Proof of the impossibility of solving algebraic equa-
tions of degrees higher than the fourth in general.

(By Mr. N. H. Abel.)

It is well known that one can solve algebraic equations up to the fourth
degree in general, but equations of higher degrees only in particular cases, and,
if I am not mistaken, the question:

Is it possible to solve equations of higher than the fourth degree in general?

has not yet been answered satisfactorily. The present essay has this question
for its subject.

To solve an equation algebraically means nothing other than to express its
roots through an algebraic function of the coefficients. One must therefore first
consider the general form of algebraic functions, and then investigate whether
it is possible to satisfy the given equation in this way, namely that one sets the
expression of an algebraic function in place of the unknown quantity.

§. I. On the general form of algebraic functions.

If 2/, 2", 2" ... are a finite set of arbitrary quantities, one says: g is an algebraic
function of these quantities if it can be expressed through z’,z”, 2" etc. by
means of the following operations. First through addition, secondly through
multiplication, both of quantities that depend on 2/, z”, 2"’ ... and of quantities
that do not depend on them; thirdly through division; fourthly through the
extraction of roots with exponents that are prime numbers. We do not name
subtraction, raising to a power, and the extraction of roots with composite ex-
ponents separately, because they are evidently already contained in the four
operations named above.

If the function p can be composed through the first three of the four opera-
tions above, it is algebraically rational or merely rational; and

if only the first two operations are needed, it is called algebraically-rational
and integral, or also simply an integral function.

Let f(a’,2”,2" ...) be an arbitrary function that can be expressed through
the sum of a finite number of terms of the form

Ag™miglm2

where A is a quantity independent of ',z etc., and m1, ms etc. denote whole
positive numbers; then it is clear that the first two of the operations above are
particular cases of the operation denoted by f(z',2”...). One can therefore
regard integral functions, according to their definition, as arising from a finite
number of repetitions of these operations. If one now denotes by ¢, 0", 0" etc.
several functions of the quantities o/, 2, 2" ... of the same form as f(a/, 2" ...),
then f(o',0",0" ...) is likewise evidently a function of the very same form as
fl@ 2" ...). Now f(¢',0"...) is the general expression of the functions that
arise through a twofold repetition of the operation f(a’,2”...). One therefore
always finds the same result when one repeats the operation arbitrarily often.



From this it follows that every integral function of several quantities =/, z" ...
can be expressed through the sum of several terms of the form Axz"™1z"™2 ...
We will now consider the rational functions.
If f(a',2"”...) and p(z',2"”...) are two integral functions, then it is clear
that the quotient
fla',z"...)

oz, z"...)
is a particular case of the results of the first three operations, which give rational
functions. Omne can therefore regard a rational function as the result of the
repetition of this operation. If one denotes by o', 0", 0’ etc. several functions
fla'a" ) f(de" .. )

o) then it is easy to see that o

of the form can again be

: el 0" ...
brought into the same form. It follows therefore, as above with the integral

functions, that every rational function of several quantities =, z” ... can always
be brought into the form
fl@,z"...)

oz, z"...)
where numerator and denominator are integral functions.
We will further seek the general form of algebraic functions.
Let one denote by f(z/,z”...) an arbitrary rational function; then it is
clear that every algebraic function can be composed by means of the operation
denoted by f(z',2"...), combined with the operation %/r, where m is a prime

number. If therefore p’,p” ... are rational functions of =/, z” ..., then
p1 = f(a', 2" ... "W, RV
will be the general form of algebraic functions of 2/, 2" . . ., in which the operation

expressed by %/r now refers only to rational functions. We will call the functions
of the form p; algebraic functions of the first order. If one denotes by p}, py etc.
several quantities of the form p;, then

po=f(@ 2" ... N, NP D, DY)

will be the general form of algebraic functions of 2/, 2" . . ., in which the operation

®/r refers only to rational and to algebraic functions of the first order. We will
call the functions of the form p, algebraic functions of the second order. In the
same way the expression

ps = 12 R T A T e ),

in which p}, p§ are functions of the second order, will be the general form of
algebraic functions of 2/, 2 . . ., in which the operation 3/r refers only to rational
and to algebraic functions of the first and second order.

