Researches on elliptic functions.

(By Mr. N. H. Abel.)

For a long time the logarithmic functions, and the exponential and circular
functions, were the only transcendental functions that attracted the attention
of the geometers. It is only in recent times that one has begun to consider some
others. Among these one must distinguish the functions called elliptic, as much
for their beautiful analytical properties as for their application in the various
branches of mathematics. The first idea of these functions was given by the
immortal Fuler, in demonstrating that the separated equation
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is algebraically integrable. After Euler, Lagrange added something to it, in giv-
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where R is a rational function of z. But the first and, if I am not mistaken, the
only one who has gone deeply into the nature of these functions is Mr. Legendre,
who, first in a memoir on elliptic functions, and then in his excellent exercises of
mathematics, has developed a number of elegant properties! of these functions,
and has shown their application. At the time of the publication of that work,
nothing had been added to the theory of Mr. Legendre. I believe that further
researches on these functions will not be seen here without pleasure.

In general one understands under the denomination of elliptic functions every
function contained in the integral
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ing his elegant theory of the transformation of the integral / \/[(

/ ROx
V(o + Br 4 ya? + 623 4 ext)’

where R is a rational function and «, 3, v, d, € are constant and real quantities.
Mr. Legendre has demonstrated that by suitable substitutions one can always
reduce this integral to the form
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where P is a rational function of y?. By suitable reductions, this integral can
then be brought to the form
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L Editorial note: Printed poropriétés instead of propriétés; an apparent misprint.



where c is real, and less than unity.
From this it follows that every elliptic function can be reduced to one of the
three forms:

/ /89\/ (1 — c2sin®0); / 99 ,
\/ (1 = c2sin? ) (1+nsin®0)4/(1 — c2sin? )

to which Mr. Legendre gives the names of elliptic functions of the first, second
and third species. It is these three functions that Mr. Legendre has considered;
above all the first, which has the most remarkable and the simplest properties.

I propose, in this memoir, to consider the inverse function, that is, the
function ®«, determined by the equations

a:/L and
\/ (1 = c2sin? 9)

sinf = p(a) = x.

The last equation gives

0.4/ (1 —sin® §) = 0.9 = Oz,

hence
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Mr. Legendre supposes c? positive, but I have remarked that the formulas
become simpler on supposing ¢?> negative, = —e?. Likewise, for the sake of
greater symmetry, I write 1 — c22? in place of 1 — z2. So that the function

®a = x will be given by the equation

a:/ Ox
o [(1=a?)(1+e2a?)]

or else

o = da./[(1 — 2P2a)(1 + e2020)].

2 For brevity, I introduce two other functions of o, namely:

— /(1= 38%); Fa=/(1+e3%).

Several properties of these functions are deduced immediately from the
known properties of the elliptic function of the first species, but others are more
hidden. For example, one demonstrates that the equations ®a = 0, fa = 0,
Fa = 0 have an infinite number of roots, which one can find all. One of the
most remarkable properties is that one can express ®(ma), f(ma), F(ma) (m

2 Editorial note: Printed da before the radical; the factor is spurious, since the derivative
is the square root alone.



being an integer) rationally in terms of ®«, fa, Fa. Also nothing is easier than
to find ®(ma), f(ma), F(ma), when one knows ®«, fo, Fa; but the inverse
problem, namely to determine ®«, fa, Fa in terms of ®(ma), f(ma), F(ma),
is more difficult, because it depends on an equation of a higher degree (namely
of the degree m?).

The solution of this equation is the principal object of this memoir. First
it will be shown how one? can find all the roots, by means of the functions
@, f, F. Next the algebraic solution of the equation in question will be treated,
and one will arrive at this remarkable result, that ¢ (2); f (2); F (2) can be
expressed in terms of ®a, fa, Fa, by means of a function which, with respect to
a, contains no other irrationalities than radicals. This produces a very general
class of equations which are algebraically soluble. It is to be remarked that
the expressions of the roots contain constant quantities which, in general, are
not expressible by algebraic quantities. These constant quantities depend on
an equation of the degree m? — 1. It will be shown how, by means of algebraic
functions, the solution of it can be reduced to that of an equation of the degree
m+ 1. Several expressions will be given of the functions ®(2n+1)a; f(2n+1)q;
F(2n+1)a in terms of P, fa, Fa. From these will then be deduced the values
of ®a, fa, Fa in terms of a. It will be demonstrated that these functions* can
be decomposed into an infinite number of factors, and even into an infinity of
partial fractions.

g 1.

Fundamental properties of the functions ®a; fa; Fa.

1.

Supposing that ®a = x (1.), we shall have by virtue of what precedes:

* Ox
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Hence one sees that «, considered as a function of z, is positive from x = 0

to x = 1. Making therefore

c’

w ¢ Ox
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(3.)

it is evident that ®o and® positive and goes on increasing from a = 0 to o = ¥,
and that we shall have

p0)=0, 0 (5) = 1. (1)

3 Editorial note: Printed ont instead of on; an apparent misprint.
4 Editorial note: Printed fontions instead of fonctions; an apparent misprint.
5 Editorial note: Printed et instead of est; an apparent misprint.



Because « changes sign when one writes —x in place of z, the same is true of
the function ®« with respect to «, and consequently we shall have the equation

p(—a) = —p(@). (5.)

Putting in (1.) i in place of x (where i, for brevity, represents the imaginary
quantity /—1) and denoting the value of « by i, there will result

v ox
xi = ®(Bi) and 8 = / . 6.
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B is real and positive from x =0 to x = é, hence making
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x will be positive from = zero to f = %, that is, the function %@(ﬂi) will be

positive between the same limits. Making f = « and y = @, we have

e[ o
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hence one sees that, on supposing c in place of e and e in place of g,

@ will be changed into ®a.

And because

fa=+/(1-c2P2a),
Fa =+/(1+ e2d2a),

one sees that by the change of ¢ into e and e into ¢, f(ai) and F'(«i) will return
respectively into Fa and fa. Finally the equations (2.) and (7.) show that by
the same transformation, w and w will return respectively into @ and w.

According to (7.) we shall have # = % for 8 = %, hence by virtue of the
equation xi = ¢(f1), there will result

o(Z) =il ®)

2.

By virtue of what precedes, we shall have the values of ®«a for every real value

of a lying between —% and +%, and for every imaginary value of this quantity

of the form fi, if 8 is a quantity continuous between the limits —% and +%. It

6 Editorial note: Printed as a curled e (apparently ¢) at the last place; the sense requires ¢
(interchange of ¢ and e).



is now a question of finding the value of this function for any value whatever,
real or imaginary, of the variable. To attain this, we shall first establish the
fundamental properties of the functions ®, f and F'.

Because we have ) -
ffa=1-c"d%q,

F?a =1+ 2%,
we shall have, on differentiating:
fo.f'a=—-da.g'a,
Fa.F'a=e?daya,
Now by (2.) we have
o'a=+/[1-c202a)(1 + 2®2a)] = fa.Fa,

hence, on substituting this value of ®'a in the two preceding equations, we
shall find that the functions ®«, fa, Fa are connected with one another by the
equations

o'a= fa.Fa,
fla=—c*®a.Fa, (9.)
Fla = ée*da.fa.

This being premised, I say that, denoting by a and S two indeterminates, we

shall have 18.FB 5. faF
o.fp. + Jo b o
Dla+p) = EHE P D
14 e?2c?.p?a.p?p
fo.fB — 2. pa.pB.Fa.Fp3
f(a+ﬂ): 2.2 92 2 ) (10)
1+ e?c?p?a.¢?f
Fa.FB + e*.pa.pB.fa.fB
1+ e2c2p2a.p2f3 '
These formulas can be deduced at once from the known properties of the
elliptic functions™); but one can also verify them easily in the following manner.
*) Legendre Exercices de calcul intégral.
Denoting by r the second member of the first of the equations (10.), we shall
have, on differentiating with respect to «:

or\ _A{¢'a.fBFB+pB.Fa.f'a+pf.faF'a}
oo ) 1+ e2c2.p2a.92f
(pa. fBFB + oB.fa Fa).2e2c?pa.o?B.¢ a

(1+ e*cp?a.p?p)? '
On substituting for ®'«, f’«, F'a their values given by the equations (9.), there
will result

or\  faFa.f8.FpB 2e2c2 . p?B.fa. fB.Fa.Ff3
(804) T 1+ e2p%ap?f (14 e2c2p?a.p?B)?
pa.pB 1+ €22 p?ap?BH—c2F?a + e2 f2a} — 2e2cpa pB.02B. f2a. F?a
i (1+e?cp?ap?p)?

Fla+p) =




whence, on substituting for f2a and F2a their values: 1 — c2®2%a, 1 + e2d%q,
and on reducing, we derive

or\  (1—e*Pp?a.p?B){(e? — 2) + pa.pB + fo.fB.Fa.FB} — 2e2c®pa oB(?a + 2 B)
<50é> B (14 e2c2p%a.¢?B)?

7 Now « and 3 enter symmetrically into the expression of r; hence we shall have
the value of (g—g) by permuting o and § in the value of (g—;). Now by this the

expression of (42) does not change its value, hence we shall have

or\ _[or
da) \0B)°
This equation in partial differentials shows that r is a function of a + (;
hence we shall have

r=y(a+p).

The form of the function v will be found by giving to 8 a particular value.
Supposing for example 8 = 0, and remarking that ®(0) =0, f(0) =1, F(0) =1,
the two values of r will become

r=®(a) and r = ¥(a),

hence

and from this
r=y(a+p)=2(a+pb).

The first of the formulas (10.) therefore holds good indeed.
In the same manner one will verify the two other formulas.

3.

From the formulas (10.) one can deduce a multitude of others. I shall set down
some of the most remarkable: For brevity I make

1+ e*?®%a.9?3 = R. (11.)

7 Editorial note: Printed with a plus sign (and a stray hairline before it) between (e2 — c?)
and @a.pB; a product (€2 — c?)pa.pB is expected.



On changing first the sign of 8, we shall obtain

On forming the product of ®(a + ) and ®(« — 3), we shall find

_ wa.fB.FB + @ﬁ.foz.Foz.gaoz.fﬁ.Fﬁ —pB.fa.Fa

fla+p) = fla=p)=

P(a+ 8).0(a - f)

or, on substituting the values of f28, F28, f?a, F?a in ®3 and ®a:

O(a+p).®(a—p) =

2o+ 9) + 8o - §) = 2ECIELE
2o+ ) - oo - f) = 2200
Flact B)+ fla— ) = 2112,

_ —2c2.pa.pB.Fa.F3

R
Fla+ )+ Fla—p) = 2500,
Fla+8)— Fla—B) = 262.<pa.<pRﬂ.fo¢.f,3'

R

_ V2a.f2B.F?B — ©?B.f2a.F2a

R2

)

R

B 2 — @28 — 22p2a. 0B + 222 B.p

now R =1+ e2c?®%a.®2 3, hence

)

R2
(o — p*B)(1 + Pp*a.p?fB)
R2
Ba+f).bla—f) = LO—E0

We shall find in the same way

fPa—c2p?B.F%a B 28 — e .F?

Fla+ B).F(a—p)

fla+p).fla=p) =

R
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F?a+e*o?B.f2a  F?B+ *@*a.f?8

R

1+ e?p*a+ e2p?B — e2p®a.p?f  FPa.F?8 — (A + e?)p?a.p?

R

R

)

R

R
(14.)



4.

Making in the formulas (10.) 8 = +%, 8 = £%4, and remarking that f (:t%) =
0, F (£%i) = 0, we shall have

(ai2) + %.%;f(ai%)_ Z“;'ﬁ’
) (ai %> : %’ @ ; (15.)
plas§i) =sefif Flas50) = w0
f(aigi>‘7;§of;
or else:
olat3)= %% flaz3)=FV/@+A) 2
o) - YL
@(aigi):ig%7p(ai§i):i FrEL, (16.)
f (ai %z) — (etrcz)fla

From this we derive at once:

e(3ro)=0(5-0)i 1(Gre)=—(5-2):
(5+0)=r(5-0): a7)
¢(Gita)=2(Fi-a)i F(Fita)=-F(Fi-a)
r(Gite)=1(3i-):

; b
¢(aif).¢(a+zi) — 4L F(aig).Fa:f; f(a:tzi).fa:
2 2 ce 2 c 2

Making o = § and %4, we find from this
w W, 1 w 1 w . 1
*(3+3) -5/ G+ =5 FG+3T) -5

Next the equations (17 ), on putting in the first three a + % in place of a,
and in the last three a + 4 in place of a, give the following

{z(aw) = —a; fla+w)=—fa; Fla+w)=Fa 15)

(a+wi) =—-0a; fla+wi)= fa; Fla+wi) = —Fa;



and on putting a + w and a + wi in place of a:

2w+ a) = Pa; P(2wi + ) = Pa; P(w + wi + a) = Do
fQRw+a) = fa; f(wi+a)= fa; (20.)
Flw+a)=Fa; FQRwi+ a)= Fa.

These equations show that the functions ®a, fa, Fa are periodic functions.

One will deduce from them without difficulty the following, where m and n are
two integers positive or negative:

e((m+n)w+ (m —n)wi + a) = pa; p((m+n)w+ (m—n+1)wi+a) = —pa;
f@2mw + nwi+ a) = fa; f(Cm+ 1w+ nwi+ o) = —fa;
F(mw + 2nwi+ a) = +Fa; F(mw+ (2n+ 1)wi+ a) = —Fa.

These formulas can also be written as follows:

O (mw + nwi £ a) = £(-1)""".da,
fmw +nwita)=(-1)".faq, (22.)
F(mw+ nwi + o) = (—)".Fa.

8 One can remark as particular cases:

O(mw £+ a) = +(—1)".Pa; P(nwita)=2(—1)".0q;
flmwta)=(-1)".fa; f(nwita)=fa; (22.)
F(mw+a) = Fa; F(nwi£a) =(-1)".Fa.

5.

The formulas which we have just established show that we shall have the values
of the functions ®«; fa; Fa for all the real or imaginary values of the variable,
when we know them for the real values of this quantity lying between £ and

—% and for the imaginary values of the form (i, where [ lies between Z and

SRS

In effect, suppose that the value of the functions ®(a + £i), f(a + Bi),
F(a+ Bi) is asked, where a and 8 are any real quantities whatever. On putting
in the formulas (10.) Si in place of 3, it is clear that we shall have the three
functions in question expressed by the functions: ®«; fa; Fa; ®(Bi); f(Bi);
F(B1). It remains therefore only to determine these latter.

Now, whatever the values of o and 8 may be, one can always find two integral
numbers m and n, such that « = m.w+a’, 8 = nw+ B, where o’ is a quantity
comprised between 0 and +%, and " between 0 and +% . Therefore, by virtue
of equations (22.), on substituting the preceding values of « and S, there will

g

8 Editorial note: In the last line of this system the base of the exponent is printed as a bare
minus sign, without the digit 1; an apparent misprint for (—1)™.



result:

d(a) = p(mw £ ') = £(-1)".Da

fle) = f(mw +a') = (-1)" . fa

F(a) = F(mw+d) = Fd/,

D(8i) = p(+nwi + B5) = £(—1)" (80,
f(Bi) = f(nwi £ B'1) = f(B"),
F(Bi) = F(nwi + 8i) = (—1)".F(8'i).

Therefore the functions ®«, fo, Fa, ®(5i), f(Bi), F(Bi) will be expressed as
has just been said, and consequently also the functions ®(a + 5i); f(a + Bi);
F(a+ Bi).

We have seen previously that ®« is real from a = —% to a = +7, and that

p(ai)

— is real fromaff— toaf+—

Therefore, by virtue of equations (22 ), it is clear:
1) that ®(«) and @ are real for every real value of a; ®a is comprised
between —% and —i—%, and @ between —é and —&—é;
2) that ®(«) vanishes for a = mw, and ‘p(?i) for @ = mw, m being a positive
or negative integral number; but ®(«) is not zero for any other real value of a.

On remarking that fa = /(1 —02<I>2 , Fa = /(14 e2d2%q), it follows

from what we have just said:
1) that the functions f(a); F(«); f(ai); F(ai) are real for every value of «;
2) that f(«) is comprised between the limits —1 and +1 and F(«) between

the limits +1 and +/(1 + &), so that Fa is positive for every real value of a;

3) that f(ai) is positive and comprised between the limits +1 and 1/ (1 + 2—2)
and F'(ai) between the limits —1 and +1 for every real value of «;

4) that f(c) vanishes for @ = (m + 1)w and F(ia) for a = (m + )w; but
for no other value of a.

The following will be remarked as corollaries drawn from the formulas (22.):

1) Let @ = 0. In this case, on remarking that ®(0) =0, f(0) =1, F(0) =1,
we shall have

w(mw + nwi) =0,

flmw + nwi) = (-1)™, (23.)
F(mw + nwi) = —1.

2) Let o = %. By virtue of the equations:

()=t () ()

9 Editorial note: The last line is printed as —1 over a blotted impression; by formula (22.)
one would expect (—1)".
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we shall have )
=(=1 7rL+n.7
(~1ym.
f((m+ 3w + nwi) =0, (24.)
b

F((m+ 1w+ nwi) = (=1

®((m + 1)w + nwi)

)

3) Let a = §i. By virtue of the equations

()5 5(F) -4 r(F) -

B(mw + (n + D) = (—1ymn L

we shall have:

e
b
flmw + (n+ %)wz) = (_1)771.27 (25.)
F(mw + (n + 1)wi) = 0.
4) Let a = % + %z By virtue of the equations above we shall have
B((m + Do+ (n + Dyewi) = 1,
F(m+ 3w+ (n+ 3)oi) = (26.)

