 1; one will have, putting z in place of x1:
/ dz oA
\/(602’ + 60)(512’ -+ 51) N
1 ] \/(€0$+50)(€1Z+51)+\/(€1I+§1)(€OZ+50)
0og
\/(on + 50)(6156 + 61) \/(8017 + 50)(612 + 51) — \/(611‘ + 51)(602 + 50)
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-t {2 o flog (YR VAV )
T €0€1 & VEo - VeErz + 01 — /1 - Veoz + dg

hence

log (\/7 \/612’4-(51—1-\/7 \/802—1-(50)
\/Q)Tl \/7 \/612+51 \/7 \/€OZ+5O

If m = 2, one will have 6 = 1.

/ \/(502 +00)(e12 + 01) -

h(pox - p12) = 3 or 4.
In this case one will therefore have
Ywp(xz) =v—m1 - P(21) = wip(z1) + worh(w2) + - - - + wWath(7a), (205)

and the function vz will be an elliptic function. One will have immediately
the value of z; by equation (203).
Indeed, setting

(”OZ)QSOOZ - (U12)2<p1(z) —A+---+B- ZQ—H,

one will have

A
T1-X9...Tn 21 — E(—l)a+1,
hence
A (=)

zZ1 =
B zix0...74

A
it is clear that B is a rational function of x1, 2o, ... 24,

VPOT1,\/P0T2, - -/ P0Tas VP1T1, /172, . -/ P1T0.
Let, for example,
por =1, ©Yix=ap+ a1+ asx? + a3z3, vx =1, voxr=ag+ ox

one will find the equations:

Uo($1) = Wiy P1T1, VT2 = —W24/P1T2,

Xr — X9 — T
’Uo(fc) = —Ww P11 — VP1T2,
xl — X9 —
W1T24/P1T1 — W2T14/P1T2
Qp = w P1T1 Pp1T2 =
T1 — T2
o \/@7 O W2,/P1T2 — W14/P121
1= - 171 122 =
;1:1 — o — X1 Tl — T2
one finds likewise:
2
A=ad—ay, B=-as
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hence
1 (ag— )

zZ1 =
T1T2 (0%}
2 2
1 T3P1T1 + T1PT2 — 2wW1We /P11 - P1T2 - T1T2
a3T1To (1”1 - 1’2)

if one sets
w1 = 1, W = :f:l7

equation (205) will therefore become
(1) £ P(22) = +9(2) + O

fa a1 { B

IT W log(Fx)Xv a5 fé”)ﬁ\/@ lo

g(Fﬂ)} ; (206)

where
W(z) = / fr-dx
fox - Vag + a1z + axx? + agz3’

2
B (z2/0T1 + 21/PT2)” — g1 — 32)?

asz -1 - Ta(21 — x2)

2
pr = ag + a1 + aaxr” + 013.733,

T—x T—x
- VAZA s ! VPT2 + /0T
Fp= X1~ 22 L2 — I
Xr — T2 xr — I ’
- VP F VBT — \/PT
xr1 — To T2 — T1
or else
VP VP2 Vv PT
+ +
oo (x1 —x)(x1 —x2) (w2 —2)(®2 — 1) (2 —21) (T — 22)

VPT1 + \VPL2 _

(1 —z)(x1 —22) (T2 —7)(T2 —71) (T —71)(T — 72)

For foxr =x — B, fr =1, one has

E

V(1) £Y(z2) = £(2) + C +

log(FB), where ¢($)=/(m_(§;j\/@

1
VeB
and for foxr =1, fr =1,

dz
N

Let again m = 3; one will have § = 2, and h(poz - ¢12) =5 or 6.
In this case, then, one has

Y(x1) £(xe) = £Y(2) + C, where ¢(x) =

[ fx-dx

Y(z) = m7
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where R is a polynomial of the fifth or sixth degree, and

wi(z1) + wath(w2) + - + Wath(Ta) = v — TY(21) — T2 (22).