If one continues in this way, one obtains algebraic functions of the third,
fourth ...t order, and it is clear that the expression of the functions of the
pth order will be the general expression of algebraic functions.



If one therefore denotes by u the ordinal number of an arbitrary algebraic
function, and by g the function itself, then

o=f0r' "N, NP,

where p’,p” ... are functions of order u — 1; 7/, 7" ... functions of order p — 1,
or of lower orders, and n’,n” ... are prime numbers. f denotes, as always, a
rational function of the quantities standing between the brackets.

One can evidently assume that it is impossible to express one of the quantities
W/p’, "v/p" ... through a rational function of the others and of the quantities
r’,r’" .. .; for were it possible, then ¢ would have the simpler form

o= f(r',r" ... NP, "W...)

in which the number of the quantities %/p’, "\/p" ... would be at least one unit
smaller than above. If one now reduces this expression of ¢ still further in the
same way, where feasible, then one would necessarily have to arrive at last either
at an irreducible expression, or at an expression of the form

o= f(r',r" 7" ..)

But this function would be merely of the p — 1t}
the pf" order; which is a contradiction.

If in the expression of p the number of the quantities /p’, "v/p” ... is equal
to m, then we will call the function o of the u'" order and of the m'™ degree.
In this way a function of the p*" order and of the 0" degree is the same as a
function of the p — 1*1" order, and a function of the 0'" order is the same as a
rational function.

From this it follows that one can set

o= f(r', " ... /p)

lth

order, whereas ¢ should be of

where p is a function of the p — order, but 7/, 7" ... are functions of the u'"
order and at most of the m — 1*" degree, and of such a kind that it is impossible
to express {/p through a rational function of these quantities.

Since a rational function of several quantities, as we saw earlier, can always

be brought into the form
s

t

where s and t are integral functions of the same variable quantities, o can
therefore always be expressed through

(7. /F)
T(r',r" ... /D)

where ¢ and 7 denote two integral functions of the quantities 7/,7” ... and {/p.
By virtue of what we found above, however, an integral function of several

Q:



quantities s, 7/, 7" ... can always be expressed through'
to+ t1st +tas?. . ts™)

when tg,t; ...t denote integral functions of v/, 7" r'” ... without s. One
can therefore set

1 2 m
t0+t1pn +t2p"...tmpn - T

1 2 m/ 1%
00 + 01p™ + 02p" ... 0D ™

where tg,t1 ...t and gg, 01 ... 0, are integral functions of v/, r”, r’" etc.

Now let Vi, V5 ...V,,_1 be the n— 1 values of V' that one finds when one sets
a-pw,a’pr,adpr ... .a" Ipw in place of pw: a denotes one of the roots of the
equation o™ — 1 = 0 that is not 1. Then one obtains, when one multiplies the

fraction % above and below by
ViVa ...V, multiplied,

T- Vi -Vo...Va

V-V Vo . Va1

But the product V - Vj...V,_1 can, as is well known, be expressed through
an integral function of p and of the quantities r’,7” ..., and the product T -
Vi - Va...V,_1 is, as one sees, an integral function of {/p and +',r" ... If one
therefore sets this product equal to

Q:

2
n

1 E
S0 + s1p™ + s2p™ ... Skp™,

then one finds ) , .
Sp + 81p™ + Sapm ... 8P
M )
So S1 S2

or, when one writes qg, q1, ¢z ... in place of —, —, —= etc.,
m' ' m’'m

1 2 k
0=qo+qp™ +qp~ ...+ qkp™,

where qo, q1 - . . g are rational functions of the quantities p,r’,r” etc. Whatever
the whole number 1 may also be, one can set

u=an+a,

where a and « are two whole numbers and o < n. From this it follows that

an+ta

p%:p n :pap .