Ol Ol = Ol

F((m+ %)w + (n+ %)wz) =

6.

The equations (23.), (24.), (25.) show that the function ®(«) vanishes whenever
« is of the form a = mw + nwi; that fa vanishes whenever « is of the form
a = (m + 3)w + nwi, and that Fa vanishes whenever « is of the form a =
mw + (n + %)wz

Now I say that for every other value of «, the functions ®a, fa, Fa will
necessarily have a value different from zero.

Suppose in fact that we have
O(a+ Bi) =0,

a and S being real quantities. By virtue of the first of the formulas (10.), this
equation may be written as follows:

pa.{ (Bi).F(Bi) + p(Bi).fo. Fa
1+ e2c?p2a.9?(Bi)

=0.

Now the quantities ®a, f(B7), F(Bi) are real and ®(Si) is of the form 4.4,
where A is real; therefore this equation cannot subsist unless we have separately:

O(a). f(Bi).F(Bi) = 0; O(Bi).fo.Fou = 0.

11



These equations can be satisfied only in two ways, namely by making

(p(a) =0, (I)(ﬁl) =0,

" f(Bi).F(Bi) =0, fa.Fa=0.
The first two equations give o = mw; 8 = nw.
The last two, on remarking that Foo and f(/37) can never vanish, give
fa=0, F(pi) =0,
whence

a=(m+ 3w, B=Mn+3)w.

But for these values of « and § the value of ®(« + (i) will become infinite;
therefore the only values of o and 8 are « = mw and 8 = nw, and consequently
all the roots of the equation

may be represented by
x = mw + nwi. (27.)

In the same manner we shall find that all the roots of the equation

flz) =0,
may be represented by
z=(m+ 1w+ nwi, (28.)
and those of the equation
F(z)=0,
by
z=mw+ (n+ 3)wi. (29.)
7.
The formulas (26.) show that the three equations
1 1 1
(b = — = — F = —
() =5 f@) =5, Fla) =,

are satisfied by giving to = one of the values of the form
z=(m+ 3w+ (n+ 3)wi. (30.)

Now it can be demonstrated that the equations in question have no other
roots.

12



In fact, having

b 1 —1i 1
R e T CEr e Sl
flz) = ZM%

the equations in question will entail these:

o(e-§ -3 0 1 F) o P (o) o

but by virtue of what we have just seen in the preceding number, these equations
give respectively:

w w . . w . 1 .
x—g—gl:mw—i—nwz; x—§2:(m+§)w+nwz;

w .
) =mw + (n+ 1)wi;
that is: we shall have for the three equations:

z=(m+ 3w+ (n+ 1)wi,

Q. E. D.

8.
Having found as above all the roots of the equations
O(z) =0; f(x) =0; F(z)=0;
1 1 1
d(z) = = == F(z) = =:
() = 5i f(a) = 53 Fla) = 3
I shall now seek the roots of the more general equations.

®(z) = Pa, f(z)= fa, F(z) = Fa,

where a is any quantity whatever, real or imaginary.
Let us consider first the equation

O(z) — Pa = 0.

On making in the second of the formulas (12.)

r+a r—a

we shall find




This equation can subsist only in one of the five following cases:
Lif @ (f” “) = 0, whence x = a + 2mw + 2nwt,

1 r—a

2. if f (xfa) =0, whence © = —a + (2m + 1)w + 2nwi,

3. if F (%) = O whence z = —a + 2mw + (2n + 1)wi,

4. @ (254) = Whencex—a+(2m—|—1)w—|—(2n+1)wz

5.if @ (%£2) = §, whence z = —a + (2m + Dw + (2n + 1)wi

The solution of these five equations is contained in the formulas (27.), (28.),

(29.).
Of the values found for z, those must be rejected which the formula

x=—-a+(2m+ 1w+ 2n+ 1)wi
gives, for such a value of x gives by virtue of (22.):
Pr = —Pa,

whereas we must have ®x = ®a; but the other values of x, expressed by the
first four formulas, may be admitted. They are, as one sees, contained in the
single formula:

= (=1)""".q + mw + nwi. (31.)

Such then is the general expression of all the roots of the equation
dx = Pa.

In the same manner we shall find that all the roots of the equation

fr=fa
are represented by the formula
x = *a + 2mw + nwi, (32.)
and all those of the equation
Fx = Fa,
by the formula
xr = ta + mw + 2nwi. (33.)

g. 1L

Formulas which give the values of ®(na), f(na), F(na) expressed in rational
functions of ®a, fa, Fa.

14



9.

Let us resume the formulas (12.). On making in the 1°, 3¢ and 5¢ o = ng, there
will result:

d(n+1)=-d(n-1)8+ w’
fn+1)8 = —f(n—1)p 4+ L0815 (34)

R b
F(n+1)8=—F(n—1)8+ M,
where R = 1+ c2e2.9%(nf3).923.

These formulas give the value of ®(n+1)4 in terms of ®(n—1)5 and ®(np);
that of f(n+ 1)8 in terms of f(n —1)8 and f(nfB), and that of F(n+ 1)8 in
terms of F(n — 1) and F(nf). Therefore, on making successively n = 1, 2,
3..., we shall find successively the values of the functions:

B(28); B(38); D(4B) ... B(nB),
F(28); F(38): F(4B) oo F(nB),
F(28); F(38); F(48) ... F(nB)

expressed in rational functions of the three quantities

;5 fB; FB.
On making e.g. n = 1, we shall have:
_ 2.9B.fB.Fp
2@ =T aagp
2 2
f(28)=-1+ %a (35.)
2F?3

The functions ®(np), f(nB), F(nB) being rational functions of &3, 35, Ff3,
they can always be reduced to the form £, where P and @ are integral functions
of ®3, fB, F. Likewise it is clear that the denominator @) will have the same
value for the three functions under consideration. Let then

P
Qn’

F(np) = o0 (35/.)

B(nf) = . f(nf) = g, - 2=

we shall likewise have

o(n+1)f= DL 1y = Dl pn 415 = Dot

Qn—i—l, N Qn-i—l N Qn-i—l
P,_ P P’
Pn-1f= g _11, fn-1)8=5 — Fln-1)s= 3 —
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On substituting these values, the first of the formulas (34.) will become:

P,
2fB8.FB.—
Pn+1 Pn—l fﬂ ﬁ

=— + Qn o
@nt1 @n1 1+ c2e2g025.g%
or else
Phi _ - - 1-(Q2 + 22 p?B.P2) + 2P,.Q0,.Qn_1.fB-FB
Qnt1 Qn-1.(QF + e*B.P7) '

On equating the numerators and the denominators of these two fractions,
we shall have

Pui1 = —Poa(Qp + P20%B.PY) + 2f 8. FB.P,.Qu.Qu1, (36.)

Qi1 = Qu-1(Q% + 32D°B.PY). (37.)

The second and the third of the equations (34.) will give in the same manner:
Phii=—P,_1.(Q + OB +2fB P, .Qn-Qu-1, (38.)

Pl =P/ (Q+ Pe*®*B.P2) + 2FB.P).Qn-Qn_1. (39.)

On making in these four formulas n =1, 2, 3 ..... , and remarking that we shall

have:
Qo=1 Q1 =1 Ph=0; P =®p;

Py=1; Pl=fB; Pl=1; P =Fp;
we shall find successively the integral functions @, P, P, P/, for all values
of n.
Let, for brevity:
OB =2z, fB=y, F==zand (40.)
R, = Q2 + 22 P2, (41.)

the preceding formulas will give:

Qn+1 = Qn-1.Rn,

P,y1=—-P, 1.Ry, +2yz.P,.Qn.Qpn-1,
7/1+1 = —P:L_an + 2y-P,§-Q7L-Q7L_1,

PT/L/+1 = —Pgﬁl.Rn + QZ.PT/L/.Qn.Qn,l.

(42.)

On putting n = 1, 2, we shall have:
Ry = Q% + e2c*2® PP = 1 + *c*a?,
QQ = QoRl =1+ 6202564,
Pg = —POR1 + 2sz1.Q1.Q0 = 2Iy2, (43)
Py = —PJRy 4+ 2yP].Q,.Qo = —1 — e*c*x* 4 29,
Py = —P{/Ry +22P/'.Q1.Q¢ = —1 — e*c%a* + 227,

16



Ry = Q3 + 2?2 P} = (1 + 2?a?)? + e c?a? 4a?y? 22,
Q3 = Q1 Ry = Ry,
Py = —PiRy + 2y2P2Q2Q1 = —xRy + 2y°2%2.Q>

=2{2%2%.Q2 — Ry}, (44.)
P?', = —P{.Rg + 2y.P2’.Q2Q1 =—y.Rs + 2yP2’Q2

= y{2Q2P5 — Ry},
Pé’ = 2{2Q2 Py — Ro}.

2.2 2

On continuing in this manner, and remarking that y? = 1 — c?22, 22 =
1+ €222, one will readily see that the quantities:

/ i
Py Popgy p! Piq pr Pyia
Qn7 l’iyZ’ T ) 2n ) 2n1

are integral functions of the three quantities 22, y2, 22 and consequently also of
any one whatever of these quantities, for any integral value whatever of n.
This shows that the expressions of ®(ng), f(nfg), F(ng) will be of the fol-
lowing form:
®(2np) = B.fB.FB.T, ®(2n+1)8=®B.T,
f(2nB) =T, f@en+1)p=fB.1", (45.)
F(2np) = Tx, F@2n+1)8=FBT",

where T etc. represent rational functions of the quantities (®3)2, (f3)?, (FB)2.

g. T11.

Solution of the equations

B(nf) = =, [n) = G, Flnf) = G-

10.

According to what has been seen, the functions ®(ng), f(n8), F(ng) are ex-
pressed rationally in z, y, z. The converse does not hold, for the equations (35.)
are in general of a very high degree. They have for this reason a certain number
of roots. We shall see how one can readily express all these roots by means of
the functions @, f, F.

A. Let us consider first the equation ®(nj) = 51, or @Q,.®(np) = P,, and
let us seek all the values of z.

Two cases must be distinguished, according as n is even or odd:

1) If n is an even number.

From what has been seen in the preceding paragraph (45.), we shall have in
this case

®(2np3) = Y(z?).2.9y.2,

17



that is, by virtue of the formulas

y=+/(1—=c2z?), z=+/(1+ e2z?),
d(2nB) = xp(z?) /(1 — 222)(1 + e222)].

Therefore the equation in x will become,

*(2nf) = 2*(¥(2*))*.(1 — *2®)(1 + €*2?).
On denoting the second member by 6(22), we shall have
2 (2n3) = 0(x?).
® S being one of the values of z, we shall have
*(2nB) = 0(P*p), (46.)

an equation which holds, whatever the value of 8 may be. To find the other
values of x, let z = ®a be any root whatever; we must have

®?(2nB) = 0(d?a).

Now, on putting in (46.) « in place of 8, there will result
®?(2na) = 0(®%a), therefore:

2 (2n8) = ?(2na); (47.)

an equation which comes to these two:
®(2na) = (2npP) and ®(2na) = —d(2np).
The first gives by virtue of (31.)
2na = 2nf.(—1)" M 4 mw + pwi,

where m and p are any two integral numbers, positive or negative, zero included.
The second gives the same values of 2ma!'®, but of contrary sign, as it is
easy to see, on writing it as follows:

O(—2na) = d(2nP).

Every value of 2na which satisfies the equation (47.) can therefore be repre-
sented by
2na = £(2nB.(=1)" 1 + mw + pwi).

From this we draw the value of «, on dividing by 2n, namely:

a==+ ((—l)mﬂ‘.ﬁ + %w + iwz) .

10 Bditorial note: Printed 2ma instead of 2na; an apparent misprint.
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Having the value of «, we shall have

o ==+D ((— )" +3 w + %wz) = 2. (48.)
Therefore all the values of x are contained in this expression, and they will be
found on giving to the numbers m and g all the integral values from —oo to
+00. Now to have all those which are different from one another, it suffices to
give to m and p integral values less than 2n. In fact, whatever these numbers
may be, one can always suppose them reduced to the form:

m=2nk+m', p=2nk 4+,

where k, k" are integral numbers, and m’, p/, integral numbers less than 2n. On
substituting these values in the expression of x, it will become:

!
x::l:tb{(— ymEe g 4 w—i—;wz—i—kw—l—k’wz}

now by virtue of (22.) this expression reduces to

_ miaw g M }
x == {( 1) B+ an + oy P (49.)
This value of z is of the same form as the preceding (48.), m and p only being
replaced by m’ and p’, which, both of them, are positive and less than 2n;
therefore we shall obtain all the different values of x, on giving only to m and u
all the integral values from zero up to 2n excl. All these values are necessarily
different from one another. In fact, suppose for example that we have

2n

—iQJ{( 1)™teg 4 w-i—%wz}

/ /
4P {(—1)’” '8 4 ﬁw + “m'}
2n

it would follow, according to (31.):

/

/
_1ym m r { _ymtu m » } .
(-1) B8+ ZnuH- 5, +4(-1) B+ 2nw+ 5, + kw + k'wi,

k and k' being integers.
This equation gives:

pf=k2mtp m =k2n+m, (—1)" T = £(=1)"FH,

The first two equations cannot subsist unless ¥’ = 1, k = 1, ¢/ = 2n — p,
m’ = 2n — m, and then the last will become:

(~1fTm T = (),

whence we draw:
(_1)2m+2,u — _1
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an absurd result.

Therefore all the values of z, contained in the formula (48.), are different
from one another, if m and p are positive and less than m!!.

The total number of the values of x is, as it is easy to see, equal to 2(2n)? =
8n2, now the equation ®2(2n3) = 0(x?) cannot have equal roots, for in that
case we should have %f) = 0, which would give for x a value independent of
3. Therefore the degree of the equation ®2(2n3) = 0(x?) is equal to the number

of the roots, that is to 8n2. If for example n = 1, we shall have the equation

C 4x?(1 - Pa?) (1 + ea?)
B (1+ e2c?z4)? ’

*(26) = 0(?)

or else
(1+ e*c?2)?.0%(283) = 42%(1 — *2?) (1 + %a?),
and, according to formula (48.), the roots of this equation, eight in number,
will be: w
r =408, &=+ <75+§),

xzi(b(—ﬂ—k%i), x:i@(ﬁ+%+§i).

2) If n is an odd number = 2n + 1.

. Pon
In this case =22+t
Q2 +1

is, as we have seen, a rational function of x, and conse-
,
quently the equation in x will be:

P
(204 1)8 = =22+ (50.)
2n+1

Precisely as in the preceding case, one will find that all the roots of this equation
may be represented by

m 1% .
= | (1)t~ 51.
o=t ((Coms g ), (51)

where one must give to m and p all integral values from —n to +n inclusive.
Hence the number of different roots is (2n + 1)2. This is also the degree of the
equation in question. One may also express the roots by

— (—1)mtH m H ;
v=(=1) '@<5+2n+1“+2n+1m)'

If for example n = 1, one will have an equation of the degree 32 = 9.

1 Editorial note: Printed m instead of 2n; an apparent misprint.

20



The formula (51.) gives for = the following 9 values:

Py
=
S e —

.
N— ——

+
w|g w|dew| g wle

.

.
N— N N

_|_

I
o~

W|E W& wl & wl|E
w|g w|gw|geld

_|_

B. Let us now consider the equation

J(nB) = g (52,

and seek the values of y which satisfy this equation. The function égi being, as

has been seen above, rational in y: the equation in y, on putting g’/‘ = Y(y),
will be

f(nB) =(y).
One of the roots of this equation is y = f/3, therefore, whatever be the value'?
of B:

f(nB) = »(fB). (53.)

To find the other values of y, let a be a new unknown, such that y = fa; there
will be

f(nB) =¢(fa);

now, by virtue of (53.), the second member is equal to f(na), therefore to
determine a one will have the equation:

f(na) = f(np).
By virtue of (32.) this equation gives for the general expression of na:
na = +nf + 2mw + pwt,

m and p being two integral numbers, positive or negative, zero included.

12 Editorial note: Printed “leur” instead of “valeur”; the first syllable of the word is missing
at the line break.
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From this we derive

2
a:iﬁ+—mw+ﬁwi,
n n

and consequently:
2m no.
fa=f£8+—w+ —wi| =y.
n n

This is the general value of y. Now, to have the different values of y, I say that
it suffices to take 8 with the sign + and to give to m and p all integral values
less than n. Indeed, since one has f(4+a) = f(—a), one will have first:

f(—ﬁ+2mw+“wi> =f(5—2mw—”m).
n n n

n

Therefore one may always take 8 with the sign + in the expression of y. Thus
all the values of y are contained in the expression

2m )
y=17f (5 + —w+ sz) . (54.)
n n
Now, whatever the numbers m and p may be, one may always suppose,

m=kn+m', y =k'n+y,
13

where k, k', m’, i/ are integral numbers, the last two being at the same time
positive and less than n.
On substituting, there will result

2 / /!
y:f(,@—l— mn w+uwi+2kw—|—k’wi>.
n n
Now, by virtue of (22.), the second member of this equation is equal to
le ‘Lt/ )
flp+ w—+ —wi | =y, (55.)
n n

a quantity of the same form as the second member of (54.); only m/ and p' are
positive and less than n. Therefore etc.