These functions z1, zo are the two roots of an equation of the second degree,
whose coefficients are rational functions of x1,z9, x5, and /Ri,v/Ra2, v R3, de-
noting by R;, Ra, R3 the values of R corresponding to x1, x2, x3.

As particular cases I shall cite only the following:

1° When fx = Ag + A1z, foxr = 1. Then one will have

(A0+A1$)d$
() = —
\/a0+a133—|--~-—|—a5x + apx

and

Tp(w1) £ P(w2) £ P(w3) £+ EP(r0) = TP(21) £ Y(22) + C.

2° When o = 1, 12 = ag + a1 + asz? + azz® + aga* + asa® = e,
Vo = o + 1 + anx?, viz = 1.
Then one will easily find

_(z =) (2 — 3) (x —x1)(x — x3) (x —21)(x — x2)
T T —ma)(r —20) VO s — ) (22— 29) VO T — ) (w5 — ) VO
and
+(z1) £ (w2) £Y(3) = T9P(21) £(22) + C—
fx Foz avt B Fop
b A {fz(”)ﬁxﬂ?ﬁ . Fﬁ} |
where fod
X - ax
YO
and
+/pT1 n +\/pxs n +\/px3 N V
Foxr (21 —x)(v1 —22)(x1 —23)  (z2—2) (22 —x1) (w2 —3) (w3 —x)(z3 —21) (23 —22) (v —21)(x -
Fx +. /011 +. /019 N +./0o13 - V

(@1 — @) (x1 — 2) (21 —@3) (21 —@)(x2 —21)(22 —@3) (w3 —@)(xs —a1)(w3 —a3) (v —21)(z-
z1 and zo are the roots of the equation

(v02)? — @z

(z —x1)(z — 12) (2 — x3) =0

Setting v1 = 1 in the general formula (202), one will have
(x —x3)...(x — 24) \/m (x —x1)(x —23) ... (T — a) \/m
_wl . J— w2 . —_ e e .
o — (x1 — x2),...(x1 — za) V wor1 (xa —x1)(x2 — 23) ... (T2 — T1) \| Yox2
0 o (x—21) ... (x —20_1) D100
(g —21) .. (T — Te_1) V oza’
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and according to this

C*H¢10g (.F()(E)
fox - \/PoT - p1T Fiz
Swipz + Emp(z) = v_1 1B Fofp
S log 75
BT\ 8 er OgFlﬁ}’

where
P11 [P1T2
w1 Woy [ ——
Pox1 PoT2 4.
g — (r1 —x)(x1 —22) ... (1 —x0) (X2 — ) (T2 — 1) ... (T2 — To)
0 . [P1%a p1w
i “ PoTo Yox
(o — ) (o — 1) . (T — Ta—1)  (—m1)(® —22) ... (T — 20)’
[P1L1 P12
w1 w2
PYox1 PYoT2
+ +o
Flo = (1 — )@y —22) ... (1 — o)  (x2—z)(2 —21)... (T2 — T4a)
o [PrTa o
T “ PoL o B ©Yox .
(o — ) (To — 1) - (T — Ta—1)  (@—z1)(T—22) ... (T — 2a)’

z1, %32, .. 29 are the roots of the equation

(v0)? - poz — P12

(z—z1)(z—22)...(2 — 3q) =0

Setting fox = 1 in the same general formula, one will have

Sth(x) + Srp(z) = C —TI fx log{vox-«/¢0x+v1xu/4p1x}’
VPoTP1T VO - {/POT — V1T - 1/ P1T

where

fx-dx
Pz) = | ——=-
VLT - 1T
If fz is of degree (m — 2)*™®, one will have
Swib(e) + Sri(z) = C;