3R

If one therefore sets this expression in place of p% in the expression of o, one
obtains

1 2 n—1
0=¢qo+qp™ +qp™ ... +qn-1p " ,

L Editorial note: The following display closes with a parenthesis that has no matching
opening parenthesis in the print — an apparent typographical slip, reproduced here as printed.



where qo, g1, g2 etc. are, as before, rational functions of p,r’,r” ... and
consequently functions of the p'" order and at most of the m — 1*" degree,
and of such a kind that p% cannot be expressed through rational functions of
these quantities.
In the above expression of ¢ one can always set

¢ =1
For if g is not zero, then one obtains, when one sets py = p- ¢, p = =, and
N 1
p% =M , and hence
a1

., 2 2 In—1 272
0=4qo+p{ + —5p{ ...+ Z—1p1 )
q1 a1

which expression is of the same shape as the previous one, only that ¢ = 1. If
g1 = 0, then let g, be one of the quantities ¢, g2 ...¢gn,—1 that is not zero, and
q,p" = p1. This gives ¢ - p = p;. If one therefore takes two whole numbers
a and B that satisfy the equation apy — Bn = p/, where p/ is a whole number,
then one obtains

Brntp’ o u a
a, fntul B —a B
qup v =piandp~ =¢q,%-p " -pp.

=3
n

1
According to this, and because g,p~ = p{*, o takes the form

n—1

1 2 n=1
0=4qo+p{ +@p{ .. -Gn-1p”

From all of this the following results:
If o is an algebraic function of order u and of degree m, then one can always
set:
1 2 3 n=1
0=qo+Dp" +qp +qp"...qn-1P ;
n is a prime number, qo,qz...q,—1 are algebraic functions of order pu and at
most of degree m — 1, and p is an algebraic function of order ;1 — 1 and of such a
1
kind that p» cannot be expressed through a rational function of qg,qs2 ... gn—1-

§. II. Properties of the algebraic functions that satisfy a
given equation.

Let
co+eytey. . +e 1y 4y =0 (1)

be an arbitrary equation of degree r, where cg,c; ... are rational functions
of ',z .... x',2" ... are arbitrary independent quantities. Assume that it can
be satisfied when one sets in place of y some algebraic function of ', x"”,.... Let
this function be

n—1

1 2 n—1
Yy=qo+pr +qpr...+q_1p " (2)



If one substitutes this expression of y into the given equation, then one obtains,
according to the above, an expression of the form

1 2 n—1
ro +r1pm +1ropr ...+ 7Tp_1pn =0 (3)

where 19,771,729 ...7T,—1 are rational functions of the quantities p, qo,q1 - - - Gn—1-
Now I assert that equation (3) cannot take place unless, individually,

7"0:07 1 :O...T‘n_l =0
Were this not so, then, when one denotes p% by z for example, the two equations

z" —p=20and

ro+riz 41922 AT 12" =0

would have to have one or several common roots. Let k be the number of these
roots; then one can, as is well known, find an equation that has these k roots

and whose coefficients are rational functions of the quantities p,rg,71...7,_1.
Let the equation be

so+s12+ 5222 oo+ sk_lzkfl +22F=0
and let
to =+ tlz + t22’2 R tu,lz”fl —+ ZH

be a factor of its first term, where ¢, t; etc. are rational functions of p, 7o, 71 ... 7H—1;
then likewise?
to +t12+t22...+tu_1,2“71 +Zp’ = 0,

and it is clear that one may assume it impossible to find an equation of lower
degree of the same form. This equation now has its p roots in common with
the equation z™ — p. But now the roots of the equation z™ — p are all of the
form az, where « is some root of unity. If one therefore considers that p cannot
be smaller than 2, because it is supposed to be impossible to express z through
a rational function of the quantities p,rg,71...7,_1, then it follows that two
equations of the form

to+t1z+ta2%. ..+ t#,lz“*l + z* =0 and
to + atiz + a’ta2% .. + a“fltu_lz“fl +atzt =0
must take place. From these equations it follows, when one eliminates z*,
to(l—a) +ti(a—af)z...+t, 1 ("t —a)2t "t =0.

But since the equation z# + ¢, _12#~1... =0 is irreducible, it must, because it
is of the u — 1" degree, give, individually,

b —1=0,a—a"*=0...a" 1 —a* =0

2 Editorial note: In the following display the third term is printed t2z without an exponent;
by the line just above it should read t2z2. An apparent misprint, reproduced here as printed.



which cannot be.
It must therefore be that

T‘():O7 7"1:0...7'”,1:0

If, however, these equations do take place, then it is clear that the given
equation must be satisfied by all the values of y that one finds when one assigns
to the quantity p% all the values ap%7a2p%7 . a”_lp%.