On giving to m and p all possible values less than n, one will find a number
n? of values of y. Now, in general all these quantities are different from one
another. Indeed, suppose for example

f(6+mw+”wi) :f<5+2“1+“/m’>7
n n n n

13 Editorial note: Printed p’ on the left of the second equation instead of u; an apparent
misprint.
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14 one will have by virtue of (32.), denoting by k, k’ two integral numbers:

2 2 / /
6+mw+“m‘—i<ﬂ+mw+“m‘)+2kw+k’m.
n n n n

Since S may have any irrational value whatever, it is clear that this equation
cannot subsist unless one takes in the second member the upper sign. Then
there will result

2 2 !/ /
n n n n

whence one derives, on equating the real parts and the imaginary parts:
m=m'+kn; p=p +k'n,

absurd equations, on observing that the numbers m, m’, u and p’ are all positive
and less than n. Therefore in general the equation

f(nB) = ¢(y)

has a number n? of roots different from one another, and not a greater number.
Now in general all the roots of this equation are different from one another.
Indeed, if two of them were equal, one would have at once:

f(nB) = (y) and 0 = 7' (y),

and this is impossible, if one observes that the coefficients of y in ¥ (y) do not

contain 8. Therefore in general the equation (52.) is necessarily of the degree
2

n

C. The equation
P//
F(np) ==, 56.
() = 2 (56.

being treated in absolutely the same manner with respect to z as the equation

f(nB) = % has been with respect to y, gives for the general expression of the
values of z:

2
z:F<B+mw+uwi>, (57.)
n n

where m and p are integral, positive and less than n. The number of values of

z is n2, and they are in general all different from one another.

Therefore in general the equation (56.) is of the degree n?.

14 Bditorial note: In the right member the print has 2y’ /n where 2m’w/n is expected; the
w is absent. An apparent misprint.

23



11.

We have found above all the roots of the equations

p(nf) = 22, f(nB) = S F(nf) = g

roots which are expressed by the formulas (48.), (51.), (54.), (57.). All these
roots are different from one another, except in the cases of particular values of
B; but for these values the different roots are contained in the same formulas.
— In this latter case a certain number of the values of the quantities x, y, z will
be equal; but it is clear that all the values, equal or unequal, will nevertheless
be the roots of the equations in question. This is made evident by making
converge towards a particular value which gives for x, or y, or z equal values.
On putting in the formula (48.) 8 = ==, one will have the equation

2n?
2

P. «a m L
2. _ T 2n _ m+ ) .
= —5~, wh t ==+ (—1 b— ), 58.
roate’ z ose roots are x | (-1) o + o + o @1 (58.)

and where m and p have all integral and positive values less than 2n.

On putting likewise in the formula (50.) 8 = 5%, one will have
Py,
P = 2ol , whose roots are
Q2n+1
« mw + i
= (=1)""*.® .
z=(=1) <2n+1+ 2+ 1 ) (59.)

m and p having for values all integral numbers from —n to +n.
Finally, on putting in (52.), (56.) 8 = %, one will have the equation

/

fa = =, whose roots are
Qn
a  2m woo
y=fl—-—"+—w+-—wi ], (60.)
n n n
and the equation
/!
Fa = -, whose roots are
Q@n
a m 2u .
z=F|—4—w+ —wi |, (61.)
n o n n

where m and p are enclosed between the limits 0 and n — 1 inclusive. If n is
odd = 2n + 1, one may also suppose

y=(—1)’”-f< . R — )

m+l 1 o1

o m 12 .
= (“1)hF
@=(=1 <2n+1+2n+1“’+2n+1m)’
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m and p having all integral values from —n to +n.
In all these equations the quantity o may have any value whatever.
As particular cases one must notice the following:
1) On putting in (58.) and (59.) «a = 0, one will have the equations
Pj, =0, whose roots are z = +® (%w + %wz)
(the limits of m and p being 0 and 2n — 1),
m " Z) (62.)

DT R
(the limits of m and p being —n and +n).

P5,4+1 =0, whose roots are x = ¢ <

2) On putting in (60.) « = ¢ and in (61.) o = %4, and observing that

f (%) =0, F (%z) = 0, one will obtain the two equations:

P! =0, whose roots are y = f ((Qm + %)8 + Hwi) (63.)
non
P! =0, whose roots are z = F (mw + (2p + %)m) (64.)
n n

(the limits of m and p being 0 and n — 1).
3) On putting in (58.) a = % + %4, and observing that ¢ (% + i) = 3,
one will have the equation
@3, =0,
whose roots will be:
¢ =+0 ((m + L= 2

o B,

“2n
The values of x must be equal in pairs, and one will readily see that the
unequal values may be represented by
wi
T (65,

x:¢<(m+é) o™

on giving to m and p all integral values from 0 to 2n — 1. Therefore these
are the roots of the equation

il
2n

Q2 = 0, with respect to x.
On putting likewise in (59.) o = % + 54, one will have the equation
Q2n+1 - O,

whose roots will be:

o= 0 (m+ D5+ ek Dy ).
y= s ((m e+ Dgtg+ e D). (66
Z:(_l)uF((m+%)2nw+1+(“ é)2nw+i1>’




m and p having for values all integral numbers from —n to +n.
Among the values of x, y, z, one must notice that which answers to m = n,
@ = n. Then one has

c—ra(e )b
- s g+ )L
2= ()P (5 + 5) :%

These infinite values show that the equation Q2,41 = 0 is of a degree lower
by one unit than that of the equations from which it comes. Setting aside these
values, the remaining ones, (2n + 1)? — 1 in number, will be the roots of the
equation Qa1 = 0.

g. IV.

Algebraic resolution of the equations

P2 1 P/ P/l
(I)Oé _ n+ , o= 2n+1 , FOé — 2n+1 ]
Q2n+1 Q2n+1 Q2n+1

12.

We have seen in the preceding g. how one may readily express the roots of the

equations in question by means of the functions ®, f, F'. We are now going to

deduce from this the resolution of these same equations, or the determination

of the functions ¢ (%), f (%), F (%), in terms of the functions pa, fa, Fa.
As one has

#() = (G G))

one may suppose that n is a prime number. First we shall consider the case
where n = 2, and afterwards that where n is an odd number.
A. Expressions of the functions ¢ (%)7 f (%)7 F (%)

13.

The values of ¢ (%), f (%), F (%) may be found very easily in the following

manner. Supposing in the formulas (35.) 8 = ¢, and putting

v=o(5) v=1(5). ==F(3).

there will result:
B y? — 2222 22+ 24222

_d TP E pgy = I
f(a) 14 e2c2zt’ (a) 14 e2¢2x4”’
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or else, on substituting the values of y2 and 22 in 22
1 —2c%22 — ezt 1+ 2e222 — e2c?a?
fla) = 2.2,4 Fla) = 22,4
1+ e*c*x 14 e*c?x
These equations give
2(1 — 2,.2 2 2,.2 1 2,.2
4 fo= 20z g, 20w (14 etaT)
1+ e2c2x4 14 e2c2x4
2 2,.2 1— 2.2 2(1 2.2
Fo_1=26r (=’ pog o 2res)
1+ e2c2x4 1+ e2c2xt
15 whence
Fa—-1 5 , 1—fcu702x2

bl

=e‘x =
1+ fa " Fa+1
and from this, observing that y? = 1 — ?z2, 22 =1 + 222

2:Fa+fa 2:Fa+fa
1—|—fa’y 1+Fa

From these equations one derives, on extracting the square root, and replac-

ing z, y, z by their values ¢ (2), f (%), F (%2):

(g)il 1- fa 1 Fa-1
v\2) 7 ¢ 1+ Fa) e fa+1)’
f<g)7 Fa+ fa F(g)— Fa+ fa
2/ 1+ Fa )’ 2/ 1+ fa )
Such are the simplest forms that can be given to the values of the functions
o) (%), f (%), F (%) In this manner one can express

algebraically ¢ (%), f (%), F (%) in fa, Fa. In the same manner ¢ (%),

f (%), F (%) will be expressed in f (%), F (%), and so on. Therefore in general

the functions ¢ (2%)7 f (%), F (%) may be expressed by means of extractions
of square roots in terms of the three quantities pa, fa, Fa.

To apply the formulas found above for the bisection to an example, let us
suppose « = 3.

Then one will have f (£) =0, F (%) =

(67.)

@+
C

:1.\/(1¢m_1),

, therefore on substituting:

e C

_ 1
o(i)= <1+z¢W >>

w V(e +)
1)\ (i)

15 Bditorial note: A blot resembling a 2 is printed after the minus sign in the numerator of
the first fraction; the sense requires 2(1 — c?z?), as in the later fractions.
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or else

@+ ©

/ / w
1 w
+02 2

B. Ezpressions of the functions ¢ (27511)’ f (Qnil)’ F (2;11), in algebraic
functions of the quantities pa, fa, Fa.

14.

To find the values of ¢ (ﬁﬂ), f (ﬁ), F (ﬁ) in ®a, fa, Fa, one must
resolve the equations

Doy — Pont1 Cfa— Pl  Fo— Py ’
Q2n+l Q2n+1 Q2n+1
which are all of the degree (2n + 1)2. We shall see that it is always possible to

effect this resolution algebraically.
Let

tn 2mw
=3 68.
i=5 o(+ o) (68)

and

tn 2uwoi tn 2uwoi
=3 o~ =X o — 69.
=3 901<ﬁ+2 H),wlﬂ Py %(ﬂ %H), (69.)

where 6 is any imaginary root whatever of the equation #2"*! — 1 = 0. This
being premised, I say that the two quantities

VB.ap1 B and (YB)*" T 4 (1 8)*"H,

may be expressed rationally in ¢(2n + 1)5.
First, on writing @18 as follows:

n 2mw
9016—@5.?{ <B+2 +1>+s@(5—2n+1>}

n 2@ﬁf ( Q;nw ( 2771nw )
= pBI(-1)™. e
14 €227 (2] 28
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16 one sees that @13 can be expressed rationally in 3. Let then ¢18 = x(¢8);
one has likewise:

2uwoi \ 2ucoi
)=o)

s (ﬁ ot
(eBr (Bs) F(B) = e (3s) sop8
R 14 e2c2.p? (%) P28 7
or else, on putting &5 = z:
! (22:?1) o (222?21) - (2??1) -0

and on substituting for f38 and Ff3 their values /(1 — c¢222) and /(1 + e222):
) B (axib.\/[(l —222)(1 +62x2)]> .

3 2ucoi
¥1 2n +1 14 e2c2b2.22

now, x denoting a rational function, the second member of this equation may

be put under the form

R, + R;L.\/[(l —c222)(1 + e22?)],

where R, and R; are rational functions of z.

Therefore one has

2poi \ _ / 2.2 2.2
g01<5:|:2n+1)—R#:tR#.\/[(1 2x?)(1 + e2x2))].
On substituting in the expressions of )3 and ¥4 3, there will result:

+n tn
vi= ¥ 1oy R, + V=@ T @Y (40 R,
’”/,U‘ 7Ll‘l‘ (70.)

(+0)". R, — /[T = Pa?) (1 + e2x2>1.2#<+9>“-R;~

+n
=
n
(+0)". Ry,

17
+n
Now R, and R:L being rational functions of x, the quantities X
ny,

“+n
and X (+0)*.R), are so likewise. On raising then 13 and 13 to the (2n + 1)th

7
16 Bditorial note: Printed with a point after @8 before the sum in both lines, where the
sense requires a plus sign; the first line shows a blot over the point and a further point after

the sum sign.

17 Editorial note: The plus sign inside the parentheses before 6 is printed overstruck with a
short horizontal bar throughout (70.); kept here as a plain plus.
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power: the two quantities (3)*" ™ and (¢13)***! may be put under the form:
(VB> =t + ¢/ /(1 — 222)(1 + e2a?)],
(i) =t =t /[T = 2a?) (1 + 2a?)],

t and ¢’ being rational functions of x. On taking the sum of the values of
(1B)?"*+1 and (118)?"*!, one will have

(B> + (1 )+ = 2t.

Therefore the quantity (1/3)2" ! + (11 8)*" ! can be expressed rationally in
x. The same holds of the product 15.101 5, as one sees by the equations (70.).
Therefore one may put

{ VBB = A=),

(P3P + (1 B)* ! = A (), (7L

A(z) and Ai(x) denoting rational functions of x. Now these functions have the
property of not changing in value when one puts in place of x any other root
whatever of the equation
P.
(204 1)8 = =224
2n+1
Let us consider first the function A(x). On restoring the value of x = &0,
one will have

VBB = A(®B),

"
whence one derives, on putting 8 + 2271’1"1 + 22’; -1 in place of f:

2kw 2k i 2k i 2kw 2k wi 2kw
oo 20 ) B ) o 2

2n+1 2n+1 2n+1 2n+1

This being premised, observing that:

+n tn E
Sum k=5 wm)+3 (@mtn) - vm-n-1), (72)

m m

2kw .
2n+1"

one will have, on putting in the expression of ¥3, 8 =+

o (ﬁ—i— 2kw )ZJ_%L @(6+2(k+m)w)

2n+1 n 2n+1

k 2(m 4+ n)w 2(m—n— 1w

- 3 simrnjwy 2m—n— 1w

%B+1m{¢(ﬁ+ o + 1 ) S"(ﬂJr M+ 1 :
but: ¢ (6 + 2(7;;7&—1)60) =y (6 + ngsif)w - 2w) =y (6 + Q(QZLHL)W), there-
fore: ok

w

= . 73.

¢1<5+2n+1> 1P (73.)
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2k’ wi + 2kw

On putting in the expression of 3, 5+ in place of 3, we shall

2n+1 2n+1
find
2k' wi 2kw n 2(k" + p)wi 2kw
=X 0"
¢(5+2n+1+2n+1> =y ‘pl<ﬁ+ 1l Tongi)

but by virtue of (73.) we have:

2(k" + p)wi 2kw 1\ 2(k' + p)wi
s01(ﬂ+ ol Tanr1) O\ Pt T )

therefore

2k’ wi 2kw n 2(k" + p)wi
=X 0" —_— .
¢(5+2n+1+2n+1) . ‘01<ﬁ+ 2 + 1

By virtue of (72.) we have

n 2k + )i
DI _
% e (5 t o

2(p + n)wi
_e’fzeﬂ @i \ % gnetuk Ap Ty
ny 1 <ﬁ+ n—+ )+ e\ P+ =5

1
_ Z G/L—n—l—k ( )wZ
Ty (ﬂ + 2n +1 ’

therefore, on remarking that g7+r—+ = gru=—n=1=F 454

$1 (5+W>=<p1 <6+2(u—|—n)wi_2wi):¢1 (6+2(;L+n)m>’
n+1 n

there will result

2k’ wi 2kw \
w<ﬂ+2n+1+2n+1>0 YP. (74.)

In the same manner we shall also find

'wi 2w o
¥ <ﬁ+2n+1 +2n—|—1> = 0" 9if.

These two equations will give

¢(5+2kw+2k/Wi).1/}1 <B+2kw+2k’wi> — B,

2n+1 2n+1
k k_, . 2n+1 k‘ k'/ . 2n—+1
R L e ] R

By virtue of these equatlons we shall obtain, on putting in the values of
A(@B3) and A\ (®F), B + Zet2k'®i iy place of B:

2n+1
2kw + 2k’ wi
AM(BB) = Ay {@ (/3 + Qk“;:fklmﬂ
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Now, & (5 + %ﬁﬁm) expresses any root whatever of the equation

Py,
d(2n41)8 = 24
2n+1

Therefore, as we have said, the functions A(z) and A\ (z) will have the same
values, whatever root be put in place of z.
Let then zg, x1, ®3....x2,41 be these roots; we shall have

Az) = 271714—10\(%) +AMz1) + oo+ Azan) )

)\1(17) {)\1(1‘0>+>\1(I‘1)++)\1(I2n)}

:2n—|—1

18 Now the second member of these equations is a rational and symmetric func-
tion of the roots of the equation ®(2n + 1)5 = %, therefore A(z) and A1 (x)

can be expressed rationally in ®(2n + 1)8. On nfz;ﬂilng
Az) = B, M(z) = 24,
the equations (71.) will give
(WB) (61 B = B (3B) T 4 (4, 8)7 ) = 24,

whence one derives

w8 =" V=T = £ e (54 220 )

15.

The value of 8 having been found, one will easily deduce from it those of ®;4.

In fact, on taking for 6 successively all the imaginary roots of the equation
6?7+l — 1 = 0, and denoting the corresponding values of A and B by A;, By,
Ay, By etc., we shall obtain:

2n+1 +n 2uwi
A A2 —pInth =% o4
\/[1+ ( 1 1 )] _n#1 1 ﬁ+2n—|—1 )

tn 2utot
2n+1 2 _ p22n+ly] _ " 1%
\/[A2+ (43— B = 5 o (5+2n+1),

2n+1 n +n QM’WZ
s, + a3, - B2 - £ op0, (9+2=2).