If one sets for =x — 3, fx = 1, one will have

1 voﬁ~v¢oﬁ+v16~v¢1ﬁ)
by by =C 1
(o) + Imp(z) - VoB - 18 o8 (Uoﬁ “VepoB—viB-VeiB)’

where
dx

vo= | ey
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C. Let, in the third place, n =3, R = 71%72%, a1 =0, ag = 0. Then one will
have

ol
N oo
= oo
N gojm

S0 = 1a S1 =717 $2 =179 R(O) = S0, R(l) = S1, R(Z) = S2,

1

1 2 2 1
0’ (x,0) = vo + 177 v5 + V2797 V5
) 1oz 5y 21
0'(x,1) = vo + wvi1y? 3 +w vy’ V5,
) 5 12 z 1
0'(z,2) = vg + WV Y5 + w2y Vs
o(x) = log @ (z,0) +w™log 0’ (x,1) + w?™ log ' (x, 2)
0 (,0) - 0'(2,1) - 0 (,2) = v§ + v}71175 + V37772 — Bvov1v2Y1 V2.
Setting, then? m=1 7 = ®Yox, Y2 = L1T, Vo = UO(‘r)v vy = ’1)1(.%), Vg =

va(x), formula (179) becomes

Swi(x) + Smip(z) =

¢-n fx; z {log(FOx) + wlog(Fiz) + w? log(sz)}
fax - (pox)3 (p12)3
+3v - d”:l { - I8 - {log(Fof3) + wlog(F13) +w 1og(p25)}}
dp £ B(0B)3 (p18)3
where
fz- dm
fox(pox)s (1)
For = vo(z) + v1(2) (po) ¥ (p12)F + v2(2) (poz) ¥ (1) %
Fia = vo(x) + w1 (2) (907) 3 (912) 3 + w?02(2) (002) 5 (912) 5
F3Z‘ = UO(QZ’) + w2’l)1 (J})((pol‘)% (Lplx)% —+ wvz(q;)(spox)%(splx)%
2

For the same values of x1,xs,x3,...21,29,...Foz, Fix, Fox, one will also
have

St () + i (2) =

C -1 fo - {log(Foz) + w? log(F1z) + wlog(Fex)}
f2x(pox)3 (p12)3

av—1 B )
+Xv log(Fyp ) + w” log(F + wlog(F
dpr-t {fz(y)ﬁ- (v0B)% (¢18)% } os(Fof) og(F15) 0g(F20)}

2 Editorial note: Printed Fzz, following Foz and Fiz — an apparent misprint for Fhx,
the third member of the triple Fy, Fy, Fy used throughout this passage (matching the w?,w
coefficient pattern already set by F» elsewhere on this page). Reproduced here as printed.
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The functions z1, 29, ... z¢g are the roots of the equation

{vo(2)}? + {v1(2)}Ppoz(p12)® + {v2(2) }?(002)*(¥12) — Bvo(2)v1(2)v2(2) o212

(z—x1)(z—22)(z2—x3) ... (2 — To1) (2 — Ty =0

According to equation (122), the smallest value will be

3—|—n’.

0=hyi+hy+1-— 5

observing that k1 = 1, ko = 1, n’ is the greatest common divisor of 3 and
hy1 + 2hys.

Let first hy; 4+ 2h~ye = 3m; one will have n’ = 3 and 6 = h(poz - 1) — 2.

If hyy + 2hye = 3m — 1 or 3m — 2, one will have n’ = 1, and consequently
0 = h(poz - 1) — 1.

Thus, for example, one will have for

h(vox - p12) =1,2,3,4,5,6...

0=0,1,2,3,4,5... when hpgx + 2hp1x =3m £ 1

and 0 = 0,1,2,3,4... when hpox + 2hp1x = 3m.

The Académie having done me the honor of charging me with overseeing the
printing of this Memoir, I applied myself to correcting, as far as possible, the
printer’s errors. However, not having the manuscript before me at the moment
when I was passing the proofs, I cannot flatter myself that I always succeeded.
It even seemed to me that in certain places (notably in the consequences and the
numerical developments drawn from inequality 103) there were some inaccura-
cies of calculation: but I did not believe myself authorized to change anything in
this fine work. I therefore obtained from the Académie permission to insert this
note here, which I cannot close without once again expressing my admiration for
the illustrious geometer of Christiania, whose premature end science will always
mourn.

G. Libri.
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