One sees easily that all these values of y must be different from one another;
for otherwise one would obtain an equation of the same shape as (3), and such
an equation would, as we saw, lead to contradictions.

If one therefore denotes by y1,ya . . . yn, n different roots of equation (1), then
one finds

1 2 n—1
Y1 =qo +pm +qpr ...+ qp-1p "

n—1
n

1 2 2 n—1
Y2 =qo - apr +a"gpn ...+« qn—-1P

-1, + — 2 n—1
Yn=qo+ " 'pr +a" Pgpr ...+ age_1p .

From these n equations it easily follows that

1
QOZE(91+y2--~+yn)

1 1 _ _
pn :ﬁ(yl—i—a” Lo 4+ 0" 2ys ..+ ayy)

3o

¢p (y1 +a" 2ys + "ty ...+ aPyy)

1
n

n—1 1 _
Gn1p T =~y + g + Q?yz...+a" y,).

One sees from this that all the quantities p% ,q0,4q2 - - - Gn_1 can be expressed
through rational functions of the given equation.
In fact,

CyitaTFyta s+ a” (D,

g =nt""! 1 2 1
(1 + o s+ 2ys ...+ =Dy, )»

Now take a general equation of degree m, e. g.
0O=ag+ a1z +ax®...+am_12™ ' +2™

and suppose it to be algebraically solvable. Let

2 n—1
n

$=80+Q%+829 oot Sp—10 v,



then, according to the above, the quantities g, sg,s2 etc. can be expressed
through rational functions of x1,zs...x,,, when one denotes by zi,Z2...T:,
the roots of the given equation.

Now let us examine some one of the quantities g, sg, s2 etc., for example .
Let one denote by o, 0o, ... 0, the different values of p that one finds when one
interchanges the roots x1, x> ...z, among one another in every possible way;
then one can set up an equation of degree n’ whose coefficients are rational func-
tions of ag, a1, ...a,—1 and whose roots are the quantities g1, s ... g5/, which
are rational functions of the quantities z1,zs...z,,. If one therefore sets

g:t0+u%+t2u%...+tu_1u%l

then all the quantities u%7t07t2 ...1,_1 are rational functions of g1, 02,... gn,
and hence also of x1, s ...x,,. If one proceeds in the same way with the quan-
tities u, to, t2 etc., then the following results:

If an equation is algebraically solvable, then one can always give the root
such a form that all algebraic functions of which it is composed can be expressed
through rational functions of the roots of the given equation.

§. III. On the number of the different values that a function
of several quantities can have when the quantities on which
it depends are interchanged among one another.

Let v be a rational function of several mutually independent quantities x1, xs . .. .
The number of the different values of which this func-

tion is capable through interchange of the quantities on which it depends
cannot be greater than the product 1-2-3...n. Let this product be equal to

. Now let
afyé ...
v
abed ...
be the value that an arbitrary function v takes when one sets in it z,, xp, Z¢, Zq
etc. in place of x4,x8,%y,Ts etc.; then it is clear that, if one denotes by

Ay, Ay ... A, the different forms of which 1,2,3,4...n are capable through in-
terchange of the indices 1,2,3...n, the different values of v can be expressed

through
Ay Ay Ay Ay
vAl , U A, ,’UA3 ) A,

Suppose that the number of the different values that v has is smaller than u;
then several values of v must be equal to one another. Let then

()= ()-=()

If one subjects these quantities to the transformation denoted by ( AAIH), then
one obtains the new series of equal values:

()=o) =)
v = o= ,
A1 Ao Ao,



which quantities are different from the previous ones, but equal to them in
number. If one transforms these quantities anew, as is expressed by ( A ;,1”1“)’
then one obtains a new system of equal quantities, which are all different from
the previous ones. If one continues in this way, until the possible transformations
are exhausted, then the p values of v will be decomposed into a certain number
of systems, each of m equal values. It follows therefore that, if the number of
the different values of v is equal to p, which number comes out equal to the

number of the systems, then
om=2-3-4...n

must hold, that is:

The number of the different values that a function of n quantities can obtain
through the possible interchanges of these quantities is necessarily a submultiple
of the product 1-2-3...n; as is well known.