"

18 Bditorial note: The list of roots is printed as ending with x2,,41, while the sums run only
to xon.
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Likewise we know the sum of the roots:

tn +n 2mw 2uoi tn 2uwot
> X =X
@(/B+2n+1+2n+1) —n#(pl(6+2n+l)7

which is equal to (2n+1)p(2n+ 1), as we shall see in what follows. On adding
these equations member to member, after having multiplied the first by 6 k
the second by 67, the third by 65*.... and the (2n)*™® by 65,7, there will result:

tn - - - _ 2ot
Y (OF TR R TR R .
2 OO0 e 0 D (B o

2n
=2n+1).0(2n+1)8 + %ﬁ;’“. 2”*&/[@ + m];

now the sum

19
T+00 ke yont

reduces to zero for all values of k, except for k = u. In this case it becomes
equal to 2n + 1. Therefore the first member of the preceding equation becomes

2kt
2 1).
@t D (54 o).

therefore, on substituting and dividing by (2n + 1), we have:

54 2kwoi _
¥ m+1)

e(2n+1)8+

TR {91"“- \/ [Ar+ /(47 = B+ 6, \/ [Az + /(A3 = BI D]+ ..

e O3F 2"*{/[A2n +1/(A2, — BSZH)]} :

(76.)
For k = 0, we have:

18 =p2n+1)3+ { Wi/[fh +4/(A2 — B 4 2"*\1/[A2 +4/(A2 - B Y 4

2n+1

+ﬁﬂmﬁ-%fﬁw@.
(77.)

19 Editorial note: In the first sum the term 96‘7’g and the final 1 are both printed, so 1 is
counted twice; the next sum is printed without 96‘ -k,
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16.

The value of ¢1 5 having thus been found, the question is to derive from it that
of ¢B. Now this can easily be done as follows:

Let
tn 2mw +n 2mw
=X o™ ; =Y oM. - .
vaf= 3 0 ¢<B+2n+1>,¢36 20 @(ﬂ 2n+1), (78.)
we have

2mw 2mw 2mw

(,Bi 2mw ) pB-f (2n+1)'F(2n+1>ifﬂ'Fﬁ"P(%H)

¥ = .
2n + 1 1+ e2¢2.p2 (227:1%).@5

From this it follows that we may make

Vofp =1+ fB.FB.s; Y3f =1 — fB.Ff.s,

where r and s are rational functions of ®4.
From this we derive

{ YafB.absf = x(®5),
(12B8)?" ! + (¥38)*" T = x1(®P),

X(®5) and x1(PS) being two rational functions of ®f.

This being premised, I say that x(®5) and x1(®5) can be expressed ratio-
nally in ®,0.

We have seen that

(79.)

o (2000 (22) P (22)
p1f=pf+3 . .
mo| 14 e2e2p2 (22?1) 02f

(80.)

On making ®3 = z, we shall have an equation in x of the degree (2n+1). One

root of this equation is x = ®; now, on putting 8 + Q%lkfl in place of 8, &1

2kw
2n+1

the integer k£ may be. Now, on giving to k all the integer values from —n up

to +n, ¢ (ﬁ + 2275:)1) will take 2n + 1 different values, therefore these 2n + 1

quantities will be precisely the 2n + 1 roots of the equation in x.
This being premised, on putting 5 + Q%kal in place of 8 in the expression of
93, there will result by virtue of (72.):

2kw 1 2(k +m)w
v2 (*8+2n+1> =50 (I)(BJF 2n + 1 >

does not change its value, therefore x = ® (ﬁ + ) will be a root, whatever

_ k _ 2(m + n)w
_ k:. N m—+n k.
0 ¢23+1m9 0] B+72n+1

k 2(m—n— 1w
-y em—n—l—k.q) e %
1m (6 + 2n + 1 ) ’
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20 therefore, on paying attention that 7=k = gm—n=1-k and @ (ﬂ + 2(%}:;1)
® (5 n 2<gj:;>“), it will result
2kw _
v <ﬁ+ 2n—|—1> =07 b (51
Likewise we shall have
2kw
— 9T a8,
o (54 o) = 0

One sees by virtue of these relations that the equations which give the values of
the functions y(®3) and x1(®3)?!, lead to these two equalities:

e (54 )| = @)

x[<1> (/3+ 2k )] — \(38).

2n+1
From this we derive

1 +tn 2kw
op) = Y x|®
x(@5) 2n+1nkx[ (ﬂ+2n+l>}’
1

+n 2kw
(@) =527 2 {@ <5+ 2 + 1)] '

Now, these values of x(®8) and x1(®S) are rational and symmetric functions
of all the roots of the equation (80.). Therefore they can be expressed rationally
by the coefficients of the same equation, that is rationally in ®,0.

Let

22 the equations (79.) will give

b8 = "f1C + V(CE - Dy,

whence, on restoring the value of s 3:

eV = ¥ ome (54 ). (s2)

—Nyy 2n+1

From this we derive, on putting 0, in place of §, and denoting the corresponding
values of C and D by C,, and D,;:

+n 2mw
—k 2n+1 2n+1\1 __ m—k
0, \/[Cﬂ +/(C2 = Dy")] = EL,HG# D (5 +a n 1) :

20 Editorial note: Printed 123 with a digit three instead of 2 3; an apparent misprint.

21 Bditorial note: The second printed argument looks like a damaged or misprinted 3.

22 Editorial note: The subscripts of both printed x are damaged and hard to read; they are
read here as x;1 for 2C and x for D, as (79.) requires.
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On joining to it the equation

o5 5 <I><B+ 2me )

—My 2n + 1

one will easily derive from it:

2kw 2n 2n+1 n
(2n+1).® <B+ 2n+1> :¢16+§#9;’“. +\/[C,VLJF (C2 — D). (83.)
Supposing k = 0, there will result:
]. 2n+41 2n+1
Pf= 5 {<I>16+ +\/[Cl+ (C} - DI ] +...+ +\/[szu (an—Dgg“)]}.

(84.)
This equation gives ®f as an algebraic function of ®,3, and previously we
found @, as an algebraic function of ®(2n + 1)3. Therefore, on putting Tt

in place of 3, we shall have ® (ﬁ) as an algebraic function of ®a.

By an entirely similar analysis one will find f (ﬁ) in foo and F (ﬁ)

in Fa.

17.

The values which we have just found for the quantities ®;8 and ®, the first in
®(2n+1)8 and the second in @43, each contain the sum of 2n different radicals
of the (2n + 1) degree. There will result for ®3, ®;4.... a number (2n + 1)
of values, whereas each of these quantities is the root of an equation of the
(2n + 1)*" degree. Now one can give to the expressions of ®3 and ®; 3 such a
form that the number of the values of these quantities shall be precisely equal
to 2n + 1.
For this let

p 2 Cisi 2
= COS —— Sin
m+1 Mo

we may make
0, =06, 0y =0% 65 =06>...0,, =6

Let likewise

k _tn ks 2uwoi
¢(5)__En#9 2 \Fr 1)

)= 8 o (5- 22,

(85.)
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we shall have by virtue of (74.)

o (54 o) =070,
v (ﬁ + ;n”f’l) = 0" 45 (8),

2vwi _
o (54 e ) =07 o)
ot (54 2= ) =07k

e 6 | vhE)
o = P(®

AT )

V4 (6) O e

O R G
P(®6) and Q(®S) will be rational functions of ®53; now, on putting 8 +

2mw2u@i iy place of B, it is clear by virtue of the formulas that P and Q do
not change their values; therefore we shall have

2n+1
1 tn fn 2mw + 2uwi
P®g)=—-— ¥ ¥ .P|O —_— ||
(®5) (2n+1)2 —n,—ny, [ (B + 2n +1 )] ’

now, the second member being a symmetric and rational function of the roots
of the equation ®(2n + 1)8 = 5%111, P(®p) can be expressed rationally in

®(2n + 1)5. The same holds of Q(®3). These two quantities being known, the
equations (86.) will give

v (5) {1<w>+}_ plag) - QD)

(1B)* 1B (1)t
now

1B = Ay + 4/ (A} - B,
YiB = Ay — /(A3 — Bi"™,

23 therefore

k
(121(55)1 243 - B = Q@) — [ — /(47 - B ).P(@5).

Therefore we shall have

VH(B) = (00" {Fi + Hi\[ (AT = BY")},

23 Bditorial note: In the first of these two equations the subscript of the printed v is dam-
aged; it should read '3 without subscript, and the quotient in the preceding display should
likewise have 113 in the numerator.
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where F}, and H}, are rational functions of ®(2n+1)5. On replacing A; and B,
and substituting the values of ¥*(3) and (/*3)¥, there will result:

3 et A~ B = (A T )5 i = ),

therefore the value of &4 6 will become:

{ A + 4 / B2n+1 2n+1

+ [Fy + Hoy/(A2 — B2 [A + /(A2 — B2nil)| o
+ oo [Fop + Hopr/(A2 — B2 [A + Mm]#h}

(87.)

1 = (20 +1)5 + o +1

24 By an entirely similar procedure we shall find

[0} {(p 2 D2n+1 pey
b= 2n+1 18+ C+\/C T

+ [Ka + Ly\/(C2 — D201 [C + /(C?% — D2zt
oo (Ko + Laa/(C? = DT [C 4+ /(C7 = D]t |

(88.)

where Ky, Lo, K3, L3....K5,, Lo, are rational functions of ®,4.
These expressions of 13 and ®4 have only 2n + 1 different values, which
one will obtain by attributing to the radicals their 2n + 1 values. — It follows

from our analysis that one may take /(A% — B2»+1) and /(C? — D?"*1) with

whatever sign one pleases.

18.

The value which we have found for ®(8) or ® (
function @, the following:

o +1) contains, besides the

67 c’ 97
® mw o mwi f mw 7
2n+1 2n+1 2n+1
f mwi F mw F mwi ’
2n +1 2n +1 2n+1

for any values whatever of m from 1 to 2n. Now whatever the value of m

may be, one can always express algebraically ® <2n +1> f (2’7?1’1), F (2;”_‘;’1)

in @(2n+1>, and @(2*;7111), f(z’ﬁ_ll), F(Q’;TJ in (I)(Qn—kl) Everything

is therefore known in the expression of &

ﬁ , except the two quantities

24 Bditorial note: In the second line the printed B under the radical carries the subscript
2n, which the first and third lines lack; an apparent misprint.
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2n-+1
and e, and they can be found by the resolution of an equation of the degree
(2n 4+ 1) — 1, namely of the equation % = 0. — We are going to see in the
following paragraph how one can reduce its resolution to that of lower equations.

independent of «; ® ( ), d (%) — These quantities depend only on ¢

5. V.

C. On the equation Popi1 = 0.

19.

The expression which we have just found for ® ( &

m) will contain, as we have

seen, the two constant quantities ¢ (ﬁ) and ® (2::?_1) We shall find these

quantities by resolving the equation
Papi1 =0,

whose roots will be represented by

mw + i
=0 ——m,
2n+1
where m and p may be all the integers from —n up to +n. One of these

roots, which answers to m = 0, u = 0, is equal to zero. Therefore Py, is
divisible by z. On removing this factor, we shall have an equation

R =0, of the degree (2n + 1) — 1.

On making 22 = r, the equation (90.) R = 0, in r, will be of the degree

@2n+1)2-1 _ 9 . . .
=5 = 2.n(n+ 1), and the roots of this equation will be

r= 2 <m“ * “m> : (91.)

1 and m having all positive values below n, setting aside the root zero.

We are now going to see how one can reduce the resolution of the equation
R = 0 to that of two equations, the one of the degree n and the other of the
degree 2n + 2.

First, I say that one can represent all the values of r by

o2 () and @ (mM =) , (92.)
2n+1 2n+1

on giving to p all the integer values from zero up to 2n, and to m all those from
1 to n.
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In fact ®2 (2777-0:1) represents first a number n of values of r; now the others

can be represented by ®2 (m. ”;n':fl) Let, to demonstrate it, muy = (2n+1)k+

m’, where m’ is an integer lying between the limits —n and +n. On substituting,
we shall have

. , .
B2 (m BT g2 (4 DO
2n+1 2n+1

_ g2 m'w + pwi _ g2 —m'w — pwi .
2n+1 2n+1

g (m%) is therefore a value of r; now to each value of m there answers

a different value of m/. For if we had
map = (2n+ )k +m/,
it would follow
(my—m)u=2n+1).(k — k),
which is impossible, on remarking that 2n 4+ 1 is a prime number. Therefore

g (m%) combined with ®2 (277?_‘;’1> represents all the values of r.

This being premised, let

{Tq)z <2nw+ 1” {rcpz <2n2i1>} [T(Iﬂ (Ji 1)] (93.)

=" P ™ + p1.7 + po.
The quantities pg, p1, ...pn_1, Will be rational and symmetric functions of
o2 (Twﬂ)’ g (22i1> ... P2 (2:;11)5 now these functions can be found by

means of an equation of degree 2n + 2.

Let p be any rational and symmetric function whatever of ®2 (27‘;’_;1 ) , B2 (231‘*_’;1) .02 (22‘*_;_/1 ) ,

where w’ denotes the quantity mw + pwi.
By the formulas which we have given above for expressing ®(nf) in ®p, it

’
w

2n+1 )"

wl
2n+1

is clear that one can express ®2 (m’ . ) as a rational function of ®?2

Therefore we may make

w' w’ 2w’ nw’
p =1 {¢2<2n+1)] :9[¢2<2n+1>, ‘1)2(271—1—1)’ @2(%“)},
(94.)

0 denoting a symmetric and rational function. On putting vw’ in place of W/,
there will result

5 v’ B o f v o [ 2w o [ nvw’
w{q’ (2n+1)]_9[® <2n+1>7(1) <2n+1 P gt

(95.)

40



now, on making:
av = 2n+1).k, + kq,

where k, is an integer and lies between —n and +n, the series

therefore it is clear that the second member of the equation (95.) will have the
same value as p. Therefore:

T

an equation which, on making w’ = w and w’ = mw + wi, will give these two:

vl (5] - # (7)) | (o7,
" {@2 (uW)} =v {@2 (W)] ’

or else, on making, for brevity,

25

there will result:
7/}~Tu = 11)7’1; q/Jru,m = wrl,m~ (99)
This being premised, let

{(P —Yr1)(p—rio)e —Yria)(p—Yriz) ... (p—Yrion)

n n (100.)
=q+qap+qpt+.. g p? T 4 p?

26

I say that the coefficients qg, ¢1 etc. can be expressed rationally in terms of
e and c.

First, by virtue of the known formulas, these coefficients can be expressed
rationally in terms of tq, t5...ta,, if one makes, for brevity,

tr = (l/JTl)k + (’(/J?“l,o)k + (1/17“1)1)k' +...+ (Qﬁrl,gn)k. (101.)

25 Editorial note: The exponent of the second Phi in (96.) is damaged in the print and
appears as a raised dot; read as the exponent 2 of the first member.

26 Editorial note: The exponent of the last term is partly obscured by a smudge and reads
2n; the degree 2n + 2 is expected from (104.).

41



It is therefore a question of finding the quantities ¢1, t5 . . ., now this can easily
be done by means of the relations (99.). Indeed, on making therein successively
v = 1, 2...n, after having raised both members to the k** power, one will
deduce at once:

1
(Wr)f = — [(@r)" + @r2)* + ...+ (¥ra)*]
n
! (102.)
(wrl,m)k = n [(¢Tl,m)k + (¢T2,m)k +.oo+ (wrn,m)k] .
Therefore, putting for m all the integral numbers 0, 1, ... 2n, and then substi-
tuting in the expression for ¢, there will result:
n.ty = (1/}T1)k + (’(/Jrg)k + ... + (’L/)Tn)k
+ (Yr1,0)" 4+ Wrae)f + ... + (Yrn0)k
+ (pri,)* + Wre )+ + (rpa)* (103.)
+ .....................
+ (Yr12n)" + (Wron) + ... ... + (Pra2n)F.

This value of t; is, as one sees, a rational and symmetric function of the
2n 4+ 2 quantities 1, T2, «--Tn; 71,0, 72,05 -+ -Tn,0--- T1,2n, 72,2n ---Tn 2n, which
are the 2n + 2 roots of the equation R = 0. Therefore, as is known, t; can be
expressed rationally by the coefficients of this equation, and consequently as a
rational function of e and ¢. Having thus found the quantities ¢, one deduces
from them the values of qo, ¢1, ... ... G2n+1; which will likewise be rational
functions of e and c.

20.

This being premised, on supposing
O=qo+qp+agp’+..... + ganp1.p?" T 7, (104.)

one will have an equation of the (2n + 2)*" degree, whose roots will be

Yry; Yries Yrias Yrig e Yrion.

The function 7, that is, any rational and symmetric function whatever of
the roots ry, ro, 73, ...... Ty, can therefore be found by means of an equation
of the degree 2n + 2.

Therefore one will in this manner have the coefficients pg, p1, ...... DPr—1,
by solving a number n of equations, each of the (2n + 2)*® degree.

Having determined pg, p1, ... ... , one will have, by solving the equation

O=po+pir+...... + P e, (105.)

the value of the quantities

T1, T2y «vonn.. Tn; T1,05, 72,05 «+---- Tn,05 T1,1, 72,1y «----- Tn,1 etc. etc.,
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2n+1
quantity, or rather the solution of the equation R = 0, which is of the degree
(2n + 2).n, is reduced to that of equations of the degrees (2n + 2) and n.

But the preceding procedure can still be simplified. Indeed, as we shall see,
in order to have the quantities pg, p1, ...... , it suffices to know any one of them,
and then the others can be expressed rationally by that one.

Let p, g be, in general, two rational and symmetric functions of the quantities
71y T2y ceenns r,; one can make, as we have seen:

of which the first is equal to ®2 ( @ ) Therefore the determination of this

p=4ri; q="0r,

1ry and Or; denote two rational functions of r;, which have this property: of
remaining the same, if one changes r; into any other of the quantities 71, 72,

...... Tn
Suppose now:
S = (¢T1)k.97“1 + (1?7‘170)]6.97"170 + (wrl,l)kﬂrm + .. + (’(ﬂrl,gn)k.erl,gn,

I say that s can be expressed rationally in terms of e and c.
Indeed, one has

(pr)*.0ry = (Yr,)* .0r, = {(z/)h)kﬂrl + (o) Oy + ... + (wrn)kﬂrn} ,

1

n
1

(¢r1,m)k.9r1m = (wr%m)kﬂr%m = {(¢r17m)k.07‘1,m + (wrg,m)kﬂrgm +...+ (wrmm)kﬂrn,m} )

On making m =0, 1,2, ...... 2n, and substituting in the expression for sg, it
will be seen that s will be a rational and symmetric function of the roots rg,
Tly evvnne r1,0 etc., etc. of the equation R = 0; therefore s; can be expressed
rationally in terms of e and c.

Knowing sj, one will obtain, on making £k = 0, 1, 2, ...... 2n, 2n + 1
equations, from which one will easily deduce the value of 6r; as a function

rational of 117.2” Therefore, a function of the form p being given, one can
express any other function whatever of the same form as a rational function of p.
Therefore, as we have said, one can express the coefficients pg, p1, ...... Pr—1
rationally by any one of them whatever. Therefore, finally, in order to have
their values, it suffices to solve a single equation of the degree 2n + 2, and
consequently, in order to have the roots of the equation R = 0, it suffices to
solve one equation of the degree 2n + 2, and 2n + 2 equations of the degree n.

21.
Now, among the equations on which the determination of the quantities ¢ (ﬁ) ;

") (%),28 those of the degree n can be solved algebraically. The procedure

27 Editorial note: Printed 17 with the subscript on the psi; ir; is expected, as on the
previous page.
28 Bditorial note: Printed 2m + 1 in the first denominator; 2n + 1 is apparently expected.
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by which we shall effect this solution is entirely similar to that which is due to
Mr. Gauss for the solution of the equation

9>t —1=0.
Let the equation be proposed
O=pr+prr+por?+...... + 1. e (106.)

29 whose roots are:

w’ 2w’ nw’
? . ®? S P?
(2n+1>’ (2n+1>’ n+1)’

where w’ has one of the values of w, mw + wi. Let us denote by a one of the
primitive roots of the number 2n + 1, that is, an integer such that g = 2n,+13°
is the smallest number which renders a* — 1 divisible by 2n + 1, I say that the
roots of the equation (106.) can also be represented by

% (e), ®?*(ae), D?(a’e), ®*(a’e)... ®*(a" Le), (107.)

’
w

2n+1-

where € =
Let
a™ = 2n+ Dk, £ apm,

where k is an integer and a,, an integer, positive and less than n+ 1, I say that
the terms of the series

will all be different from one another.
Indeed, if one has

A = Ay,

it follows,

or o —a'=2n+1)(kn — k),
or o™ +at = (27?, + 1)(km + ku)'

It is therefore necessary that one of the quantities o™ —a*, ™ + «o* be divisible
by 2n + 1; now let m > u be posited, which is permitted, it is necessary that
a™ " —1 or @™ * + 1 be divisible by n,3! now this is impossible, for m — p is
less than n.

Therefore the quantities 1, aq, as . ..a,_1 are different from one another and
consequently they coincide, but in a different order, with the numbers 1, 2, 3,
4...n.

29 Bditorial note: The first coefficient is printed p1; po is expected.

30 Bditorial note: The characters after 2n are overstruck by a heavy bar and hard to read;
© = 2n is expected.

31 Editorial note: Printed n here; 2n + 1 is apparently expected.
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Therefore, remarking that
G20 + Dk £ anle} = 6 (ane),
one sees that the quantities (107.) are the same as these:
d2(g), ®*(2¢) ... ®*(ne),

that is, the roots of the equation (106.) Q. E. D.
There is still to be remarked, that having

o =(2n+ 1)k, — 1,

one will have
a™t™ = (2n + 1)k,a™ — o™,

therefore
Un+m = *am

and
P (" T™e) = P2 (a™e).

This being premised, let # be any imaginary root whatever of the equation
" —1=0
and
P(e) = D(e) + D% (ae)d + B (a?e)0? + ... + P (" e)om L. (108.)

By virtue of what we have seen previously, the second member of this equation
can be transformed into a rational function of ®2(¢). Let us make

b() = X[9%(2)) (109.)
On putting in the first expression for 1(g), a™e in place of &, there will result:
P(a™e) = p*(a™e) + (™ le).0 + P2 (a™T2e).0% + ...
c @) 0T 4 B2 (). 0T L+ D (T )
but we have seen that ®2(a"*™¢) = ®2(a™e); therefore:
P(a™e) = "D () + 0" TLD2 (ae) + "R (aPe) +- ...
c 0L (0 e) + @ () + 0.9% (@™ T e) + .+ 0" LD (0 ).

On multiplying by 8™, the second member will become equal to ¥(g), there-
fore:

P(a™e) = 07" (e), (110.)

or rather:



whence, on raising both to the n'® power, one deduces by virtue of the relation
g = 1.

(o))" = {x[@*(a™e)]}". (111)

This formula gives, on making successively m = 0, 1, 2, 3...... n—1n
equations, which, added member to member, will give the following:

n(e)]" = {X[2()]}" + {x[@%(ae)]}" + {x[02(a%e) } "+ .+{x[<1>2<a”1(s>1}”);

112.
now, the second member of this equation is a rational and symmetric function of
the quantities ®2(¢), ®?(ae) ... ®?(a" t¢), that is, of the roots of the equation
(106.); therefore (1e)™ can be expressed as a rational function of pg, p1 ...Dn—1,
consequently as a rational function of any one whatever of these quantities. Let
v be the value of 9(g), one will have

Yo = 0%(e) + 0.0%(ae) + 02.0%(a%e) + ... + 0" L (" o). (113.)

27
o

This being premised, let § = Cos%7r + 7sin The imaginary roots of the

equation ™ — 1 can be represented by

Therefore, on making successively 6 equal to each of these roots and denoting
the corresponding values of v by vy, v ...v,_1, there will result

Yo = 9%(e) +0.2°(ag) .. 0" LB (@ e,
{vg = @2(5) + 92.‘1’2(045) +o + 92"_2.<I>2(a"_15)
Y1 =P e) + 0" 0% ag) + ... + 0D B2(anLe),

On combining these equations with the following:
—pn1 =P () + P (ae) +...... + ®%(a" o),
one easily deduces from them:
1
% (ame) = o { =P+ 07T+ U s VT i)
114.
Rk =y ¥

and for m = 0:

@2(5):%{—])”_14- Y1+ vzt o+ Y1) (115.)
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22.

All the roots of the equation (106.) are contained in the formula (115.), but
since their number is only n, it still remains to give to ®?(g) a form which does
not contain roots foreign to the question. Now this is easily done, as follows:

Let
/o
(v/o7)k
On putting here € in place of a™e, (/v will be changed into #~*™. /vy, and
v1 into 67™.v1, therefore s, will be changed into:

g—km, YUk YUk
O o)~ (ot
The function si, as one sees, does not change in value on putting a™¢e in

place of . Now s, is a rational function of ®2(¢). Therefore, denoting si by
A[®?(e)], one will have

S —

sk = A[@%(a™e)],

whatever the integer m may be. From this one will deduce in the same manner,
and as we have found (1e)", the value of s; as a rational function of one of the
quantities pg, p1, -...pn—1. Knowing si, one has:

g = sk.({ vl)k.

Therefore, putting v in place of vy, the expression for ®?(a™e) will become:

1 e
<I>2(am5) = - {—pn,l LM+ 529_27”.11% o sy O M = } ,
n
(116.)
for m = 0:
1 e
<I>2(5) = {fpn,l +ouw 4 sz.v% + 53.1)% + .+ sn,l.le} . (117.)

This value has only n different values, which correspond to the n values of v,
Therefore, in the last place, the solution of the equation Py, = 0 is reduced
to that of a single equation of the degree 2n + 2; but this equation does not
appear to be algebraically soluble in general. Nevertheless it can be completely
solved in several particular cases, e.g., when e = ¢, e = ¢V/3, e = ¢(2 + V/3) etc.
In the course of this memoir I shall occupy myself with these cases, of which
the first especially is remarkable, as much by the simplicity of the solution as
by its fine application in geometry.

Indeed, among other things, I have arrived at this theorem:

The entire circumference of the lemniscate can be divided into m equal
parts by the ruler and compass alone, if m is of the form 2™ or 2" +1, the
latter number being at the same time prime; or else if m is a product of several
numbers of these two forms.

This theorem is, as one sees, precisely the same as that of Mr. Gauss, relative
to the circle.
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g. VI

Various expressions of the functions ®(np), f(nB), F(np).

23.

On making use of the known formulas which give the values of the coefficients of
an algebraic equation as functions of the roots, one can derive several expressions
of the functions ¢(nf3), f(nB), F(np) from the formulas of the preceding section.
I shall consider the most remarkable.
To abridge the formulas, I shall make use of the following notations: I shall
denote:

’

K’ k
1) By % ¥(m) the sum, and by EI ¥ (m) the product of all the quantities

of the form%(m), which one will obtaﬁl by giving to m all the integral values
from k to k’, the limits k and &’ being included.

kv kv
2) By % ¥ t(m, u) the sum, and by 1};[ IT ¢ (m, ) the product of all the
mvu mvpu

quantities of the form (m, u), which one will obtain by giving to m all the
integral values from k to &/, and to p the integral values from v to v/, always
including the limits therein.

According to this it is clear that one will have:

% p(m) = k) + vk +1) + ...ap(k'), (119.)
32
k/
1;[ P(m) = (k)ap(k+1) + ....ap(k'), (120.)
33
oV v’ v’ v’
X% gimp) =% k) + 2 Dk +1p) 4 £ 5 PR, p), (121
mVpu m L m
kv v’ v’ v’
1L (m, ) = 01 6k, 1) 1 Gk + 1)l 9K ). (122)
mvVpu Iz Iz Iz
This being premised, let us consider the equations
B(2n 4+ 1) = Lantt
Q2n+1
P2/n+1
f@n+ 1) =", (123.)
Q2n+1
P//
F(2n +1)5 = 22241
Q2n+1

32 Editorial note: No equation number 118. is printed; the numbering passes from 117. to
119.

33 Editorial note: A plus sign is printed before the row of dots in the product; a multiplication
dot is expected.
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We have seen that P,y is a rational function of o of the degree (2n + 1)
and of the form z.¢)(x?). Likewise Pj, , and Fj, , are functions of this same
form, the first of y and the second of z.3* Finally Q,; is a function which,
expressed indifferently in z, y or z, will be of the degree (2n + 1)? — 1, and will
contain only even powers. Therefore one will have

Popy1 = Ag@ntD? + B.z; Py, = A/.y(2n+1)2 + + B'y;
Py = AV D + B" .z Qoni1 = Cg®+)’~1 4 4 D,
Q2n+1 _ C/'y(2n+1)2_1 +o+ D/; Q2n+1 — C,/.Z(2n+1)2_1 +o D"

On substituting these values in (123.), there will result

(Az@* 4 4 Bal—e2n+ 1)B{C.a® V1 4 4 DY,
(A yCr D 4L By} — f2n+ 1)B{C y@ ) L 4 D'
(A" 220" L 4 B2} — F2n+ 1)B{C" 22D 144 Dy

In the first of these equations A is the coefficient of the first term, —¢(2n +
1)3.C that of the second and —¢(2n+1)B.D the last term. Therefore §¢(2n +
1)/ is equal to the sum and :t%go(?n + 1) equal to the product of the roots of
the equation in question, which equation is the same as this:

P.
(204 1)8 = =224 (124.)
2n+1

Therefore, remarking that A, C' and D (and in general all the coefficients) are
independent of 3, one sees that ®(2n + 1) is (to within a constant coefficient)
equal to the sum and to the product of all the roots of the equation (124.).

In the same manner one sees that f(2n+1)5 and F(2n+1)p are respectively
equal to the product or to the sum of the roots of the equations

Pl P//
f@n+ 1) =220 F(2n + 1) = 2245
2n—+1 Q2n+1

taking care to multiply the result by a constant coefficient, suitably chosen.
Now the roots of the equations (123.), according to No. 11., are respectively:

— (1 \mtnu m H .
z=(-1) @<B+%H1w+2n+fm)

m 1 .
= (-1)™.
y=(-1) f<ﬂ+2n+1w+2n+1wo,

m 1 .
= (~1)".F
2= (ﬂ+2n+1w+2n+lw07

where the limits of m and p are —n and +n.

34 Bditorial note: Printed Fy .y where Py . is expected.
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Therefore, by virtue of what has just been seen, and making use of the
notations adopted, one will have the following formulas:

+n “+n

—Npgp—ny,

+n

n

+n +4+n

—Np =Ny

m~ "y

MmN

m

Fon+1B=AY S (—1)mf <5+
+n +
F@2n+1)p=4A".% ¥ (-1D)".F (5 +

o

o2n+1)f=B.1 I .0 (ﬁ_i_mw—&—uwi)7

P2n+1)f=A% I (- (5 + m‘“ﬂm) 7

2n+1

mw + pwi
2n +1 ’

mw + uwi)

)

2n+1
(125.)

2n +1

f(2n+1)/6’:B’.Ji'[Z ﬁ f (ﬁ+mw+m>,

2n+1

2n+1

4+n 4+n ,
Fen+1)g=B"1 1 .F <5+ W‘m) .

To determine the constant quantities A, A’, A”, B, B, B”, it will be nec-
essary to give (8 a particular value. Thus on making in the first three formulas
B = % + %1, after having divided both members by @4, there will result, re-

2
marking that ® (¥ + i) = %:

A p(2n+1)8
B

,_f@n+1)B

A Sl i
B

A = TSP
I8

35

w  w
f = — + —i.
or 2+2z

35 Bditorial note: The denominator of the third fraction is printed f8; Ff is apparently

expected.



Let 8 = % + i+ «, one has:

o (2n+1)a+nw+ nwi + % + i)
plats+5i)
o (2n+Na+%+%i) %!
¢ (a+ %+ Zi)  p(2n+ 1)a
A,:f((2n+1)a+nw+nwi+%+%i)
Fla+5+5)
F(@2n+Da+ 4+ Zi)
f(a+2+7z)
A,,fF((2n+1)a—|—nw—|—nwi+%+%i)
Flat2+ i)
F(2n+1a+ %+ Zi) n
Flaterzy V"
2 T2

A:

for o = 0.

flat%)
f ((Qn +Da+ %)

= (-1, = (1",

F (a+ %)
F(@2n+Da+ %i)

— (1)~

These expressions for A, A’, A” will become of the form 8,
therefore one will find accordmg to the known rules:

1 I A// _ (_1)n

T o+ 1 o+t

on making a = 0,

According to this the first three formulas will become:

1 tn +tn mw + uwi
d(2 1 ¥ X 1)mth, _—
e ns= 5t B ¥ o5+ e,
(— 1)" tn 4n mw + powi
2 1 ¥ (=™ —_— 126.
fen+ =y B N oy (50 B ()
(=)™ 4n 4n mw + pwt
F(2 1)8 = - F e —
@t =531 %, 50 U

To obtain the value of the constants B, B’, B”, I remark that there will be:

J_rrg J_rrg Y(m, p) = ’L/)(0,0).lrfl ’(/)(mJ))ff[ (0, 1)
Tl o (127.)
x 1T p(m, o) ap(=m, —p).I1 L g(m, —p).4b(=m, ).