Let now ( :1) be an arbitrary transformation. Let it be carried out with v

m
several times, so that a series of values arises
U,V1,02...0Up—1, Up,

and it is clear that v must necessarily recur. If v returns after p transformations,

then one calls ( ;141) a recurring transformation of the p* order. One then has

the periodic series
v,01,02...0p—1,V,01,02...,

or, if one denotes by v( :1 )T the value of v that arises after the transformation

denoted by ( f;) has been repeated r times, the series
A" (AN (A AN Ay
vAm ,vAm ,vAm ) A, ,vAm
From this it follows that
Al o¢p+r_ Al T
v A, = A,

AN AN
v Am = Am =

Now suppose that p is the greatest prime number contained in n, and that the
number of the different values of v is smaller than p; then, among p arbitrary
values of v, two must necessarily be equal to one another.

Two therefore of the p values

A\ A\t A\ 2 A\
UAm ,vAm ,vAm L A,



must be equal. Let, for example,
A1 " o Al T./
v A, ) = v A, )
A1 r+p—r Al 7"+p—7'
() ()

N p .
This gives, because v(fl) = v, when one sets r in place of 7’ +p — 7,
m

A\
V=0 ;
A )
where 7 is evidently not a multiple of p. The value of v is therefore no
Ay

longer transformed by the substitution ( Am)r, and consequently also not by the
repetition of it. It is therefore
A T
v=ov( ") ,
(i)

where a denotes a whole number.
Now if p is a prime number, then one can evidently always find a whole
number 3 of such a kind that

then it follows that

ra=ps+1.

Ay pB+1
v U<Am) ,

V=0 A, )

The value of v is therefore not changed by the recurring transformation ( f“;)
of degree p.
Now it is clear that

(aﬁ’y(S...(n) (,8755...17@)

and

Byde...n«a yaBd...(n

are two recurring transformations of degree p, when the number of the indices
a,B,7v...n is equal to p. The value of v is therefore also not changed by the

combination of these two transformations. But the two transformations are
evidently equivalent to the single one

%)
yap

10

Therefore

Al)Pﬂ

or, because v = v(A
m

Y



and this single one to the two carried out one after the other

(50) = (73)

B B

The value of v is therefore not changed by these two transformations combined
with one another. It is therefore

Ba)\vB
vB)\67)
- \Ba)\by
follows.

One sees from this that the function v is not changed by two successive
transformations of the form (§ F), when « and B are two arbitrary indices. If

and likewise

from which

one therefore calls such a transformation a transposition (transposition), then
it follows that an arbitrary value of v is not changed by an even number of
transpositions, and that consequently all values of v that give an odd number
of transpositions are equal. But every arbitrary interchange of the elements of
a function can be brought about by a certain number of transpositions: the
function v can therefore have no more than two different values. This gives the
following theorem:

The number of the different values of a function of n quantities can either
not be diminished at all below the greatest prime number found among the
factors of n, or only down to 2 or 1.

It is therefore impossible to find a function of five quantities that would have
3 or 4 different values.

The proof of this theorem is taken from a memoir by Cauchy that is found
in the 17th cahier of the Journal de l’école polytechnique, page 1 etc.

Let now v and v’ be two functions that each have two different values; then
it is clear, according to the preceding, that if one denotes those double values
by v1,v9 and vi, v}, the two expressions

v1 + vy and v1v] + vavh
are symmetric functions. Let
/ /
v1 +v2 =t and v1v] + vavy = 1,

then one finds

t- ’Ué — tl
v = — -
Uy — 13

11



Now suppose that the number of the quantities 1,5 ...z, is five; then the
product

0= (Ilfﬂﬁz)(iﬁ*xs)(wl *5E4)(I1*I5)(I2*$3) (172*3?4)(I2*$5)(I3*I4)($3*$5) (I4*I5)

is evidently a function that has two different values; the second
value is the same function with the opposite sign. If one therefore sets v] = p,

then v), = —p. The expression of vy is therefore
i1 + ot
U1 = )
20

where %tg is a symmetric function. o has two values that differ only in sign,
t

so that 2—12 is likewise a symmetric function. If one therefore sets %tg = p and
o

t
L = q, then it follows
202
that every function of five quantities which has two different values can be
expressed through p + ¢ - 0, where p and ¢ are two symmetric functions and

0= (x1—x2)(x1 — x3) ... (x4 — x5)

For our purpose we still need the general form of the functions of five quan-
tities that have five different values. One can find them as follows.