Applying this transformation to the formulas (126.), dividing the first by ®/,
the second by fB and the third by F3, then making in the first § = 0, in the

second 8 = % and in the third 8 = %4, and remarkmg that W =2n+1,

for 8 =0, that f(zr};l)ﬁ 2n+ 1, for § = ¢, and that @;7;51)& =2n+1, for

ol



B = %i: we shall find:

n mw n Wt
2n+1)=BIl ¢? I 2
(2n+1) 1mg0 <2n+1> 1Mg0 <2n+1)

Xff[ 1?[ 2 (mw+uwi) o (mw—,uwi) 7
m

2n+1 2n+1

1) =B (Y ) (Y
(n+) 1mf (2+2Tl+1 1uf 2+2n+1

n.o w  mw -+ powt 9 (W MW — pwi
xII I f2( =+ — . -t
n w . mw n w . Wt
2n+1)=B"1l F?(— I F? (=
(2n+1) i (21+2n+1> R A o
R e (g Mt e (= gt
Imly 2 2n+1 2 2n+1

(128.)
Drawing from these equations the values of B, B/, B”, and then substituting
them in the transformed formulas, there will result:

d(2n +1)8 =
n o (B4 gn) o (8- gmr) o e (B ) o (8- 45)
(2n + 1)@5.1;[ — 11[ =
m SOQ (2n+1) w 902 (2n+i)
mw-+uwi mw4+puwi mw— Ui mw—uwi
n n ¥ <5 + 2n—&lf1 ) P (’8 - Qn—&lfl ) ¥ (ﬁ + 2n-&l-t1 ) R4 (6 - anl )
< T - - - ,
ST o () o ()
f@n+1)8 =
o (B gn) (8- gmn) o £(Br43) 5 (8- 450
(2n + 1)fﬁ.l;[ Ill —
mo () N CES =3
non f (ﬁ + m;::rlww) f (6 o m;—:—_{f{wi) f (ﬁ + m;};_‘;flwz> f (ﬁ o mgn—_‘;flwz)
x 11 1 : - , ;
mhe (s ) 72 (5 + )
F@2n+1)p=
o F(B+ 22 ) F (8- 2) o F(8+455).F (8- £25)
(2n -+ 1) FAI 2n+1 ntl) o 2n+1 | 2n+1
P (Fita) T P (SieaE)
mw-+ ot mw-+puwt mw— oot mw—uwi
xﬁ ﬁ F(ﬁ"' anl )'F(ﬁ_ znfl ) F(5+ 2n+#1 )'F<B_ 2nf1 )
j 2 (=, mw-+puwi ’ 2 (=, mw— 1wl ’
: F (52 R TES) ) F (51 BT )
(129.)
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These formulas may be given simpler forms, by making use of the following

formulas: 25
pB+a)p(B-a) 11—
2a - _ ¢2/3 9
¥ 1 2(at2+29)
1— 2B
fB+aLfG-a) _ T
2 (w - - f2B )
2 (% +a) L~ Aarsrsy)
1 F2p
F*(B+a).F(B—a) _ (g ito)
F?2(Zi+q o ____F3
(5 ) 1 F2(4+Zita)

36
which one will easily verify by means of the formulas (13.), (16.), (18.).
By virtue of these formulas it is clear that the equations (129.) may be put
under the form:

®(2n + 1) =
1— 0B 1— B _
n o2 (221) n ¢ (4:51)
(20 +1)@B.11 . = Al - T
m — [ <A - —
(e +Zitmy) | (et TivEsn)
1_ 2/5 v 1— 2/3 v
BE G )
lmlp,l— @213 . 1_ 4)025 » )
02 (g +Z it mgtemt) P2 (g+Zi+ gkt
f@en+1)8=
11— % 1 — %
" Plasts) n» P2+
@A DfSIl A T —
P(5+5i+ ) e =) (130,
QRS " M E—
X1 11 25+ 250 P+ )
Tmly] — 28 1 fzg -
P(s+5imne) Ps+5irmte)
F2n+1)8=
1— _ FB 1 _F
n 2= me n F2( =it pToi
(20 + 1FB.II - (2;2;"“) A1 - (2;2;”“)
m ey N TER Y 13 T o w o wm . nwi
F2(%+%l+275j:1) Fz(%+%l+2¢n+1)
1 _ F2ﬁ i 1 _ F2B §
non P2 (it et P2 (it )
Xl;[mli[ul_ F23 . 1_ F23 ‘
F2(g+5 i+ mgHEt) F2(g+F i+ T

36 Editorial note: The numerator of the third left-hand fraction is printed F2(8+a).F(8—a);
F(B + «a).F(B — «a) is apparently expected.
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These formulas give, as one sees, the values of ®(2n + 1)8, f(2n 4+ 1)8 and
F(2n + 1)8, expressed respectively as rational functions of @8, f5 and Ff3, in
the form of products.

We shall further give the values of f(2n + 1)5, F(2n + 1) under another
form, which will be useful in what follows.

We have f28 =1 — c?¢?f3, hence

LB _GPB-a) | @ Lo e
fPa fra fra fPa
and ot ) o
P8 @l¢B-¢? (Fita)]
2 (gi+a) F(gita)
now by virtue of (18.) we have:
24 .2
9 (T . ettt 1
! (52+a)7 e2 ' f2a’
hence: , ,
1—32275 1 e? +¢? 1—£25
— i o 404' 62 ’ _ ©2p
1 2(Zita) 1 02(Zita)
We shall find in the same way:
2
-2 1 @l -5
___F3 Fia €2 "1 _ w23 ’
e B CED

By virtue of these formulas, and making f = 0 in order to determine the
constant factor, it is clear that the expressions of f(2n + 1)3, F(2n + 1)8 may
be written as follows:

1-— % 1-— %
n P (§+anT n S %i+ﬁ
2n+1)8 = fB.II 1
f( )B fﬁ 17n]_72wl’aw;_ﬂmw 1'1117%
(g +Fitan) e ($+FitdaT)
) S S S
< I1 11 T emmmEy T e
tmlpl— ol . 1— v2B _ )
o2 (g +gi+mgtemt) o2 ($+3 it mgmp=T) /
1 ©*p ] 23 (130".)
F(2n+1)8 = FAI PEiaE) o P
R e e J 7} RN
P(g+Fia) P2 ($+5i+45T)
2 2
non LT WLHW) 1- Wwﬁw—i;ﬂm)
x 1T 11 2 2ﬁ2n+1 . = 2;n+1
Imlpl — SOQ(HJFE('ZJFMHW) 1-— ¢2(£+zﬁ+mw—wi)
27172 2n+1 5+ 3 e

o4



37

In this paragraph we have considered the functions ®(ng), f(ng), F(np)
only in the case of odd values of n. One might find analogous expressions of
these functions for even values of n; but as there is no difficulty in this, and as
moreover the formulas to which we have arrived are those which will be most
useful to us in what follows, I shall not occupy myself with it.

g. VIL

Development of the functions ®a, fa, Fa in series and in infinite products.

24.

Making in the formulas of the preceding paragraph § = 5%+, we shall obtain
expressions of the functions ®«, fa, Fa which, on account of the indeterminate
number n, may be varied in an infinity of ways.

Among all the formulas that one will obtain in this way, those which result
from the supposition of n infinite are the most remarkable. Then the functions
&, f, F will disappear from the values of ®a, fa, Fa, and one will obtain
for these functions algebraic expressions, but composed of an infinity of terms.
To have these expressions, one must make in the formulas (126.), (130.) 8 =
ﬁ, and then seek the limit of the second member of these equations for ever
increasing values of n. For brevity, let v be a quantity whose limit is zero for
ever increasing values of n. This being premised, let us consider successively
the three formulas (126.).

Making in the first of the formulas (126.) 5 = 77> and remarking that
tn +n n n
Y X 0(m,u)=6(0,0)+% 6(m,0)+% 6(0,u)
M=y 1m 1M (131)

+ le Xll {0(m7 N) + 9(*m7 7:“) + H(m’ *N) + 9(*m7 M)}’
mlp
it is clear that one may put the formula in question under the form:
1 « 1 = o+ mw a— mw
da = . X (-1 | —F D ——
BT ‘p<2n+1) ot Y { (2n+1 ) + (2n+1 )}

PR N {cp (aﬂm> + o (“““’”)} SR (C1)mp(n — myn — )

2n+ 17T, 2n +1 2n +1 ec Tmiy

LSS Lyt _ —
+ ec%:m%#( 1) 1(n—m,n — p),
(132.)

37 Editorial note: In the numerator of the second product of the first line, the print sets an
i after w/2; there is apparently no 7 there, by analogy with the first product. Reproduced as
printed.
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where one has made, for brevity,

Yl p) = o 1 + :
m, ) = :
on+ 1 a+(m+ Dt (ut 2)ews a—(mt $)w—(u+3)wi
¥ 2n+1 ¥ 2n+1
1 1 1
1Z}1 (m7 )u’) = . +
2n+1 a+(m+%)w—(u+%)wi a—(m-}-%)w—&—(u—&-%)wi
12 2n+1 ® 2n+1

(133.)
Now, remarking that

o <a+mw) Lo (amw) _ 2p (2nofu) f (22?1) F (2??1) A,

= )
2n+1 2n+1 1+6202-<P2<27ﬁfl)-%02(2n11> 2n + 1

o (T He LD a — pi _290(2na+1)'f(;xﬁ)'F(zl;Tl)_ B,
2n+1 n+1 ) 1+ e2c2.p2 <2H7-i1)'902 (2 63-1) C2n 417

where A, and B,, are finite quantities, the part of the equation (132.) as
far as the member which has the sign — will take the form:

1 o 1 n
. 2 (=1)™(A,, + B,);
2n—|—190(2n+1)+(2n—|—1)2 1m( )" (Am + By)

now the limit of this quantity is evidently zero; hence, taking the limit of the
formula (132.), we shall have:

1 n n
da=——1 PSS 1)mtr — —
o= lim B B () =m0
+ Lt S S (1) (=, — ),
mip
or else: ) )
da=——1lim. ¥ ¥ (=1)™F~,
o= tim () s(m, )

(134.)

+im S S (0 (m, )
— lim. — by (m, ).
ec 0m 0 4 m, f
It suffices to know one of these limits, for we shall have the other by merely
changing the sign of 4.
Let us seek the limit of
n—1 n—1

7 3 D
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For this, one must try to put the preceding quantity under the form
P+,

where P is independent of n, and v is a quantity which has zero for its limit;
for then the quantity P will be precisely the limit in question.

25.
Let us consider first the expression:
T .
Let 90
0(m,p) = — (135.)

and let us make

0l = 0(m. ) = 5o R (136.)
we shall have:
S ) — S (—1)E0(m ) = 20,5 (—1) (137
0 4 ’ 0 4 ' 0 o (2n +1)2

38

This being premised, I say that the second member of this equation is a
quantity of the form -~
According to (12.), (13.) we shall have

1 1 _ e(B+e)+ (B —e) _ 2pP.fe.Fe
o(B+e)  p(B—¢e)  @B+e)e(B—c) 2B -’

hence, making 3 = 5% and ¢ = m;:ffl = 2511 and fe.Fe = fe, we have:
20 (527 ) 0 ( 54
o ) 1 P\ 2n+1 ) ¥\ 2041
m,p) = .
H 2n+1 2

¥ (2nofk1> - ¢? (2211)

« o« n A3
loant1) 2+l @nt D)3

Now we have:

hence:

0 (525) 240 2
| )

P(m, p) = -
o? (2&1) _ g2 (ﬁ (2n+1)4  (2n+1)2

38 Editorial note: The exponent of the factor —1 in the last sum is apparently printed n; u
is expected, as in the two sums on the left.
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and consequently:

2a 0
2 (63
(2n+1) 02 (

¢(m7:u) - e(muu) =

(
2Aa0® 0 <2n+1)
) >

Hence the value of R, will become

9(25i1) { Aa? } 1

R, = , - .
o G) @ () U T (Y ey

(138.)

_Eu
2n+1

This being premised, there are two cases to consider, namely whether
has zero for its limit or not.

a) If 54~ has zero for its limit, we shall have:
2n+1

r € _ €2 N By}
2n+1 2n+1)2  (2n+1)¥’

€ € 5 C,.e>
0 E )= |1—c2p2 [ L= )| ][1+e2p? [ L) | =1+ L
<2n+1> \/[ o (2n+1)] \/[ tete <2n+1>] Tent

5 a a? D.a*
® = + )
2n+1 2n+1)2  (2n+1)*

where B,,, C,, D have finite limits; hence, substituting:

1 Cu
=+ 517z
. 2 €2 (2n+1)
R, = Aa”.— " —
o 14 Do - B m
e2 (2n+1)2.e2 H(2n+1)2

(139.)
Cuty — 28~ Cu+ B,

22 2 Dat e2 ’
( - ?T"L) B (1 - ?T%) {(2n+%2.ei - BH'(QnJ;rl)Q}
now whether ¢, be finite or infinite, it is clear that this quantity will always

converge towards a finite quantity for ever increasing values of n. Hence we
shall have

R, =r,+v,, (140.)
where 7, is a finite quantity independent of n.

b) If 22“ has for its limit a finite quantity, it is clear that, naming this limit

11
., we shall have:

6(0,,) 1

= + —_—

R ORI

+ v, (141.)
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n
This being premised, let us consider the expression 513 ( —1)“.(275%%)2. We have
"

n R 1
_1)M H — _ _
leu( b (2n+1)2 (2n+1)2.{R0 R
A ()" ER, o+ ()" Ryy1 — Ryy1 + Ry — Ruyse + (=D " LR, 4]}

(142.)
39 Let us suppose first that 2Zi1 has for its limit a finite quantity, whatever be
the value of p. Then, remarking that

5u+1 = 5#»
we shall have
1 1
R,— Ry = CHECHIEP
hence:

n1 R 1
(—1)*. K = (0§ —v1 +v3—v3+ . FVE =i )+

B
by
5 2n+ 12 (2n+1)?

2n + 1)2’

where k = n or n — 1, according as n is even or odd. The quantity B always
has for its limit a finite quantity, namely B = 0 if n is even, and B = R,,_1 if
n is odd.

Now it is known that a sum such as

1 1 1 1 1
Vg — V1 V3 —oo. + Vo — Vp_1q,

may be put under the form k.v, v having zero for its limit. Hence, substituting:

n=1 R, kv+ B
el
0 . 2n+1)2  (2n+1)2
now, k being equal to n or to n— 1, and B finite, the limit of kz':;i? will be zero,
hence: ) R
n= v
S (=1~ B = . 143.
0 u( ) (2n+1)2 2n+1 (143,
Let us now suppose that 55 has zero for its limit. Then 2;11 likewise
has zero for its limit, unless at the same time 2nﬂﬁ has for its limit a finite

quantity. Let v in this case be the whole number immediately below +/n, and
let us consider the sum

Ry— Ri+Ry— R+ ... + (71)”71]{”_1.

Supposing that j is one of the numbers 0, 1, ....v, it is clear that 54— =

@ntl) —
%ﬁm has zero for its limit; hence, according to what we have seen, R, will

be a finite quantity, and consequently

Ry—Ri+Ry—....+ (—1)V_1Rl,,1 =R,

39 Bditorial note: The first term inside the square bracket is printed Ry 41; Ry is apparently
expected.
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where R is likewise a finite quantity.
Let us now consider the sum

(—1)V{Ry - Ry+1 + Ry+2 — .+ (_1)71—1/—1.Rn71}.

If 2511 has for its limit a quantity different from zero, we have, as will be

seen:
_ 1.1 .
Ry, — Ryt1 =2, —v,11;

if on the contrary 2511 has zero for its limit, we have:

_ 1.
Ry = v, +v,;

now, if at the same time p > /n, it is clear that, by virtue of the value of R,,,
v, = B, — Cy;

now it is clear that B, and C}, both have for limits quantities independent of
1, hence, naming these limits B and C, we shall have:

R,=B-C+u,,
and consequently, in this case also,

RM - RM+1 = Vy — VUpy+1-

40

Hence, as in the case where 2211 would have a limit different from zero for

all values of p, we shall demonstrate that

M{RV - RV+1 + ...+ (_1)n—V—1Rn_1} =

(2n+1)

Now, combining the equations above, we shall derive from them

(SR (L T ) L
0, 2n+1)2 (2n+1)2 2n + 1’
but 577 has zero for its limit, therefore
n—1
R ) TR
0 4 (2n+1)2  2n+1

Therefore this formula always holds, and consequently the formula (137.) will
become:

S ) =S (1) 0m ) =

. (144.)
w W 2n +1

40 Bditorial note: The last subscript is printed indistinctly, apparently vu4+1 with the p
damaged in print.
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n—1
This being premised, the point is to put %J (=1)#0(m, u) under the form

i
P + —*—. Now this can be done as follows. We have:

2n+1"
nélu(_l)l‘ﬂ(m,ﬂ) = %u(—l)#ﬂ(m,u) — %H(_l)ug(m’ﬂ) and
%u(—l)#ﬂ(m, p) = (=1)"{6(m,n) — O(m,n+ 1) + 6(m,n + 2) — ....etc.}.

(145.)
Now, by a known formula, we have:
O(m,n) —O(m,n+1)+0(m,n+2) —.....
00(m,n) 920(m,n)
B————+ ...
on T P

= 10(m,n) + A

where A, B.... are numbers; now

2

0 =
(m, n) a? — (mw + nwi)?’

therefore, on substituting:

4Aaoi.
e(man)_e(m7n+1)+ = @ awL.n

a? — (mw+nwi)?2  {a? — (mw + nwi)?}?

41 From this it follows that

o v v
0 -0 N+..=——+—= .
(m,n) —0(m,n+1)+ Gy R el W |

Therefore, by virtue of the equations (145.)

n—1

1
_1)H — % (1) v
D m) = (1" B )+ 5
and consequently
n—1 o0 v
1M — _1)H
R = (1" fm )+ 5t (146

26.

n—1
Having transformed in this way the quantity EOJ (=1)*.4p(m, p), we derive from
“w
the equation (146.):

n—1 n-—1 n—1 n—1 U
(=)™ Hp(m, p) = 3 (=1)"om + 2 (147.)