Let v be a rational function of the quantities =1, x2, x3, 24, x5 which has the
property of being invariant when one interchanges any four of the five quantities,
e. g. To9,T3,%4,%5, among one another. Under this condition v is evidently
symmetric in xa, T3, T4, 5. One can therefore express v through a rational
function of x; and symmetric functions of xs, 3, x4, z5. But every symmetric
function of these quantities can be expressed through a rational function of the
coefficients of an equation of the fourth degree whose roots are xo, x3, x4, x5. If
one therefore sets

(x — x2)(x — 23) (1 — 24)(x — 25) = 2* — pa® + qz® — ra + s,

then the function v can be expressed through a rational function of z1,p, q,r, s.
But if one sets

(x —x1)(x — 22)(x — 23) (2 — 24) (7 — 25) = 2° — ax* + ba® — ca® + dx — e,
then one obtains
(x —x1)(2* —pa® 4+ g2 —ra +5) = 2° —ax* + b2 —ca® +dx —e

=% — (p+ )zt + (¢ + px1)z® — (r + qz1)2® + (s + rey)z — sz,

from which
p=a—I

12



q="b—ax + 23

r=c—br, +ax? —
s=d—cry +bx? —ax’ 4 2}
follows. It is therefore possible to express v through a rational function of
xr1,a,b,c,d and e.
From this it follows that one can bring v into the following form:

where t and p(z1) are two integral functions of z1, a,b,¢,d and e. If one multi-
plies this fraction above and below by ¢(x2), p(z3), ¢(x4), p(z5), then one finds

__t-o(@e) - p(xs) - o(za) - p(25)
p(x1) - p(z2) - p(x3) - p(24) - (25)°

Now ¢(x2)-p(x3)-p(x4)-@(x5) is, as one sees, an integral and symmetric function
of xo,x3,x4, 5. One can therefore express this product through an integral
function of p, q,r, s, and hence also through an integral function of x1,a,b,c,d.
The numerator of the above fraction is therefore an integral function of the same
quantity; the denominator is a symmetric function of z1, xs, 3, x4, x5 and can
therefore be expressed through a rational function of a,b,c,d,e. From this it
follows that one can set

2
v =19+ rx1 +roxy ... +rma

If one multiplies the equation

2} = axf — bat + cat —dxy +e

by x1,27 ... 27", then it is clear that one obtains m — 4 equations from which

23,29 ... 2 can be found in turn, and indeed through quantities of the form

o+ Bay +yx? + oxh — ext,

in which «, 3,7, d, € are rational functions of a,b, c,d, e.
One can therefore bring v into the form

2 3 4
v =70+ r1x1 + roxy + r3xy + razy (a)

where rg, 71,72 etc. are rational functions of a, b, ¢, d, e, that is, symmetric func-
tions of x1, T2, T3, x4, Ts5.

This is the general form of the functions that do not change when one inter-
changes the quantities xs,x3, x4, 5. They have either five different values, or
they are symmetric.

Let now v be some rational function of x1, xs, x3, x4, z5 which has the five
values vy, v, v3, v4,v5. Take the function z]*v:

13



If one interchanges in it the four quantities o, x3, x4, x5 in every possible
way, then x7"v will each time take one of the values

m m m m m
Ty U1, Ty V2, T1 V3, Tq V4, T Us

Now I assert that the number of the values of z7*v arising through this
interchange is smaller than five. For if one assumes all five values, then through
the interchange of xy with xs,x3, x4, z5 there arise from these values twenty
others, which are necessarily different among themselves and from the previous
ones. The function would thus have altogether 25 different values, which is not
possible; for 25 is not a divisor of the product 1-2-3-4.5. If one therefore
denotes by p the number of the values that v takes when one interchanges the
quantities xs, T3, T4, T5 among one another, then y must have one of the four
values 1, 2, 3, 4.

1. Let u = 1; then v is, by virtue of the above, of the form (a).

2. Let p = 4; then vy + vo 4+ v3 + vy is a function of the form (a). But

U5:(’l)l+’l)2+'03+’l)4+7)5)7(U1+’l}2+1}3+’v4)

= a symmetric function, less (v; + vy + v3 + v4); hence vy is of the form (a).
3. Let v = 2; then vy + vo is a function of the form (a). Let then

2 3 4
V1 + V2 =79+ 1121 + roxy + 3T + 4T = 80(1'1)
If one interchanges x; in turn with x5, x3, x4, x5, then one obtains
v +v2 = p(x1)

vg +v3 = p(x2)

Um—1 + Um = @(Tm—1)
U + 01 = @(Tm),

where m is one of the numbers 2,3,4,5. For m = 2, p(x1) = ¢(x2), which is
not possible, because the number of the values of ¢(x1) is supposed to be five.
For m = 3,

v +v2 = @(21), vo +v3 = @(x2), v3+v1 = ©(T3),

which
2v1 = @(w1) — (x2) + P(23)

gives. But the second member of this equation has more than five values,
namely 30. In the same way it can be shown that m cannot be equal to 4 either.
1 can therefore not be equal to two.

4. Let = 3. Then v; 4+ vy + v3, and consequently also vy +v5 = (v1 +v2 +
v3 4+ vg + v5) — (v1 + v2 + v3), has five values. But we saw that this assumption
does not take place. Therefore ;1 = 3 cannot be the case either.
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Taking all together, then, one finds the following theorem:
Every rational function of five quantities which has five different values is
necessarily of the form

2 3 4
ro + 71T + rox” + r3x” + rax,

where g, 71,72 etc. are symmetric functions, and x is one of the five quantities.
From

ro +1rix + 7"23:2 + 7“3173 + T4a:4 =

one easily finds, when one makes use of the given equation, the value of x
expressed as follows

T =S89+ S1v + 521)2 + 531)3 + 541)4
where sg, s1, s2 etc. are, just like rq,r1, 72, etc., symmetric functions.

Let v be some rational function which has m different values vy, vo,v3 ... Up,.
If one sets

(v—v1)(v—wv2)(v—03)...(V—"0m) = qo +qu+qu? . gm0 0™ =0,

then, as is well known, qg, q1, ¢2 . . . are symmetric functions, and the m roots of
the equation are vy, vs...v,. Now I assert that it is impossible to express the
value of v as a root of an equation of the same form but of a lower degree. For
let

to + t1v —|—t2’02 - —|—tu_1’0#71 + ot =0

be such an equation, where tg,t; etc. are symmetric functions, and let v; be a
value of v that satisfies the equation; then

vt thu_lv“*l coo=@Ww=v1)- Pr.

If one now interchanges the elements of the function among one another, then
one finds the following series of equations:

vt +t#_1v’“1 o= (v—12) - Py,
vt —|—tu_1v“71 ...=(v—vs3)- Ps,
ot 0P = (v =) - P

From this it follows that v — v{,v —v9,v — v3...v — v, are all factors

of v* +t,_jv"~! ... and that consequently y must necessarily be equal to
m. One therefore obtains the following theorem:

If a rational function of several quantities has m different values, then one can
always find an equation of degree m whose coefficients are symmetric functions
and which has those values for roots; but it is not possible to set up an equation
of the same form of lower degree which has one or several of those values for
roots.
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§. IV. Proof of the impossibility of the general solution of
equations of the fifth degree.
By virtue of the propositions found above taken together, one may assert:

that it is impossible to solve equations of the fifth degree in general.

For, according to (§. II.), all algebraic functions of which an algebraic expres-
sion of the roots may be composed can be expressed through rational functions
of the roots of the equation.