0 m 0 4 0 2n+1’

41 Bditorial note: The exponent outside the braces in the denominator of the second term
is printed indistinctly; 2 is read here.
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on putting

om =% (=1)".0(m, p); (148.)
I
now
nil Un W0tV F+V2...0p1 MU W
0 2n+1 on+1 T oan+1 2

v having zero for its limit. Therefore the equation (147.) will give, on making
n infinite:

n—1 n-—1 o]
lim. ¥ % (=)™ ap(m,p) = S(=1)".0m. (149.)
0m 0 pu 0
In the same way, if one puts, for brevity:
2c
O1.(m, ) = a? — (mw — pwi)?’
- (150.)
Q{m =X (—1)#.91(771,/,&),
0p
we shall have:
n—1 n—1 00
lim. > % (—1)™HH ahy (m, p) = g(q)m.g’m. (151.)
m 0 pu

Having found these two quantities, of which the expression of ®« is composed,
we shall have, on substituting:

7

i i % .
Pa ==L S (1) 0 + = B (-1)" 0l = =5 (1) {e], — o},

o3

ec

or else, on restoring the values of ¢/, and oy,

] m 2c _ 2
P s, Y {%u {a2 —[m+ 3w —(n+7)@i> o —[(m+ 3w+ (u+ 3)wi]? }} '
(152.)
Now

2a 1 1

. - + )
a? —[m+wx(p+3)wil? a—(m+HwF (u+3)wi at+(m+ 3w (u+ 5)wi

therefore:
2c0 2c
a2 —[(m+ Y —(p+ Dwil2 o = [(m+ Do+ (u + 1)wi]?
(2u + 1)wi (2u+ Dwi

o+ (m+ Dl + (p+ 1)@ a—(m+ Hwl+ (u+ 52w

therefore the expression of ®a will become, under a real form:

1 x m L 2u+ 1w 3 2u+ 1w
Pa=oF, VR CDN { o mt D+ (it D2?  Jar (m(—f— 5))(42 (it DPer } ’
153

62



that is, we shall have:

da = E((50 — 61 + (52 - (53 + .t (_1)m6m - )
ec
e (154.)
— (8 — O+ 8y — Oy e (1), — ),
ec

or else:
5 1 B 3 N 5 B
Tole-mA P+ fa- (e + 2 o (mt pu]?+ B
5, = ! — ; + ° -
"olet P+ ot (mt e+ ot (mt gl + B
(155.)

n—1 n-—1
If one begins the search for the limit of the function % %] (—=1)mFrap(m, )
m 0 p

n—1 —1
with that of 20] (=1)™p(m, p) instead of that of n%] (=) ap(m, p), as we have

done, one will find in place of the formula (53.)*? the following:

1 x o0 m 2u+1)w 2u+1)w
ba=—3 (D" (-1) { 5 g T 55
ec 0y Om [a—(m+§)w] +(,u+§)w [04+(m—|—§)w] +(,u+§)w
(156.)
that is:
Do = g(so — 31+ 5ey — Teg + o+ (—1)P.(2u + Dy — .00
(157.)
—2(56—35’14—55'2—7s§,+....+(—1)“.(2u+1)su—....),
43 where
B 1 1 1
En _w 1y2_2 _ 3w)? 1y2.2 _ 5w)? 122
(@=9)" +(p+3)32@® (a—3)" +(u+3)?w® (a—2)" 4+ (u+3)w
, 1 1 1
fu w)?2 122 3w)2 1y2, 2 502 122
(@+%)" +(p+3)3°w (a+2)" + (p+ 3)*w (a+2)" + (u+ 3)%w
(158.)
27.

Let us now seek the expression of fa, by means of the second of the formulas
(126.). On making therein 8 = 7ng1» and remarking that the limit of the
quantities contained in the first two lines then becomes equal to zero, we shall

42 Editorial note: Printed (53.); the formula meant is presumably (153.), an apparent mis-
print.

43 Bditorial note: In the second row the last term is printed with eu without the prime; e
is expected, an apparent misprint.

/
w
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have:

fa :lim.(—l)”% %L] (=1)™ap(n—m,n — p)
e (159.)
+lim.(—1)"§1] 21] (=D)™p1(n—myn — p),
mlpy

where we have put, for brevity:
1 o+ mw + puwi a — mw — uwi
Y(n—m,n ”)2n+1{f< o+ 1 )+f< o+ 1 )}

iatn—mon = = 5t {1 () g (2t

2n+1 2n+1 2n+1

Now we have:

2/B.f f /B
fB—e)+f(B—¢)= 1—1—@202902;9025 - 62022 2 2B + —

e CQLP 5
44

Let )
MW + uwi

2n+1

)

we shall have:

1 _ + 1 + — o+ 1 .
= —jec.® (E + E’L _ 6) — ieed (n—m+3)w+n—p+3)wi ,
e 22 2 +1

Ef ZV(€2+02 /(2 + ) Y _w,
we F(&—%z) (e* +¢%) ,/62_|_62)F(€ 2 21)

_mﬁ<w—m+»w+<—u+»w)_

2n+1

Therefore we shall have, on substituting and putting m and p respectively in
place of n —m and n — p:

1 1 . 1 1 .
(et 2yt (et 3 )i (et 2yt (et 3 )i
(m. ) 2o () ¢ ()
¢ m,p) = —. 1 1 .
e o (m+35)w+(p+35)wi
(271“!‘ 1) |:302 (2n+1) - 302 ( 2 2n+l; 2 >:|

We shall have the value of ¥ (m, 1) by changing only the sign of i. Making now

@2m+ 1w+ (2p + wi
o2 —[(m+ Hw+ (n+ 1)wi]?

0(m, p) =

and
2m+1)w— 2u+ 1)wi

—[(m+ 3w — (u+ 3)wi]?’

91 (mv N’) = 062

44 Editorial note: Printed f(B — €) in both terms; the first term is presumably f(8 +¢), an
apparent misprint.
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and then seeking the limit of the function

n—1 n-—1

o M(—l)mﬂ/i(mau),

in the same manner as before, we shall find:

n—1 n—1 1
lim. X X (=1)™. = —
S S ) =

and
n—1 n—1

. m _ 1 < < _1\m .
lim. %] - %] u(_l) Ay (myp) = g%:u {%Im( 1) .91(m,,u)},

therefore, on substituting in (159.), and restoring the values of 6(m, ) and
01(m, ), we have:

_lxx 2m+ DHw + 2u+ 1)wi 2m+ Dw — 2u+ 1)wi
o= B ot B ot Do o Do o b
(160.)

The quantity enclosed between the brackets may also be put under the form:

2[o — (m + 3)w] 2[a + (m + 3)w]

[ — (m+ D2+ (u+ 3@ o+ (m+ w2+ (p+ 1)2@?

therefore also:

a_loo X m Q[a—(m+%)w] . m 2[a+(m+%)w]

fo= e'%;u {%m( D a—(m+ Hw)? + (p+ 3)*w? %m( D [a+ (m+ w2+ (u+ 3)?w? } '
(161.)

We shall have in the same manner:
Il e L 2p+ 1w X e (2p+ 1w

LOEFREAS Ta— Gt P+ (et Dm0 Y '[a+<m+;>w12+<u+;>w2}'
(162.)

45

28.

Let us now come to the formulas (130.). To find the value of the second member,
after having made 8 = znaﬁ’ and supposed n infinite, we shall first seek the
limit of the following expression:

)

i , 163.
Tu 1— W2(2na+1) ( )
(pz ( 7nw;»n;3—w11+l )

45 Editorial note: Both denominators are printed with (u+ %)wQ; the square on the bracket,
(w+ %)2072, is expected as in (161.), an apparent misprint.
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where k and [ are two quantities independent of n, m, pu.
On taking the logarithm, and putting, for brevity:

11— ‘92(2511‘)
(PQ(mw;:ﬁl-pk)
P(m, u) = log iy ) (164.)
1— P\ ZnF1, .
@Q(NLw;’»n;:—wlz«l» )
we shall have: o
logt =% 3 .p(m,p). (165.)
ImIp
Let us first consider the expression: Xll Y(m, p1). Let
o
1 o
0(m, ) = log { —"HFD G (166.)
- (mw—+pwitl)?
we shall have:
|- Pem) e
o2 (et 1 — e ome

¢(m7 U) - H(m, U) = IOg B «? . cpz( a )
2n+1

This being premised, I say that the second member of this equation is, for every
value of m and u, of the form:

Y(m, p) —O(m, pu) =

v
(2n+1)2

To demonstrate this, it is necessary to distinguish two cases: whether the
limit of %ﬁm is a quantity different from zero, or whether it is equal to zero.
a) In the first case we shall have, on naming a the limit in question:

9 [ Mw + pwi + k 9
TWTRR TR o
‘p( o+ 1 et
2(mw+uwi—|—l

:(pQ /
o+ 1 ) a+v,

9 e o? v
® = + )
n+1 2n+1)2  (2n+1)2

therefore:
2 a
. ® <2n+1) _1 o? n v
(pQ (mw+;¢wi+k> o (277, + 1)2g02a (2’)’L + 1)2’
2n+1
) o (zn(il) _ a? n v
2 (mw+uwi+l) N (2n+1)2.9%2a  (2n+1)%’
¥ 2nt1
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We have likewise

2 2 2

o _q ! _1 « n v
(mw + pwi + k)2 (2n +1)2 {muéguﬁi;rk} N (2n+1)2a®>  (2n+1)%’
. a2 1 a2 N v
(mw + poi +1)2 (2n+1)2a®>  (2n+1)%

46

On substituting these values, the expression of ¥(m, u) — 6(m, p) will take
the form:

1— (211111)2

1— (2n-v+1)2

L- (277,11)2 1

1,[)(77?,, ,lL) - 9(”%#) = log

vy ’
T (2n+1)2
the quantities v, v’, v1, v all having zero for their limit.

‘We have therefore:

log (1— Y = Y etc.,
(2n +1)2 (2n +1)2

and consequently:
v

Y(m, p) —0(m, p) = Gnii?

b) If the limit of the quantity %ﬁ{m is equal to zero, we shall have:

o (MW + pwi + k (mw + powi + k)? (mw + powi + k)* n
2n+1 (2n +1)2 o (2n+1)4 o

5 a o Y at n
PA\omr1) T Gnr12 T @nrr T

therefore:
2 e ot
1 2} (2n+1> 1 052+A/m+ .....
mw-+ i - . mw+pwitk)t
02 ( ;:H +’f> (mw + pwi + k)2 + A (metuoiih)? (;71;1; )

If now mw+ pwi does not go on increasing indefinitely with n, we shall have:

. ? (2&-1) B a? n B
o2 (mw;rnfivwrk) N (mw+ powi + k)2 (2n+1)2’

46 Bditorial note: In the first line the braced quotient in the middle denominator is printed
without a square; a square is expected, as in the neighbouring terms.

67



47 likewise:

) @ <2nof|-1) _1 a? L C
@2 (mw;pjrﬂli+k) o (mw + /J,’W’L + l)2 (2TL + ].)2 ’

48 therefore in this case:

1- B
p(m, i) — O(m, 1) = log {<g>} :

T (2n+1)2
B’ and C’ having finite limits, or else:
D
—_ 0 = —
(o) = 0(m.p) = o

the limit of D being likewise a finite quantity.
If on the contrary the quantity mw + pwi increases indefinitely with n, we
have:

2 o
|- Pem) 2
o2 (mEamiTE o? A— A/MJW
1 a2 =1+ (2n+ 1)2' . 2
~ TR 14 A (mepemik)
1
X )

1 o
(mw+pwi+k)?

ape 1 mw+pwi+k
now the quantities motpmitk’  2n+1

preceding quantity will be of the form:

have zero for their limit; therefore the

2
« "

14+ ——.
oyt

A" having a finite quantity for its limit. On changing k into [, and designating
the corresponding value of A” by A, the value of ¥(m, u) —6(m, u) will become:

2
14+ A" 204" _ AV
@nri)? o ( 1) v
14+ ﬁfl’l’ (2n+1)2 (2n+1)2

Now the limit of A” is the same as that of A; but it is clear that this latter
limit is independent of k, m, u (it is in fact equal to the coefficient of o in the
development of ®2«/). Therefore we shall have:

A" =M + v,

47 Editorial note: Printed mwi in the argument of the denominator function instead of pwi;
an apparent misprint.

48 Fditorial note: The argument of the denominator function is printed with +k (the glyph
is blotted) where +1 is expected, as in the right-hand side.
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and on changing k into I:
Al =M+,

whence A” — A} = v —v" = v. Therefore A” — A has zero for its limit, and
consequently we have:

v

Y(m, p) — 0(m, pu) = nr 1)

Therefore we have demonstrated that, on making

A,

m, (167.)

the limit of A,,, will be equal to zero every time that mw + pwi increases
indefinitely with n, and that it will be equal to a finite quantity in the contrary
case.

29.

This being premised, let us consider the quantity
n
2 p(m, p).
“w

On substituting the value of ¥ (m, u), there will result:

n n 1 n
?uiﬁ(maﬂ) = ;Ne(m, ) + W?M(Am#)' (168.)

Let v be the greatest whole number contained in y/n; we may put:

21] Ay =Ang +Ama+ ... + Apy
m

+ A1+ Ampia o+ A

Now, from the nature of the quantities A,, ,, the sum contained in the first
line will be equal to v.A,,, and the second equal to A/ (n — v — 1), where 4,,
is a finite quantity and A/, a quantity which has zero for its limit, therefore:

%l] A=V Ay +(n—v—-1A, =(2n+1).B,,
m

where
LA e T
2n + 1 2n + 1

Therefore the quantity B,, has zero for its limit, remarking that v does not
exceed /n.

m

69



n
Hereby the expression of §1] (m, p) is changed into
m

n n B
by =X 46 = _. 1609.
p o) =3 00m, )+ 50— (169.)

To have the limit of % O(m, ), T write
o

S 0(m, ) =% Om,p) — X 00m, ) =3 O(m,p) =S 6(m, i+ n).
T, T, nt1, T, T,
Now the value of 02101 6(m, 1+ n) may be found as follows.
“w
We have:

0/2

1o
O(m.pu+n) = log [mw+(uzr;)m+k]2

T It (ptn)wiFI]2

I { 1 1 }
“ [mw+ (u+n)wi+1]2  [mw+ (u+ n)wi + k]2
! { 1 B 1 }
2 [mw+ (p+n)wi+ 12 [mw+ (u+ n)wi + k]2

+ etc.

49 From this we derive:

’ 21 1
S Om,ptn) = 29 (ﬁ) S, (ﬁ) ¥
Ty n n \n 2ns  n n
where
) e
n (e i bi) (2R i i)

0 (4)- 1

(et 4 i+ bi)' (Tt o+ S

SERS

etc.
Now it is known that the limit of

%LEH (g) is equal to /0 0(zx) Oz,

©oq AN z
ZEH;G(T) /Oe(x)aerv,

[ | W z
21]#;01 (n> —/ 91(13) 8l‘+’01,

0
ete,

therefore:

49 Editorial note: Printed 6(m.pu + n) with a full stop instead of a comma between the
arguments; an apparent misprint.
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and consequently, on substituting:

2 at z va?  vad
X0 0(x —_ 0 e — — —
T, (m,p+mn) = / ~ 373 /0 @) 4ot ==
50 where
1 1
O(x) =

(m‘*’H —|—wz+xwz)2 N (%Jrk +wi+xwi)2

etc.

therefore we shall have:

/ 9( )8 1 1
X xr = —. —
0 wi m“’“ + wi + xwi) (%*k + wi + rwi)

_ _ 1
i mw+l +’ZUZ (mu:,—k —l—wz)

1 k- 1
T wi .(M+wz+xwz)(%ﬂg+wi+xwi)
1 k-1 1

wi' on (Tt o) (metk o)
The limit of this expression of / O(z) Ox is zero for any value whatever

of z. In the same way it will be found that the limit of / 01(x) Ox is zero,
0

therefore:
® a2 a4 ! aG "
leue(m,u—&-n): gL e 2L —l—%.u —
= o : U—a—2’+a—4v”—.... mtl_ v
o2n+1 2n? 3n4 n o2n +1
therefore also, on making p = oo:
0 v
X0 =
1H(m,uﬂLn) 1’
whence: .
n v
?Mw(m’u + Tl) - Xlzug(maﬂ) - 277174'1’ and
n o0 V.
by =3 0(m, L 170.
S ) =5 0, p) + 5 (170,

50 Editorial note: The integrals are printed without the differential Oz, and the last fraction
has a3 where a? is expected; both apparent misprints, reproduced as printed.
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U, having zero for its limit. From this we draw

n n n oo n /l]m
B % v =% {F omaf izt

On taking the limit of the two members and remarking that

% Um v+ vy + ... Um
12n4+1 2n + 1 o
there will be:
lim.> 3 Y(m,pu) =X {Z H(m,u)} . (171.)
Tmly P

On restoring the values of ¥ (m, u) and 6(m, i), and passing from logarithms to
numbers, we draw from it:

1 () ) o2
n o n 2( mwtpwitk oo 0o _—
limII 1T d (2 B G (et t” | 4. (172.)
R R A N
¥ (T)

By an analysis quite similar to the preceding, but simpler, we shall find in
the same way:

1 — 4/72(27%_11‘) 1 o2
n 2( mw+tk %) - %
lim.IT ‘”2( 2 il ) U —medb A (173.)
Im 1_90(2714-1) Im 1_(m3+l)2
e
1— 802(2natr1k) 1 o2
n o pwitk 00 R
lim.IT d 2( 2n ¥l J U ) G=ime | (174.)
1, 1 ® (2n,+1k) 1, 1-— (,M;Tl)?
¥? (5525
51
30.

Now nothing is easier than to find the values of ®a, fa, Fa.
Let us consider first the first formula (130.). We have:

) 1
0222 mw + (ot _
2n+1 2 (mwtpwi  w  w,
' 2n+1 2 — 2t
1
= 1 . N\
9 ((n—7rz+2)w+(n—u+2)wz>
4 2n+1

51 Bditorial note: In the left side of the last equation the lower fraction is printed with k in
the argument of the denominator function, as the upper one; presumably [ was meant, as in
the right side. An apparent misprint.

72



therefore:

2 n. p 2
P B
1- ”fwﬁ Wi IT II. 41 — o mwtpwi
ﬁ ﬁ 992(2;7_&) o 1m1 Sa( 2n+1 )
1,1 2.2 92 mwtpwi 2
m 1+ eccp Tondl P2 W
2
I IL{1— o al
1ml 2 (n—m+3)wt(n—pt+3)wi
¥ Int1
1— %
mw w1l
_~ & ‘PQ( Sntl )
=1 1I -
Tmlp |1— - :
2 mw+uw1+%+%1
¥ ZnF1

This being premised, if we make 3 = 5.%= and suppose n infinite, there will
result, on making use of the formulas (172.), (173.), (174.), and remarking that

« is the limit of (2n + 1)p (ﬁ“ and equal to a:
o0 062 oo a2
Pa = all 1—— > 11+ —+
* alm{ <mwv} 1{ +(ﬂmV}
1—— 1——o
% ﬁ ﬁ . - (mw—;/;wi)z ﬁ - (mw;/:wi)Q
i (n— Dyt (u—ywiz | T SRS Sy

(175.)
The two formulas (130.) will give in the same manner, on making 8 = 5%,
and remarking that f(0) =1, F(0) = 1:

S L7 L e
fa =T 1 [(m*2)u;+#m] [(m*2)u;*um]
Im 1p 1-— T & T 1- 1 < 1
[(m—3)w+(u—3)=i]? [(m—3)w—(p—3)=i]?
(o] a2
xIT §1— ———— %,
14 <m+;ww}
(176.)
1o 1o o
o) 2 o0 o mw 1 wi]? mw 1 wi]?
Foo {1+ al 2}.11 X [ +(u22) ] [ +(u22) ]
(" (M+§)w 1m 1pu 1— I (e T : 1— " o " -
[(m—3)w+(p—3)=i]? [(m—3)w+(p—3)=i]?
(177.)

52 EBditorial note: The two factors of the last product are printed identically, where the
earlier formulas have opposite signs; an apparent misprint, reproduced as printed. In the
preceding formulas the factor (m + %)2&)2 of (176.) carries its square, and the product index
there is printed p although m occurs; the factor (u + %)‘w2 of (177.) is printed without a
square on the bracket. All reproduced as printed.
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We can also give a real form to the preceding expressions as follows:

o 042 o 042

12 2\ 2
at+mw)? (a—mw)? (m—35)*w (178.)
O et st B
tmip, n [Ot+(:;—wg)W]2 14 [a—(:;—wg)wP 14 Toe
oo OL2
a=1I 1-—
o=t (1 )
2
form—byof | famtmbp (14 @22\ (179)
ﬁ ﬁ 1+ #2wg 1+ #2wg (;A—%)2w2
X : ,
Ump | lotm=g)el? | la=(m—g))? (m—3)%w
M e T e M
2 2
[ee] a2
Op (n+3)°w
12 2y 2
at+mw 2 a—mw)? (mff) w
[o'e) o0 1+( l2)2 1+( l2)2 1—"_ f2 2 (180.)
<11 TI (IL_Q)lw . (H_2)1w . (N_%)zw
11 tim—Lyu2 —(m—Ly2 _m2w?
n oy [o+(m—3)w] 1+ [o—(m—3)w] + (M—%)ZWQ

T T
(h—3)*=? (h—3)*=?

These transformations are easily effected by means of the formula:

_(a+a)?+0* (a—a)*+b* (1+ (a+a)?

a?+b> a4+ b b2

31.

In what precedes we have arrived at two kinds of expressions of the functions ®«,
fa, Fa: the one kind gives these functions decomposed into partial fractions,
the totality of which forms infinite double series, the other gives these same
functions decomposed into an infinite number of factors, each of which is in its
turn composed of an infinity of factors.

Now the preceding formulas can be much simplified by means of the expo-
nential and circular functions. This is what we shall see in what follows:

Let us consider first the equations (178.), (179.), (180.). By virtue of the
known formulas, we have:

siny _ 2 y? B Y
:1} <1_ 22>;Cosy—111 (1_122)5
Y Iz pem Iz (n—35)2m
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therefore:

2

( 22 ) 1— z
00 1- 22 1 00 _1y
I w2 _ sz I (pe 2)71' _ COS 2
1, 2 zecosy 1, |1-— —22 cosy’
1- —4— ( 7l)7r2
(=) 2

53

By virtue of this formula it is clear that the expressions of ®a, fa, Fa may
be put under the form:

sin (aZi) = 2
do = E.M.H 1>
™ i Im m2w?
N sin(a + mw) Zi. sin(a — mw) Zi. cos*(m — 3 wZi (mw%i)2
X :
U \ cosfa+ (m — )w] Zi. cos[a — (m — $)w] Zi.sin® mwZi (o + mw)(a — mw).g—iﬂ
54
(&3 aQ
a=II [1-
Jo=1l, ( (m 1)%2)
°° 1 1 2 1y, T, )*w?
X l;[m (tang[ + (m — 5)w]—i.tang[a — (m — 5)w]—i.cot*(m )w;z o — (m - D)t
55

1

T
Fa = cos (a—i) AT
w /T \ cos[a+ (m — 3)w] Zi. cosfa — (m — £ )w] Zi. cos® mw. Zi
Real expressions will be found by substituting for the circular functions their

expressions in exponential functions.

oo ( cos(a 4+ mw) Zi. cos(a — mw) Zi. cos*(m — 5)wZi

We have:
sin(a — b).sin(a + b) = sin? @ — sin? b,
cos(a + b). cos(a — b) = cos® a — sin” b,
therefore:
sin(a +mw) Zi.sin(a — mw) Zi sin® a X
sin? mwZi B sin? mwZi

53 Editorial note: In both products the bracket (u — %) under 72 is printed without the
square (the denominator of the first product, and the numerator and denominator of the
second); an apparent misprint for (u — —)27r2, reproduced as printed.

2
54 Bditorial note: In the denominator of the second fraction the factor % is printed with

w, where @ is expected (compare the factor g elsewhere in the line); an apparent misprint,
reproduced as printed.
55 Bditorial note: In the first line of the expression for fo the upper limit of the product is

printed as «, where co is expected; an apparent misprint, reproduced as printed.
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cos[a + (m — §)w] Zi.cosa — (m — J)w]Zi sin” aZi
cos?(m — §)wZi B cos?(m — §)wZi’
. sin2a§i
1 ™, 1 . 9 1 T, Sin2(m7%)wgi
tang[a+(m—§)w];z.tang[a—(m—ﬁw];z.cot (m—§)w;z =— SnTa £

=

cos?(m—75)wZi

According to this, and remarking that

miw? 1
5 55 = — — and
a2 —m2w 1- -9
mew
1\2, 2
2 _ _1y2, 2 o? ’
« (m 2)w 1] - —5—

it is clear that we shall have:

2

. (a ) 1 sin® a L

7 sin (=me) o T osinZmwZi
doy=——= LT . St (181.)

w 7 1m 1— sin® a1

COSZ(M7%)(A}§Z—

56

sin? o Z ¢
=

sin2 (m+%)w i

fa=11 : (182.)

. ) T
1n —
m 1 S a1t

- 1 .
cos?(m+35)wZi
2 o
1 _ Sin Eﬂ'?,
cos? m i

Fa = cos (gm') II e (183.)
w Tim 1 _ sin? 2 7q

COS2(M7%)%7TZ'

On substituting for the cosines and sines of imaginary arcs their values in
exponential quantities, these formulas will become:

a a 2
()
w o _a e} mZwx g —mZw
Pa=g.— (h=" —h =T) I . e 5, (184)
m 14 hET
D e DE
2
R
1- T o
[e%e] h(m+§)gﬂ_h*(mr+§);ﬂ'
fa=1 . (185.)
Om

27
R
1+ (h(m+;);w+h—<m+§>;w>

56 Bditorial note: The factor before the sine is printed as the fraction with = over w, whereas
the preceding expression has w over 7; an apparent misprint, reproduced as printed.
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PN
w14 ()
=7) 11 th 7= (186.)

27
m R 2w
T+ <h<mé>;w+h<mé);w)
where h is the number 2,1718218..... 57 58
We can further transform this formula in the following manner:

If we replace o by «i, we shall have the values of ®(ai), f(ai), F(ai). On
now changing c into e and e into ¢, the quantities:

Fa=1 (e%“—i—e_

w; @y P(ai); flai); F(ai)
will be changed respectively into:
w; w; 1Pa; Fa; fa,

therefore the preceding formulas will give:

]. + (h miiinzéﬁzzw )2
o0 w — w
da=2sin 2001 . —— , (187.)
s w 1m 1— 4sin (T)
(2m—wn _2m—Dwr \ 2
(h 2w +h 20w >
4sin?(ax
1 + 2m+1)wn ( (22n+1)w7r
N Gl
FO{ = 1(_)[m 451n2((”‘) (188)
1 - (2m,+1)w7r (27n+1)w7'r
(= y
1- ( mijrln (D:?rrn)wﬂ)2
[e's} h™ w +h™
fa = cos (E) II. — s , (189.)
w 1m 1— 4 sin ( ” )

@2m+1)wn _@mtwr 2
(h T O )

32.
Let us now consider the formulas (160.), (161.), (162.).
We have: @ 0 )
00 w4+ 1)
3 (D" 2.2 —y
Op Y2+ (n+ 3)%m hv + h=v
therefore, on making

y:[ai(m—i—%)w]l'

w

57 Editorial note: The value of h is printed as 2,1718218; the base of the natural logarithms
is 2,7182818; an apparent misprint, reproduced as printed.

58 Bditorial note: In the first factor of the last formula the base is printed as e in the sum,
where the other exponentials of the page use h; an apparent misprint, reproduced as printed.
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SRR 2p+ 1w 2m 1

04 Tat(m+ P+ (u+ 3)?w® @ pletmiaels 4 p-lod(mepels’
By virtue of this formula it is easy to see that the expressions (153.), (162.) of
®a and Fa will become:

Doy — 27T ym 1 _ 1
A N\ o=t DelZ 4 plo—(m-DelZ  platmiDalZ 4 p-lot(m+ DS
(19 )
59
2 7 o 1 1
Fa= E';'%m {h[a—<m+;)w]; 4 pla—(m+3)e]Z + plat(m+3)wlZ 4 p—lot(m+i)w] Z

(191.)

The preceding expressions of ®a, Fa may be put yet under many other

forms: I shall recall the most remarkable. First, on uniting the terms of the
second member, we shall find:

(hE — h—) <h<m+%>% - h%m%)%)

2 ™
da=—.—3 (-1)™ 192.
« e o Om( ) hz;n 2a7r +h(2m+1)wﬂ' h_(2m+1)% ) ( 9 )
2r e [(F 4RF) (B DE 4 b
Fa=-.—.% Zar Zar wr wn (193)
¢ w 0m h= +h = +h(2m+1); +h_(2m+1)?
If, for brevity, we suppose:
h'= =cand h'= =1? (194.)
these formulas, on developing the second member, will become:
2 1 r—1 rd— L ro— L
da=—"(c—= L — T3 + S
ec w € rPte2+Lb4+L 24 b4 L 0424 44+
(195.)
P 2 7 N 1 r+ 1 + 4+ 5 + 4+ 5%
a=—-.—.le+ -
¢ w € rPt+e2+5+% 2+ L+ 5 r042+ 5+ 55
(196.)

On putting «i in place of « in the formulas (192.), (193.), then changing ¢
into e and e into ¢, and remarking that the quantities

w, @, ®(ai), Flai), h*= — h~%%  p%% 4 p¥is,
O will be changed respectively into:

. .. ™ ™
w, w, 1®(a), fa, 2i.sina—, 2cosa—,
w w

59 Bditorial note: In the first denominator the second exponent is printed with m — % where

the first has m + 5; an apparent misprint, reproduced as printed.
60 Bditorial note: In the last quantity ‘che;r sign of the second exponent is printed without a
minus sign; an apparent misprint for A~ %= | reproduced as printed.
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there will result:

4

€

T
‘w

sin o7 (h<m+%>% — R )
w

m(_l) | RCMEDEE 4 2c0s2a 4 B~ CmADEE (7

cos 9 (h(””%)

@

(197.)

o)
DY
Om

On making for brevity

and developing, we shall obtain:

w 4w T Q"‘%
f (a—) = —.—.cos (af) .
2 e w 2 0% + 2 cos(am) +

4

ec

s

w

ik I SN

REMADTE 4 9 cos 2aZ +h~ (2m+1) <%

On substituting in the formulas (190.), (191.) for h*= and h3= their values
¢ and 7, there will result:

1
€.T2m+1 + 6—1.7«—(27n+1) } ’
(202.)

2 ™x 1
Qo = g-;-%m —m). {E_,r—(2m+1) 4 el p2mtl
61
2 m 1 1
Fo = E;%: {€_r2m1 T+ o1 p2mtl + c2mtl 4 o1 p—2m—1 } (203.)

Supposing now « < %, we shall have:

1

5_1.7’_2m_1

€.T72m71 + 571.r2m+1 1 + 52.r74m72

62

1

E_I.T_Qm_l

8.7‘2m+1 +E_1.’I“_2m_1 1 +€—2.r—4m—2

61 Editorial note:
misprint, reproduced as printed.

62 Bditorial note: In the first fraction the numerator is printed e~
is expected (the expansion beside it begins with e.r~2m~1);

as printed.

=1

—2m-1__ 3.r—6m—3_~_ 5.,’,—10m—5_

,r,—2m—1_ —3.7,,—6m—3_’_ -5 ,.—10m—5

5 e r —

The factor is printed as (—m) where (—1)™ is expected; an apparent

79

1'1,,72777,71 2m—1

where .7~
an apparent misprint, reproduced

= (199.)
| e ; 6 1 10 T e s
2 0> +2cos(am) + 5z 0 +2cos(am) + 5 o'+ 2cos(am) + S
(200.)
+ o n o+ 5 .
9% 96+2COS( )+Q% 910+2cos(om)+ﬁ B
(201.)



therefore:

2
da = —.1. {
ec w m
= 3 T (5 _ 8_1) %o ( 1)m pm2m=1_ (53 _ 5—3) oﬁ ( 1)m p—6m—3 +
ec’ @ O O :
Now
o§ ( 1)m —2m—-1 __ —1 =3 4 b B r—1 . T
5 .r =7 r r S e R
D) —1)™, 3m-3 _ -3 _ .—6 -9 L r _ r
Om( )" r ro 4 576~ 611

63 etc., therefore:

2 1 (e—e b B—g3 H_g7h
by = —.—. — — s . 204.
@ ec @ {r—l—rl T3+r*3+r5+r*5 } ( )

In the same manner we shall find:

:2”{5+5_1 e e } (205.)

r—r-1 g3 _p=3  p5_p-5

Fa

¢ w
On putting a %4 in place of «, and then changing e into c and c into e,

g; w; ¢ (a%i) ; F (a%i) sy e e ™ M —eT™

are changed into:

w; W; i(p( w) i f (a%) ; 0; 2cos (mag) ; 2¢sin (mag) ;

b
therefore:
4 sin (aZ sin (3o sin (bas
e(a2) ==L f) _sin 12) , S 12) — oty (206)
2 ec w o+ 03+ i 0° + i

; <a£> _ gg {cos (ag) _cos (30[%) n cos (504%) B } . (207)

_ 1 3 _ 1 _
[ 0 o3 0 o5

These last four formulas offer very simple expressions of the functions ®a,
fa, Fa. By differentiations and integrations a multitude of others, more or less
remarkable, may be deduced from them.

63 Editorial note: The exponent in the summand is printed 3m — 3 and the series exponents
as —3, —6, —9; the sum is evidently meant to be that of (—1)".r=6™=3  with series r—3 —
r~9 4+ =15 _ . apparent misprints, reproduced as printed.

80



33.

In the case e = ¢, the preceding formulas take a simpler form, on account of the

relation w = w, which holds in this case. Let, for greater simplicity, e = ¢ = 1.
We have:

wmr ™ ez s
r=h2w =h2, Q:hzw =h?,

therefore on substituting, and making in (204.), (205.) a = a%, there results:

w r[hs =% RS %" RS %%
%) (ag) =2— = — 5= = T —== — ,
w 2 2

hz +h™2 RS 4+ h= % hE +hF
w a[AF + % RS+ % S 4p %

F (ai) - 27 T T - 3 3 + 5 5 e y
2 w | h2 —h72 hs —h™% hs —h=%

The functions ¢, f, F' are determined by the equations

w ” Oz w ! Oz
SR A v e
ng@(a%): (1—$2):f(ag): (1+x2):F(a8).

2 2
If in the last two formulas we make a = 0, and remark that the value of
© (ag) ) sin (ma%)
—— =% is then = %, and that of ———=%= = m, we shall find:
sin (ag) sin (ag)
w 7w | hE h's N hE B /1 oz
2 2 \h—1 w7 —1 K7 —1 " Jy JOA=zb)

™ s 5m 2
iQ_ 2 h= -3 h% +5 h= _ — /18‘%
P [ S T S N AV A syl

(The continuation in the next number.)

64 Bditorial note: In the last display the third term has a sine, where the pattern of the first
two terms requires a cosine; an apparent misprint, reproduced as printed.
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