Since it is now impossible to express the root of an equation in general
through a rational function of the coefficients, it must be that

1
Rm =wv...

where m is a prime number and R a rational function of the coefficients of
the given equation, that is, a symmetric function of the roots; v is a rational
function of the roots. From this it follows:

V™ —R=0

and since, according to (§. II.), it is impossible to lower the degree of this
equation, the function v will, by virtue of the last theorem in the preceding
paragraph, have m different values. Since m must now be a divisor of 1-2-3-4-5,
m can be equal to 2, 3, or 5. But now, according to (§. III.), there exists no
function of five quantities that has 3 values: it must therefore be that m =5 or
m = 2. Let m = 5; then one obtains, by virtue of the preceding paragraph,

5
VR =ro+rmz+ roz? + r3a® + ryat

and from this . , , .,
T =89+ s1R5 +59R5 +s3R5 + s4R5.

According to (§. IL.) it follows from this that
isé =21 4+ atzg + &3z + oPxy + Qazxs,

where o® = 1. This equation is impossible, because the second member has
120 values, and yet is the root of an equation of the fifth degree 25 — s7R = 0.

It must therefore be that m = 2.

Then, according to (§. II.),

VR =p+ags,
where p and g are symmetric functions, and
s=(x1 —x2)...(xq4 — x5)

If one interchanges x; with o, then

~VE=p-gs,
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from which p = 0 and VR = gs follow. One sees from this that all algebraic
functions of the first degree found in the expression of the roots must be of the
form a + 8- V's2 = a + Bs, where o and 8 are symmetric functions. Since it is
now impossible to express the roots through a function of the form o + VR,
an equation of the form

V(o + BVs?) =

must take place, where v and S are not equal to zero, m is a prime number, «
and 8 are symmetric functions, and v is a rational function of the roots. This

gives
Va4 Bs) = v and /fa=5s) =,

where vy and vy are rational functions. If one multiplies vy by vy, then one

obtains

vy = Y (a? — B2s2).
Now a? — 32s% is a symmetric function. If therefore %/(a2? — $2s2) were not
a symmetric function, then, according to the above, it would have to be that

m = 2. But then v = \/(a+ $Vs2), and v consequently has four different

values; which is not possible. It must therefore be that %/(a? — 32s?) is a
symmetric function. Let such a function be -; then

v
v =y and vy = —.
U1

Now take the expression

o+ = Ylat gV + ——L =y

= YR+ —— = R% + LR"*.
VR
Let one denote the values that p can take when one sets aRw , a?Rw , aBRw ... 1Rw
1
in place of R= , where

"ty am™ 2 4+a+1=0
by p1,p2...Pm, and form the product

(p—p1)(P—p2)...(D—pm) =p™ — Ap™ '+ A1pm 2. =0,

then it is easy to see that A, A; etc. will be rational functions of the coefficients
of the given equation, hence symmetric functions of the roots. But this equation
is evidently irreducible. Therefore p must, by virtue of the last theorem in the
preceding paragraph, regarded as a function of the roots, have m different values.
Consequently m = 5. But then p is of the form (a) in the preceding paragraph.
Thus

\E’/R—i— Bl = ro—l—rlx—I—rng +r3x3+7“4a:4 =p,

VR
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and consequently
x = 50+ s1p+ s2p” + s3p” + sap”,

that is, when one sets R + %R% in place of p,

=1ty + th% + tQR% + t3R% + t4R%

where tg,t1,ts etc. are rational functions of R and of the coefficients of the
given equation. From this it follows, by virtue of (§. II.), that

1
t1R5 =21 + 044332 + a3x3 + Pz + ars = p,

where
dt+at+al+a+1=0

Now from p = #1R5 it follows that p® = t3R, and because 3R is of the form
u+u1vs?, p° = u+ u;Vvs?, which

(P° — u)? = u2s?

gives. This equation gives, as one sees, p through an equation of the 10" degree
whose coeflicients are all symmetric functions, which, however, by virtue of the
last theorem in the preceding paragraph, is not possible; for since®

4 3 4
pP=T1+0 T2+ T3+ T4+ x5

p would have 120 different values; which is a contradiction.

We conclude from all of this:

that it is impossible to solve equations of the fifth degree algebraically in
general.

From this it follows immediately further that it is likewise impossible to solve
equations of higher than the fifth degree in general. Hence the equations that
can be solved algebraically in general are only those of the first four degrees.

3 Editorial note: In this last occurrence the coefficient of x4 is printed a?; the identical
resolvent above and on p. 82 has a2z4. An apparent misprint for a2xz4, reproduced here as
printed.
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